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Preface to the Russian Edition 


The constructions of Volume 1 proceeded on the basis of utilizing a few 
fundamental spaces: (1) the space K of infinitely differentiable functions 
having compact supports; (2) the space S of infinitely differentiable 
functions decreasing at infinity, together with all their derivatives, more 
rapidly than any power of 1/| x |; (3) the space Z of analytic functions 
p(z), satisfying inequalities of the form z*p(z) < C,e*!”!. Generalized 
functions—continuous linear functionals on these spaces—were adequate 
for the clarification of the fundamental features of the theory and for a 
number of simple, but important, applications to some questions of 
analysis, and in particular, to the theory of differential equations. 

On the other hand, although we tried there to reduce to a minimum 
the number of spaces utilized, we did not succeed in bypassing one pair 
of spaces K and K’: by considering generalized functions as continuous 
linear functionals in K, we inevitably had to consider their Fourier 
transforms as continuous linear functionals on Z. The advantages of 
such a viewpoint will-be seen particularly clearly in Volume 5, where 
methods of complex variable function theory will render substantial 
assistance in algorithmic questions of the theory of generalized functions. 

We shall need a considerably more extensive circle of spaces in Volume 3, 
which is devoted to deeper applications of the theory of generalized 
functions to differential equations, than those which we encountered 
periodically in Volume 1, and will meet here and there in Volume 2. 
Namely, applications of the theory of generalized functions to the Cauchy 
problem and to the problem of eigenfunction expansions will be elucidated 
in Volume 3. Here, the fundamental peculiarity of the theory of generalized 
functions, in that form in which we shall understand it in this book, will 
be completely apparent; it is that different classes of problems require 
different classes of spaces, and, indeed classes of spaces and not individual 
spaces. 

Thus, uniqueness and existence theorems for the solution of the Cauchy 
problem for different partial differential equations require different spaces, 
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which however possess some common properties. Problems of eigen- 
function expansions for different differential operators also require 
different spaces which, nevertheless, have a number of common features. 
And similarly, boundary value problems for elliptic equations require 
their class of fundamental spaces and spaces of generalized functions. 

In the preceding stage of development of functional analysis, which 
was connected with the theory of integral equations, the common base 
for the study of the various functional spaces encountered was the theory 
of linear normed spaces. * 

Normed spaces turned out to be inadequate for the needs of the theory 
of generalized functions.‘ It must not be thought that the situation is 
such that much more complex constructions would be required. It is 
directly opposite: among the normed spaces one does not find the simplest 
spaces, for example the spaces K and S "possessing a whole series of 
essential properties. 

In recent years the general theory of linear topological spaces has 
developed considerably. However, the most general linear topological 
spaces are rather complicated objects possessing a whole set of “patho- 
logical” properties, and are poorly adapted to the needs of the analyst.t 
The basis of the theory of generalized functions is the theory of the so- 
called countably normed spaces (with compatible norms), their unions 
(inductive limits), and also of the spaces conjugate to the countably normed 
ones or their unions. This set of spaces is sufficiently broad on the one 
hand, and sufficiently convenient for the analyst on the other. 

The theory of these spaces is expounded in Chapter I. Let us note that 
since the countably normed spaces are very close to normed spaces, 
a number of important theorems is obtained almost automatically by 
taking them over from the normed spaces into the countably normed 
spaces.* In reading this chapter it should be kept in mind that some of 
the theorems proved here are actually valid for more general spaces. 

In the majority of questions the class of all countably normed spaces 
turns out to be too broad for the theory of generalized functions. Hence, 


* However, even during this period works appeared which anticipated going beyond 
the limits of this class of spaces, the work of Kéthe-Toeplitz and Kéthe on spaces of 
sequences in the 30’s, and also the work of Mazur and Orlicz. 

t To the analyst it is natural to use estimates, not neighborhoods, which he inevitably 
reduces to some kind of estimates. 

+ Before reading this chapter it would be useful for the reader not acquainted with 
the theory of normed spaces to read the first three chapters, say, of the book “Elements 
of Functional analysis” by L. A. Lyusternik and V. I. Sobolev, Ungar, New York, 1961 
or the first volume of the lectures “Elements of the Theory of Functions and Functional 
Analysis” by A. N. Kolmogorov and S. V. Fomin, Moscow University Press, Moscow, 
USSR, 1954. 
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in Chapter I we study the so-called perfect spaces (complete countably 
normed spaces in which the bounded sets are compact). The reader will 
meet a great number of examples of such spaces in the following chapters. 

The reader will also find material referring to the general theory of 
countably normed spaces in the first three sections of Chapter IV in 
Volume 3. 

The expounded viewpoint certainly excludes the possibility of an 
a priori description of all classes of spaces which may be encountered in 
connection with various problems of the theory of generalized functions: 
As we have already said above, each class of problems requires its own 
class of spaces. Therefore, essentially two classes of spaces are introduced 
and studied in Chapters II and IV: spaces of the type K{M,} in Chapter IT; 
spaces of the type S and similar spaces of type W in Chapter IV. The 
spaces of type S and W essentially satisfy the demands of Chapters II 
and III of Volume 3 (the Cauchy problem), and spaces of type K{M,} 
the requirements of Chapter IV of Volume 3 (the problem of eigenfunction 
expansions), Chapter H, and, in part, Chapter III, of the present volume 
are devoted primarily to transferring the results of Chapters I and II of 
Volume 1, almost without any difficulty, to more general spaces. The 
spaces K{M,}, which are natural illustrations of the general theory, 
appear here. On the other hand, the results of Chapter I permit the filling 
in of a whole series of essential gaps, in particular, the proof of the 
completeness of spaces of generalized functions on K, and the establish- 
ment of a number of new results, concerning for example the structure 
of generalized functions. 

The theory of spaces of type S is discussed in the last Chapter IV. 
These spaces which, as we have said already, are used in Volume 3 possess 
great internal orderliness, and we hope that even their independent 
study will give the analyst some satisfaction. The construction and 
utilization of these spaces is connected with results of the theory of 
quasi-analytic functions and the Phragmen-Lindeléf theorem. Applica- 
tions of these spaces to the Cauchy problem in Volume 3 will illustrate 
the well-known statement of Hadamard on the relation between unique- 
ness theorems in the Cauchy problem on the one hand, and the theory of 
quasi-analytic functions and the general theory of functions of a complex 
variable, on the other. Spaces of type S yield natural limits for a sufficiently 
flexible Fourier transform theory because these spaces go over into each 
other under Fourier transformation; hence, ChapterIV is a natural 
continuation of Chapter III, devoted to Fourier transforms. Moreover, 
various operators of the form f(d/dx), where f(t) is an entire function, can 
be constructed in spaces of type S, and are also applicable to generalized 
functions. The Fourier transforms of generalized functions, considered 


viii PREFACE TO THE RUSSIAN EDITION 


as continuous linear functionals on spaces of type S and W, as well as 
the construction of operators of the form f(d/dx), applicable to the 
generalized functions, are indeed the fundamental tools which we shall 
use in Volume 3 for studying the Cauchy problem. 

In order not to overburden the exposition here, we have referred 
a summary of the results referring to spaces of type W to an appendix; 
proofs of these results are collected in Chapter I of Volume 3. The reader 
interested only in problems of eigenfunction expansions may turn to 
Chapter IV of Volume 3 directly after having completed Chapters I 
and II of the present volume. 

The authors take this opportunity to express their heartfelt gratitude to 
all their colleagues who assisted in writing this volume. To D. A. Raikov 
we owe a number of essential improvements in the first chapter. B. Ya. 
Levin constructed the proof of some necessary theorems from the theory 
of entire functions (Chapter IV) at our request. G. N. Zolotarev indicated 
some simplifications in the exposition of Chapters II and III. The section 
on the Hilbert transform (Chapter IIT) was written according to an idea 
of N. Ya. Vilenkin. Finally, a multitude of improvements has been inserted 
in accordance with suggestions of M. S. Agranovich, who edited the 
entire text of this volume. 


Moscow, 1958 I. M. GEL’FAND 
G. E. SHILOV 
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CHAPTER | 


LINEAR TOPOLOGICAL SPACES 


1. Definition of a Linear Topological Space! 


1.1. System of Axioms for a Linear Topological Space 


A collection ® of elements g, y, ... is called a linear topological space if 
the following conditions are fulfilled: 


1. @ is a linear space with multiplication by (real or) complex 
numbers. 
il. Ø is a topological space. 
WW. The operations of addition and multiplication by numbers are 
continuous relative to the topology of ®. 


Let us consider each of these conditions in detail. 


I. The collection ® is a linear space with multiplication by complex 
numbers. 


This means that an operation of addition of elements in ®, and an 
operation of multiplying elements by (complex) numbers A, p,... is 
defined, and the following axioms are fulfilled: 


1.1. p+ y = + ọ (addition is commutative); 
1.2. o + (%4 + x)= (p + ¥) + x (addition is associative); 
1.3. There is an element 0 such that p + 0 = ọ for any 9; 


1.4. For every element p, there is an element ys such that p + 4 = 0 
(the negative element); 





1.5. 1-ọ = ọ for any ọ E€ ®; 
1.6. A(up) = An)p; 


1 Since Section 1 is of a preparatory nature, the reader who is familiar with the definition 
of a linear topological space can proceed directly to Section 2, and return to Section 1 
when necessary. 
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17. (A+ wp = àp + pg; 
1.8. Alp + y) = Ap + AW 


Axiom I.6 denotes the associativity of multiplication by numbers; 
Axioms I.7 and I.8 express two laws of distributivity related to addition 
and multiplication by numbers. 

It can be deduced, in turn, from Axioms I.1-I.8 that the product of 
0 with any element ¢ is the element 0, and that the product of the 
number —1 with any element ¢ is the negative of œ, which is therefore 
naturally denoted by —9. 

We present some simple definitions pertaining to linear spaces. 

The collection of all sums g + %, where pọ ranges over a set A in 
the linear space ®, is called the translate of the set A by the vector x}. 

The collection of all sums m + %, where p ranges over a set A, and 
# ranges over a set B, is called the sum (more precisely, the arithmetic 
sum) of the sets A and B, and is denoted by A + B. The arithmetic 
difference A — B is defined analogously. 

The collection of all products of the elements ọ of a set 4 by a number 
A is called the A-tuple (or A-dilation) of the set A and is denoted by AA. 
(We remark that in general 24 # A + A.) In particular, —A is the 
collection of all the negatives of elements in A. 


IH. The collection ® is a topological space. 


This means that a system {U} of subsets of ®, called (open) neigh- 
borhoods, is specified, and the following axioms are satisfied: 


11.1. Every point p € ® belongs to some neighborhood U = U(¢); 


11.2. If a point p belongs to neighborhoods U and V, then it belongs 
to a neighborhood W which lies entirely in the intersection of U with V; 


11.3. For any pair of points » + ẹ, there is some neighborhood U 
which contains p but does not contain . 


The neighborhoods and all of their unions (finite and infinite) form 
the system of open sets. An open set is characterized by the fact that 
every one of its points is an interior point, i.e., it belongs to a neighborhood 
which lies in the given set. It is easy to obtain from this that the union 
of any number of open sets and the intersection of any finite number of 
open sets are open sets. 

Henceforth, by a neighborhood of a given point we will understand 
any neighborhood containing the point. 

A point gy is called an adherence point of a set A, if every neighborhood 
of go contains a point of A. In particular, every point of a set A is an 
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adherence point of A. There are two possibilities for adherence points 
of a set A: 


1. There exists a neighborhood of pọ which contains only a finite 
number of distinct points of A; 


2. Every neighborhood of pọ contains an infinite number of distinct 
points of A. 


In the first case, using Axioms II.2 and II.3, one can construct a 
neighborhood of pọ which contains no point of A other than gj itself. 
In this case pọ belongs to A, and is called an isolated point of A. 

In the second case p is called a limit point of A. An isolated adherence 
point of A always belongs to 4; a limit point may or may not belong to A. 

The collection of all adherence points of A forms the closure A of A; 
thus, the closure of a set A is obtained by adjoining to A those of its 
limit points which do not belong to it. 

A set A is said to be closed if it contains all of its adherence points. 
One can verify that the closure of any set is closed. The closed sets 
can be characterized as the complements (with respect to all of ©) of 
the open sets. It follows that the union of a finite number of closed 
sets and the intersection of any number of closed sets are closed sets. 

A set A is said to be dense in the space ® (more precisely, everywhere 
dense) if its closure coincides with ®. Example: the set of rational points 
on the line. 

A set is said to be nowhere dense, if its closure has no interior point. 
Example: the Cantor set on the line. 

The collection of all open and all closed sets of a space ® forms its 
topology. 

One can arrive at the same topology in a space (i.e., the same system 
of open and closed sets), starting from two different systems of neigh- 
borhoods. For example, in defining the natural topology on the real line 
we can, on the one hand, take as neighborhoods all intervals with 
rational endpoints and, on the other hand, all intervals with irrational 
endpoints. We will call different systems of neighborhoods equivalent, 
if they lead to the same topology. The following simple condition is 
both necessary and sufficient for the equivalence of two given neigh- 
borhood systems {U} and {V}: Every neighborhood U contains a neigh- 
borhood V, and every neighborhood V contains a neighborhood U. 


Convergent Sequences. A sequence 9, , Pz», Py,- Of elements of a 
topological space ® is said to converge to an element p, if each neigh- 
borhood of ¢ contains all the points of the sequence, starting with some 
given one whose index in general depends upon the neighborhood. 
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In this case, one writes p = lim, „o p, . On the line (or in m-dimensional 
space), every limit point of a given set A is the limit of some convergent 
sequence of points belonging to A. The assumption, natural at first 
glance, that in the general case also, every limit point of a set A must 
be the limit of some (countable) sequence g, € A (v = 1, 2,...) turns 
out, under closer examination, to be false. 


Example. Let us consider the collection ® of (all) bounded real 
functions g(x) on the interval O < x < 1, with the ordinary linear 
operations; we define a neighborhood U = U(gp ; x1 ,..., %, 3 €) of a 
given element p = p(x) by specifying a finite number of points x, ,..., Xn 
and a number «e > 0; this neighborhood consists of all œ e ® for which 
| p(x) — pox) < < j = 1,..., n. We form the set A of functions g(x), 
each of which equals | everywhere, with the exception of a finite number 
of points at which it equals 0. Obviously, g(x) = 0 is an adherence 
point of A. At the same time, no (countable) sequence of elements 
{¥,(x)} of A can converge to zero, since, in view of the uncountability 
of the continuum 0 < x < 1, one can always find a point x) at which 
all of the p,(x) equal 1, and consequently no one of them lies within any 
neighborhood of the form U(po ; xo ; 4). 

Of course, it would be very helpful in analysis if any limit point pọ 
of every set A were always the limit of some sequence of points of A. 
This property holds in topological spaces in which an additional con- 
dition is satisfied: 


The first axiom of countability at a point ~,). The point pọ has a 
countable neighborhood basis. 

A system {U} of neighborhoods U; , Ug ,... of po is said to be a basis of 
the neighborhoods of po , if every neighborhood V of gy contains at least 
one of the U,. 

Let us show that ¿f the first axiom of countability is satisfied at a point pọ , 
then from any set A which has qo as a limit point, it ts possible to select a 
SEQUENCE Pı , Pa, Which converges to po - 

First we note that we can always consider a countable neighborhood 
basis to be decreasing, so that U, D U, D +; indeed, if this condition 
is not fulfilled, then in place of U,, we take a neighborhood U, lying 
in the intersection of U, and U, ; in place of U, , we take a neighborhood 
U; lying in the intersection of U, and U;, and so on. Let us now 
assume that pọ is an adherence point of some set A. We choose a point 
P, E A in each neighborhood U, (assuming that U, D U, D +); then 


po = limg, . 
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Indeed, for any neighborhood V of pọ, there is some neighborhood 
U,C V, and since U,,, C U, , it follows that 9,,, € U,,, C V for any p; 
thus, any neighborhood of œ, contains all the points p; , pa,- starting 
with some one, as was required. 

If the first axiom of countability is fulfilled at every point of the 
space ®, then one says that zt is fulfilled everywhere in ®. 

We now proceed to condition III. 


Wi. The operations of addition and multiplication by a number are 
continuous relative to the topology of ®. 


Conditions I and II, which we have considered in detail just above, 
described separate properties of the linear operations and the operation 
of passing to a limit; condition III establishes the connection between 
these. Condition III may be divided into the following two axioms. 


111.1. The continuity of addition and subtraction. If one of the relations 


Po + Po = Xo 


holds, then for any neighborhood U of xo there is a neighborhood V of po 
and a neighborhood W of , such that pe V and 4 E W imply p + ye U 
(or, briefly, V +. WC U). 


111.2. The continuity of multiplication by a number. If po = Yos 
then for any neighborhood U of W% there is a neighborhood V of pọ and 
a number e > Q such that p € V and | à — ào | < € imply Ape U. 





Let us first consider some consequences of Axiom III.1. 

First of all, we note that the collection of all translates of all the neigh- 
borhoods of 0 defines a system of neighborhoods in ® which is equivalent 
to the original system. Indeed, that this collection is actually a collection 
of neighborhoods (i.e., satisfies II.1—II.3) is easy to show. To see that 
this system is equivalent to the original system of neighborhoods, 
let V = pọ + U, where U is a neighborhood of 0. If pe V, then 
p — po E U. Thus we can find neighborhoods W, and W, of » and pọ, 
respectively, such that W, — W,C U. In particular, since pọ € W,, 
we have W, — pC U, or WiC go + U = V. Conversely, given a 
neighborhood U of a point pọ, since pọ + 0 = pọ, we can find a 
neighborhood W, (of pọ) and a neighborhood W, (of 0) such that 
W,+ W,C U. Since goe Wi, we have V = pọ + WC U, as was 
required. 

Thus, the topology in ® can be reconstructed from the system of neigh- 
borhoods of zero; subjecting them to all possible translations, we obtain 
a complete system of neighborhoods for the entire space. This means 
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that from the topological point of view, the structure of the space is 
the same at all points; a simple translation (taking the entire space onto 
itself) carries any point into any other, and every neighborhood of the 
first point is carried into a neighborhood of the second. The local 
properties of the topology of the space at one point are the same as at 
every other point. In particular, if the first axiom of countability is 
fulfilled at one point, for example at 0, then it is fulfilled at every other 
point, i.e., it is fulfilled over the entire space. 

We remark, further, that a linear topological space is always regular, 
i.e., for any point m and neighborhood U of ¢ there is a smaller neigh- 
borhood V of œ which lies in U, together with its closure. 

For the proof it is sufficient, in view of the homogeneity of the 
topology in ®, to consider the case p = 0. In view of the continuity 
of subtraction, we can find two neighborhoods W, and W, of 0 such 
that W, — W,C U, and if we further take a neighborhood W of 0 lying 
in the intersection of W, and W,, then we will have W— WCU. 
We assert that the closure W of W lies in U. 

In fact, let % be an adherence point of W; then the neighborhood 
V = + W of the point ẹ contains some point of W. Suppose that 
xE VOW, so that y = ¢ + p, where pe W. Then 


¢=x—-—pEW-WCU, 
as was asserted. 


Let us now turn to those properties of linear topological spaces which 
are related to the continuity of multiplication by a number. (Axiom III.2.) 

First of all, we shall show that any dilation AU, A #0 of an open 
set U is an open set. Indeed, let y = Ap, where p e U; then » = (1/A)é 
and, given a neighborhood V of p, we can find a neighborhood W of 
y% such that (1/A)WCYV, or WCAV. Taking VC U, we see that 
W CAV CAU, i.e., the point ¢ lies in AU together with its neighborhood 
W, as was required. 

In particular, every dilation AU, A Æ 0 of a neighborhood U of 
zero is a neighborhood of zero, and if A Æ 0 is fixed, then the collection 
of sets of the form AU, where U ranges over a basis of the neighborhoods 
of zero, is itself a basis of the neighborhoods of zero. It is sufficient 
to show that for any neighborhood V of zero, one can find a set U 
in the basis of the neighborhoods of zero for which AUC V. But the 
existence of such a U follows at once from the continuity of multiplication 
by A and the definition of a neighborhood basis. 

We can use the neighborhoods of the form AU to construct certain 
special systems of neighborhoods of zero, called normal neighborhoods, 
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‘A region V in the space @ is called normal, if pe V, |a] < 1 imply 
that ape V. 

We shall show that the system of neighborhoods of zero can always be 
defined by means of normal neighborhoods. Indeed, if V is any neigh- 
borhood of zero, then'in view of the continuity of multiplication by a 
number at the zero element, there exists « > 0 and a neighborhood W 
of zero such that ap e V for |a| < e and p e W. We now replace the 
neighborhood V by the open normal set U4,<. aW C V; doing this 
for every neighborhood of zero, we obtain a system of normal neighbor- 
hoods of zero which is obviously equivalent to the original system of 
neighborhoods. 

We mention, further, two results pertaining to closed sets. 


(a) If F ts a closed set, then the set AF ts closed for any À. 


If A = 0, then AF = 0 is closed, as its complement is seen, by 
Axiom II.3, to be an open set. If A Æ 0 and G is the complement of F, 
then it is obvious that AG is the complement of AF. Since G, and therefore 
AG, is open, the set AF is closed. 


(b) A numerical factor may be taken out from under the closure sign; 
i.e., AA = XA for any À and any set A. 


For A = 0, the assertion is trivial. Suppose that A + 0, and ọ is an 
adherence point of AA. Then for any neighborhood U of zero, one can 
find 4y e U and x € A such that p = Ay + +, or (1/A)p = x + 4, where 
ys, E (1/A)U. Since (1/A)U ranges over a basis of the neighborhoods of 
zero as U ranges over such a system, we see that any neighborhood of 
(1/A)p contains a point of A. Hence 


ied, pend; 


thus 


AA CAA. 


Carrying out the argument in the opposite direction, we conclude that 
p EAA implies p EAA. Hence AA = AA. 


1.2. Definition of a Topology by Means of Neighborhoods of Zero 


We have already shown that the topology in a linear topological space 
is uniquely defined by specifying the system of all neighborhoods of zero. 
The question arises, what properties must a system of sets in a linear 
space ® have in order that it can be taken as a defining system of (open) 
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neighborhoods of zero, and thereby transform ® from a linear to a 
linear topological space. 
This question is answered by the following theorem. 


Theorem. Let us suppose that we are given, in a linear space ®, a 
system S = {U, V, W...} of sets, containing the zero element and having 
the following properties: 


IV.1. The intersection of any two sets U, V from © contains a third 
set W from S. 

IV.2. For any point p Æ 0, there exists a set U from © which does not 
contain p. 

IV.3. For any set U from ©, there exists a set W from © such that 
W+WCU. 

IV.4. If pe UEG, then there exists V e S such that p + VC U. 


IV.5. For any Ue & and any number a, there exists a V e S such that 
aV CU. 


IV.6. For any Ue © and any point g, there is an e >Q such that 
ôpe U for ]ð| <e. 
IV.7. For any U e Æ, there exists e > 0 such that 8U C U for |8| < e. 


Then there exists a topology in ® for which ® ts a linear topological space 
(i.e., satisfies conditions I-III), and the system © is a basis of the neigh- 
borhoods of zero. 


Proof. We will consider all sets of the form 4+ U, Ue &, which 
contain a given point p € Ê as the neighborhoods of p. Let us show 
that all the axioms of a linear topological space are fulfilled. 

First of all, we note that if pe y + U, then pọ — pe U and it follows 
from IV.4 that there exists Ve S such that p — y + VC U; con- 
sequently, p + V C 4 + U. Thus, if ọ lies in a neighborhood % + U, 
then there is a neighborhood of o of the form ¢ + V, V e ©, which lies 
inside %4 + U. Therefore, in verifying the axioms of a linear topological 
space, we will consider only those neighborhoods of a point of the form 


Ulp) = +U, Ue. 


Axiom II.1— “Every point pe ® lies in some neighborhood”—is 
satisfied by construction. Consider Axiom II.2: “If @ belongs to two 
neighborhoods U(p) and V(ọ), then it lies in a third neighborhood 
W(ọ) lying in the intersection of U(p)and V(¢).” By the opening remarks 
in the proof, this reduces to showing that the intersection of any two 
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neighborhoods U(p), V(p) contains a neighborhood W(@). We take a 
se WC UNV, WeG, which exists by Axiom IV.1, and consider the 
neighborhood W(p~) = ¢ + W; obviously, W(¢) lies in the intersection 
of U(@) with V(¢). 

Consider Axiom II.3: “For any pair of points p + y, there is a neigh- 
borhood U(@) of p which does not contain 4%.” But by Axiom IV.2, 
there exists W e S which does not contain 4 — py Æ 0. Then U(¢) = 
p + W does not contain +. 

Consider Axiom III.1: “If y = p + ¢%, then for any neighborhood U(y) 
there are neighborhoods V(p) and W(4) such that V(p) + W(s) C U(x).” 
Given U(x) = x + U, we find, using Axiom IV.3, a subset We © such 
that W + WCU. Then one can set Vip) = » + W, Wb) = 4 + W, 
and the condition will be fulfilled. 

Let us verify Axiom III.2: “If àpo = $, then for any neighborhood 
U(s) there is a neighborhood W (po) and ane > Osuch that | A — Ay | < € 
implies AW (po) C U(b).” Let Us) = y + U; we first consider the case 
Ay #0. Using Axiom IV.3 several times, we find VeS such that 
V+ V + VCU. Further, using Axiom IV.5, we find We & such that 
àW C U; then, using Axioms IV.6 and IV.7, we find e > 0 such that 
8g) E V and (8/A,) V C V for | 8 | < e. We claim that the neighborhood 
W(%o) = po + W and the number e are those being sought. Indeed, if 
|à — à| < €, i.e., à = à + 8, | ô | < €, and p E W(q), i.e., p = Po + w, 
we W, then Ag, = % + (àw + Sq + Sw); but by construction Awe V, 
dp), E V, w = (8/Ap) Aow E (8/A))V CV, and so pep V +V + 
V Cy + U, as was required. 

In the case à = 0, we proceed in the following way. Given Ue G, 
we have to find «e and V(p) = » + V such that | ô| < e and ge V(¢) 
imply 6% e U. Using Axiom IV.5, we find Ve S such that V + VC U. 
By Axiom IV.6, we can find e, >Q such that dpe V for |8| <e,. 
By Axiom IV.7, we can find e, > 0 such that 8V C V for |8| < «e. 
If we take e as the smaller of e; , e, , then for | ê| < e and ge V(g) = 
p + V we have 





Sp = 8p + (Y —g) CV 4S8VCV4VCU. 


The proof of the theorem is complete. 

Thus, a topology has been constructed in ®. The sets of the system S 
are by construction neighborhoods of zero in ®. Since the topology in 
a linear topological space can be uniquely reconstructed from the system 
of neighborhoods of zero, we can conclude that the topology which 
was constructed in @ is the only possible one having the given system S 
of neighborhoods of zero. 
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It is possible that the conditions IV.1-IV.7 are not independent, 
and can be reduced in number. In any case, in any linear topological 
space there exists a system of neighborhoods of zero which satisfies 
all of these conditions (Axioms IV.1-IV.6 are fulfilled for any defining 
system of neighborhoods of zero, while Axiom IV.7 is fulfilled in a 
system of normal neighborhoods), so that conditions IV.1-IV.7 are 
necessary. 

Two distinct systems of sets S, and G, can lead to the same topology 
in a space ®; in this case they are called equivalent systems. A criterion 
for the equivalence of the systems S, and G, is the following: For every 
neighborhood Ue G,, there must exist a neighborhood V e G, such 
that VC U, and conversely, for every neighborhood V e &,, there 
must exist a neighborhood U e & such that UC V. 


1.3. Examples 


We consider two examples of linear topological spaces, consisting of 
functions. 


1. The space K(a) consists of all infinitely differentiable functions 
p(x) on the line —oo <x < œ which vanish outside the interval 
|x| <a. The linear operations are defined here in the natural way. 
The neighborhoods of zero are constructed by the following rule: 
A number e > 0 and a positive integer m are given; the neighborhood 
V(m, e) by definition consists of all functions p(x) for which the inequality 
| p(x) | < e is fulfilled for k = 0,..., m. 

The validity of Axioms IV.1-IV.7 is not hard to verify. 

A sequence {p,(x)} converges to a function g(x) in the sense of the 
topology defined, if for any k = 0, 1,... the sequence {p (x)} converges 
uniformly to p(x) as v—> œ. Since the first axiom of countability is 
fulfilled in the present case (it is sufficient to restrict oneself to the 
neighborhoods 


V (m7) (a= 1, 2, m= 0,1), 


every topological relation in the space K(a) can be described by means 
of convergent (countable) sequences. 


2. The space 3(G) consists of all functions p(z) which are defined 
inside the region G = {| z | < b} in the plane of the complex variable z 
and are analytic in this region. The linear operations are defined in 
the usual way. Neighborhoods of zero are defined by the following rule: 
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Given a number «e > 0 and a closed set F lying entirely in G, the neigh- 
borhood V(e, F) consists of all functions (z) satisfying the inequality 


max | ¢(2)| < e. 


It is not hard to verify that Axioms IV.1-IV.7 are fulfilled. 

A sequence {p,(z)} converges to a function (z) in the sense of the 
topology introduced, if the functions 9,(z) converge to (z) uniformly 
on every closed set lying in the region G. The first axiom of countability 
is also fulfilled for 3(G); as a countable neighborhood basis of zero, 
we can take the system 


V (Fn) (m,n = 1, 2,...), 


where Fm denotes the set of points z for which | z | < &(1 — 1/m). 


2. Normed Spaces. Comparability and Compatibility of Norms 


As has already been mentioned in the introduction, we will not 
consider further the properties of the most general linear topological 
spaces. We have introduced typical examples of the spaces which we 
will need at the end of Section 1. The common characteristic of such 
spaces consists in the fact that they are countably normed spaces or 
unions of countably normed spaces. These spaces are not far removed 
from the classical normed (Banach) spaces, and the techniques in 
normed spaces carry over in large measure to this broader class of spaces; 
on the other hand, in this class of spaces (which is much narrower 
than the class of all linear topological spaces), characteristic features 
and qualities manifest themselves, which are not possessed by infinite- 
dimensional normed spaces; for example, it is possible for bounded 
sets to be compact. 

The definition of countably normed spaces will be given in Section 3 
(and of the union of countably normed spaces in Section 8). The topology 
in these spaces will be defined by a countable family of norms. As a 
preliminary, we have to study relations between various norms, introduced 
in the same linear space; the present section is devoted to this question. 


2.1. Basic Definitions 


As is well known, a linear space ® is said to be normed, if there is 
defined in ® a nonnegative function || || (the norm) which has the 
following properties: 
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L. lle + 4l < llel + I4 l| for any p, 4%. 


2. || ap || = | «||| p || for any ¢ and any (real or complex) number «. 
In particular, || 0 || = 0. 


3. If ||p || = 0, then p = 0. 


Having a norm, one can introduce a corresponding topology. Namely, 
a neighborhood U,(0) of zero in a normed space is defined by a positive 
number e and consists of all œ for which || || < e (the open ball of 
radius e). 

The verification of Axioms IV.1-IV.7 of Section 1.2 is elementary. 

It is obvious, moreover, that the first axiom of countability is fulfilled 
in the present instance, and therefore topological relations can be 
described in the language of convergent sequences. Here, a sequence pp 
(n = 1, 2,...) converges to an element o if and only if 


lle — en || —> 0 
as N—> œ. 

A sequence of elements p, (n = 1, 2,...) of a normed space is said 
to be fundamental, if for any e > 0 there is an integer nọ = m(e) such 
that v, u >n, implies || y, — pp || <€. Every convergent sequence 
{p,} — p is fundamental, since 


lee — Pull Sle — ell + lle — ell 


But the converse is not always true. Spaces in which every fundamental 
sequence converges to some element of the space are called complete. 
An incomplete space can always be completed, by adjoining to it 
“formal” limits of nonconvergent fundamental sequences and extending 
the linear operations and the norm to these formal limits in a natural way. 


2.2. Comparable and Compatible Norms 


Two norms || @ ||, and || ọ ||, , defined in the same space 9, are said 
to be comparable, whereby the first is considered the weaker, and the 
second the stronger, if the inequality 


lelh < Cle lle 


holds for all p € ®, where C is a fixed constant.? Every sequence which 
is fundamental with respect to the stronger norm will also be fundamental 
with respect to the weaker norm. If the space is complete with respect 


2 It would be more exact to say that the norm || ¢ ||, is not weaker than the norm !! 9 |li - 


2.2 Normed Spaces 13 


to both norms, then by a well-known theorem of Banach on the 
boundedness of an inverse operator,? the comparability of the two 
norms leads to their equivalence: There exist constants C’ > 0 and 


C” > 0 such that 


leli <C'lele <C"le lh - 


If the space © is incomplete with respect to at least one of the norms, 
then, generally speaking, comparability does not imply equivalence. 
In this case, we can consider the two complete spaces ®, and ®,, 
which are obtained by completing © with respect to || ||, and || ¢ lle, 
respectively. If || ||, is the stronger norm, then one can establish a 
natural mapping of ®, into ©, : Every element ¢ e ®, is defined by a 
sequence {p,} E Ø (v = 1, 2,...) which is fundamental with respect to 
lp lle, and, as has already been said, this sequence is fundamental with 
respect to || ¢ ||ı and therefore defines an element ¢e¢@, . It is easy to 
verify that @ is uniquely determined by ¢. It need not be one-to-one; 
in other words, distinct elements ¢¢®, and ~e@, can be mapped 
into the same element ¢¢®,. To exclude this possibility, we shall 
require that the norms || ¢ ||, and || ¢ ||, be compatible in the following 
sense. 


Definition. Two norms || ọ ||; and || œ || , defined in a linear space ®, 
are said to be compatible if every sequence p, € ®, v = 1, 2,..., which is 
fundamental with respect to both norms and converges to the zero 
element with respect to one of them, also converges to the zero element 
with respect to the second. 


Examples. In the linear space © of all continuously differentiable 
functions f (x) on the interval | x | < a, the norms 


Fl = max|f(x)|, IF lle = max{| f(x)| + IF’) 


are compatible. 
The following two norms in ®, 


fll, = max | f(x) and || f lls = max | f(x)| + I f'(a), 


are not compatible: One can exhibit a sequence { f,(x)} which is uniformly 
convergent to zero, for which f;(a) = 1. This sequence is fundamental 


3 See, e.g., L. A. Lyusternik and V.I. Sobolev, ‘Elements of Functional Analysis.” 
Ungar, New York, 1961. 
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with respect to both norms, and converges to zero with respect to the 
first, but not with respect to the second, since || f, |l > 1. 

It is not hard to see that in the case of comparable and compatible 
norms || ¢ ||, and || ¢ ||, , the mapping of ®, into ®, , which was discussed 
above, is one-to-one.* It is sufficient to verify that a nonzero element 
ğe, cannot be carried into the zero element of ©,. Assuming the 
contrary, we would have, for a sequence p, € ® which is fundamental 
with respect to both norms and defines the element @, the relations 


lim || pollo =llG lle >0, limig, |, = 0, 


which would contradict the compatibility of the norms. 

Thus, in the case of compatible norms, the mapping of ®, into ®, 
which has been constructed is one-to-one. Therefore, if we identify 
the elements of ©, with the corresponding elements of ®,, we can 
consider ®, to be a part of ®, ; we remark that under this identification, 
every element of © is carried into itself. 

To summarize: if two comparable and compatible norms || > |h , || ¢ lla, 
lle ll <C|l@ lle are defined in a space ®, then the completions B, and ®, 
of Ð with respect to these norms may be considered to have the following 
relationship with each other and with ®: 


@,> 6, D9. 


If the norms || ¢ ||, and ||@ ||, are compatible but not comparable, 
then we can introduce a third norm 


lle lls = max{|| ¢ ll » Il ¢ lla 


(it is easy to verify that || ọ ||, fulfills the axioms of a norm), which is 
obviously comparable with each of the two given norms (namely, 
it is stronger than each of them). The norm || ¢ ||; is also compatible 
with each of the given norms; indeed, if a sequence g, € ® is fundamental 
with respect to || ||; , then it is fundamental with respect to || @ ||, and 
ll p lla- If it converges to zero with respect to one of these norms, then 
in view of their compatibility it converges to zero with respect to the 
other, and consequently converges to zero with respect to ||¢ |l. 
The converse is obvious. In this case, the space © , obtained by com- 
pleting ® with respect to || ¢ ||, can be mapped in a one-to-one manner 
into ®, and into ®, ; under these mappings ® does not move. 


4 That is, injective (its range is a part of ©, , not generally speaking, all of ®,). 
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3. Countably Normed Spaces 


3.1. Definition 


We now proceed to define and study a class of linear topological 
spaces which is one of the most important in applications to analysis—the 
class of countably normed spaces. 

Suppose that a countable system of norms || @ ||; , || @ |lp 5... is defined 
in a linear space ®. 

By means of these norms, we introduce a topology in ® according 
to the following rule. A neighborhood U, (0) of zero is defined by a 
positive integer p and a positive number e, and consists of all pe ® 
which satisfy the p inequalities 


lelh<& lel <s oy  lelp< e (1) 


Let us verify that Axioms IV.1-IV.7 of Section 1.2 are fulfilled. 
Axiom IV.1 asserts that the intersection of any two neighborhoods 
of zero contains a third neighborhood of zero; in our case, if 


Usa = {le ll < 2-9 ll P llo < 
Unea = {ll pli < +5 Ilp llo < £2}, 
then, as a neighborhood lying in their intersection we can take 
Up = {ela < 6- Il ella < 6, 


where e = min(«; , €) and p = max(p; , pp). 

Axiom IV.2 required that for any point pọ # O there exist a neigh- 
borhood U of zero, not containing this point. In our case, || polh > 0 
by definition of a norm; therefore the neighborhood 


U= {lle lla <e= || Po lla} 


does not contain po - 
Axiom IV.3 required that for any neighborhood U there exist a 
neighborhood W such that W + WC U. In our case, if 


U = {ll p lh < €., || Pll» < e}, 


then one can put 


€ € 
W = jle <z oll elle <7 
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Axiom IV.4 required that from g€ U there follow the existence of 
a neighborhood V such that pọ + V C U. Obviously, if 


U = {lli < 6- Il ella < €}, 
it follows from œ, € U that 
max || pol: = < 6; 
then as V we can take the neighborhood defined by the inequalities 


leli <e — 7, e, lgl <€ — n7- 


Axiom IV.5 required that for any neighborhood U and any number 
a Æ 0 there exist a neighborhood W such that aW C U. If 


U = {l pli < 6 Il elle < €}, 


then we put 


€ € 
W = —— spe ——~}. 
lel <73 , llelo < | x | 


Axiom IV.6 required that for any neighborhood U and any point pọ 
one can find a number a such that dg) € U if | ô| < a. If 


U = {lel < €,- lle, < €} 
and 

leol; =; (j = 1,2,...), 
then one can set 


€ 
 max(dy se., Ap) ` 


Axiom IV.7 asserted that for any neighborhood U there exists « > 0 
such that SU C U for || < e. In the present case one can take e = 1; 
the neighborhoods which we have defined are normal. 


Definition. A linear space © in which a topology is defined, in the 
manner described, by a countable family of compatible norms is called a 
countably normed space. 

We note that in defining the system of norms U,, ., it is sufficient 
to take e = 1, 4, 4,...; thus, this system is equivalent to the countable 
system Up, 1/m (M, p = 1, 2,...). Therefore, as in every space for which 
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the first axiom of countability is fulfilled, every limit point pọ of a set A 
can be written as the limit of a (countable) convergent sequence of 
points p, € A. In the present case, as is easy to see, a sequence {y,} 
converges to zero if and only if || p, ||, — 0, as v — œ, for every fixed p; 
similarly, p, > if and only if ||~ — p |p —> 0, as v—> oo, for every 
fixed p. 

A sequence pı, 92,... is said to be fundamental, if it is fundamental 
with respect to each of the norms ||¢||, , £ = 1, 2,.... If every funda- 
mental sequence in the (countably normed) space © happens to converge 
to some element in the space, then @ is said to be complete. 

One can always consider the given sequence of norms to be non- 
decreasing, i.e., 


leli Sll ele $+ Silells<- 


for every » € ®, for, assuming the contrary, one can replace each norm 
lplp by Ie lp = maxi] ll >- | Pll} Obviously, the sequence of 
norms || ¢ ||, is nondecreasing and generates the same topology in ® as 
does the original sequence. Here, ‘the neighborhoods U, (0) can be 
defined by a single inequality || ¢ ||, < <. Together with the original 
norms, the new norms are pairwise compatible. 


3.2. The Condition of Completeness 


We assume now that the (compatible) norms || elha; Ilolle,- are 
nondecreasing. Completing the space ® with respect to each of the 
plp, we obtain a system of complete normed spaces ®,, ®,,.... 
Since all of the norms are comparable and compatible, the results of 
Section 2 lead to the system of inclusions 


D2: DD, DG. (1) 


A simple characterization of the completeness of ® can be given 
in terms, referring to the spaces ©, . 


Theorem. The space ® is complete if and only if it coincides with the 
intersection of all the ®,, , i.e., uf 


foe} 


ND, = ©. (2) 

p=1 
Proof. Suppose that Eq. (2) holds and that 9, , pz ,... is a fundamental 
sequence in ®. By definition, {p,} is fundamental in each ©, and has, 
therefore, a limit y™) in each of these spaces. In view of the 
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mappings ®, —> ©, _, which we have established, and the corresponding 
identification of elements of these spaces, all of the elements o”, 
p = l, 2,... are, in essence, the same element, which, therefore, belongs 
to all of the &, and by Eq. (2) belongs also to ©. Let us denote this 
element, as an element of ®, by p. Since 


lle — p” llo > 0 
for every p, we have 
lle — p llo —> 0 
for every p, from which 
p = lim g, 
in the topology of &. Thus, ® is a complete space. 
Conversely, let ® be a complete space, and suppose that an element p 


is contained in the intersection of all the ©, ; we show that belongs to ®. 
We find, for each p, an element p, € © for which 


1 
lp — Palle <75 


this can be done, since ®, is the completion of ® with respect to the 
norm || ¢||,. We assert that as p— œ, the p, converge to » with 
respect to each of the norms. Indeed, for any k and p > k we have 


1 
Ile — Prle < lle — Pollo =) 
from which it follows that 

lim || p — P» lle = 0. 
Therefore, in particular, the sequence pp is fundamental with respect 


to each of the norms, and is therefore fundamental in ®. 
Let 


= lim Po 
in the topology of ®. Since, for every k, one has 
lim || ¢ — Pyle = 9, 


and ¢, as well as p, belongs to ®, , it follows that p = ¢. Thus, pe ®, 
which was to be proved. 
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Henceforth, by a countably normed space we will, without special mention, 
understand a complete countably normed space. (We emphasize that the 
definition of a countably normed space includes the condition of 
compatibility of the norms.) 


3.3. Examples 


A simple but nontrivial example of a countably normed space is 
the space K(a) of all functions g(x) which are infinitely differentiable 
on the line — œ <x < o and vanish outside the interval | x | <a 
(Section 1.3). We introduce in this space the system of norms 

Il plp = max {| (I, | p'(*)l, |e )} (p = 0, 1, 2,...). 


lel<a 


The neighborhoods 


U,.(0) = {ll pll < $} 


obviously coincide with the neighborhoods defined in this space in 
Section 1.3, and therefore define the same topology. 

The norms || ||, obviously form a nondecreasing sequence, i.e., 
Il? Ilo <Il % llpaa for any p. Let us verify that these norms are pairwise 
compatible. For this, it suffices to verify that the pth and (p + 1)th norms 
are compatible. Let us consider a sequence of functions p,(x) which 
converges to zero with respect to || p ||, and is fundamental with respect 
to || ¢ ||p41- This means that the functions ¢{")(x) converge uniformly 
to zero, as v—> œ, for k = 0, 1,..., p, and (uniformly) to some limit 
(x) for k = p+ 1. But then, in view of a well-known theorem of 
classical analysis, 0(x) = 0. It follows that 


II p» llp+1 —> 0. 
Conversely, if 

Il P» llp+1 > 0, 
then 


Il Po llo < Il p llp+1 > O- 


Thus, the norms || ¢ ||, and || ¢ ||),1 are indeed compatible. 

Let us show that the completion K(a)? of K(a) with respect to || ||, 
is just the collection K,(a) of all functions g(x) which vanish outside 
the interval | x | < a and have continuous derivatives up to order p. 
Obviously 





Kla} C K,(a), 
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and we only have to prove the opposite inclusion. First we verify that 
the sought-for completion K(a)? contains every function g(x) which 
has continuous derivatives up to order p and vanishes outside an interval 
|x | <a — ô, lying inside the interval | «| < a. One can construct a 
sequence of polynomials P,(x) (using Weierstrass’ theorem) which 
converge uniformly on |x| <a to g(x), and whose derivatives of 
order up to p converge uniformly on this interval to the corresponding 
derivatives of g(x). Further, let e(x) be a function in K(a) which equals 1 
for |x| <a— ô. Then the products P,(«) e(x) belong to K(a) and 
converge to g(x) in the metric of K(a)?, from which it follows that 
po(x) belongs to K(a)?. All remaining functions p(x) € K,(a) are limits, 
in the norm of K(a)?, of functions of the type p(x) (for example, 
p(Ax) — p(x) in the norm of K(a)P as àf 1), and therefore belong to 
the completion K(a)? of K(a). Thus, 


K,(a) C K(a)?; 
hence 
K,(a) = Ka, 


as was asserted. 

The intersection of the spaces K,(a), p = 1, 2,..., obviously coincides 
with the space K(a). Therefore, in view of the criterion of the preceding 
Section 3.2, K(a) is a complete space. This is, by the way, easy to show 
directly. 

Thus, K(a) ts a complete countably normed space. 

A somewhat more complicated, but essentially completely analogous 
example is the space K(a) of all infinitely differentiable functions 


p(x) = (x, s- Xn) of n variables, which vanish outside the region 
Ga — {| xy I< Dy perry | Xn | < an}. 
We introduce in this space the collection of norms 
= arg(x) arre(x) |) 
Te sr cas Uk ac) | br emcee | 9 | Be Pesan Ih" 





Convergence with respect to the norm || ¢||, is uniform convergence 
of the functions and their derivatives up to order (p,..., p); the con- 
vergence to which the collection of all the norms || ọ ||, gives rise is the 
uniform convergence of the functions as well as their derivatives of 
all orders. The || ¢ ||, are nondecreasing and compatible. The completion 
of K(a) with respect to ||¢||, is the collection K,(a) of all functions 
which have continuous derivatives up to order (p,..., p) and vanish 
outside the region G,. The intersection of the K,(a) coincides with 
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the space K(a). Thus, K(a) is also a complete countably normed space 
in the n-dimensional case. 

As another example, let us consider the space 3(G) of all analytic 
functions 9(2,,..., Z„) in the region G = {| z| < a}. For simplicity, 
we restrict ourselves to the case of a single independent variable z, 
varying in the region |z| < a. We introduce in 3(G) the collection 
of norms 


I plp = max | g(2), |z| <a (ap < ap, lima, = a), 


The convergence corresponding to || ||, is the uniform convergence of 
the p(z) in the region | z | < a, ; the convergence to which the collection 
of all the norms gives rise is the uniform convergence of the ¢(z) in any 
closed region lying in the region | z | < a. The || ¢||, are nondecreasing 
and compatible. The completion of 3(G) with respect to || ||, is the 
collection of all analytic functions in the closed disk | z| <a, ; the 
intersection of these families coincides with 3(G). Thus, 3(G) is a 
complete countably normed space. 

The reader will encounter a large number of other examples further on, 
in particular in Chapter II, Sections 1-2, Chapter IV, Sections 1-3, and 
the appendix to Chapter IV. 


3.4. Countably Normed Spaces as Linear Metric Spaces 


One can introduce a metric in a countably normed space, i.e., define 
a function p(p, y) of pairs of points p, % (the distance from ¢ to ), 
having the following properties: 

[1] ple, p) = 0, ply, #) > 0 for p #4; 

[2] elp, #) = pl, p); 

[3] per, Ps) < PCPI» P2) + PCP» Pa). 


Of course, introducing a metric arbitrarily would be fruitless; it is 
important that the distance p(g, ¥) can be taken invariant with respect to 
translation and continuous in the topology of the space: 


[4] p(y, +) = elp — +, 0); 
[5] if »,>0, then p(g, , 0) 0. 


Namely, one can set 








plp, ¥) 2 5 1 eo a 
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Let us verify that conditions [1]-[5] are fulfilled. The first two are 
obvious. To verify condition [3], it is sufficient to show that 


lo+¥ __lpl lvl, 
SS A aE 2 
Leah Teek Ir 0) 


To do this, we note that the function 


t 
g(t) = ITF 


of the real positive variable ¢ is monotonically increasing; therefore 





le +#lə < _lells + l4 lp 
1+le + 4l © 1il +I lp 


Il ? llo Il # Ilo le |l» IEA 
<s < T 
Fiel tiv,  1+lely + iti L+llell, 1+4 lp 





and so condition [3] is satisfied. 

That condition [4] is satisfied is obvious. 

Finally, to verify condition [5], it suffices to note the following. 
If p, > 0, i.e., || p, ||, — 0 for every p, then every term in the sum 


1 lele 
Le 2? 1 +| plv 


tends to zero, and if for v > vp the sum of the first n terms is less than e, 
then the entire sum is less than 


e+ ap =“ E + 5n’ 
De 27 z 
Every metric space, as is well known, is a topological space; the system 
of sets of the form 


PCP, Po) <7 (3) 


constitutes a complete system of neighborhoods in this topology. 

It turns out that the metric defined by formula (1) defines a topology 
in which ts identical with the original topology. 

To prove this, it suffices in view of condition [4] to consider neigh- 
borhoods of zero and sets p(y, 0) <r (pọ = 0). We have to show that 
every neighborhood of zero contains some set p(y, 0) < r and conversely. 
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(1) Every neighborhood of zero® {|| ¢||, <<} contains some set 
ple, 0) <8. 


Indeed, if for some 6 





2 1 jel 
,0) = T <ô, 
Ae) = X uT F Hele 


then, in particular, 


1 lel 
— Ê < ô, 
2? 14+ |loll, 
whence 
n 
lels <275> 


for 6 sufficiently small, this quantity will be less than e, as required. 
(2) Every set p(p,0) <e contains some neighborhood of zero 
lell < 8. 


Indeed, in the contrary case we could find a sequence of points 
Pr, v = 1,2,..., not belonging to the ball p(p, 0) < e, for which 
Il % lp < (1/). This would mean that {p,} tends to zero with respect 
to the topology of the space, but not with respect to the metric, which 
would contradict Property [5]. 

Condition [5] also implies the following property: 


[5,] If A, —0, then p(A,g, 0) > 0 for any g. 


From the equivalence of the initial and metric topologies and condi- 
tion [5], we see that the following condition is satisfied: 


[6] If plp , 0) — 0, then p(Ag. , 0) — 0 for any À. 


A linear space in which there is introduced a metric which also 
satisfies, in addition to conditions [1]-[3], which simply define a metric, 
conditions [4], [5,], and [6] is called a linear metric space or a space of 
type (F).§ 

We have therefore shown that a countably normed space ts at the 
same time a linear metric space, and the topology defined by the metric 
ts equivalent to the original topology. 


5 We assume the norms to be ordered. 
®See, for example, S. Banach, ‘Théorie des Opérations Linéaires.” Chelsea, 
New York. 1955. 
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We remark that according to the definition of the metric in this space, 
the distance between any two points is less than 1. 

It follows, from what has been proven, that if a countably normed 
space ® is complete in its topology, then it is also a complete metric 
space. 

It is known that in a complete metric space, a countable union of 
nowhere dense sets cannot coincide with the entire space.’ It follows that 
no countable union of nowhere dense sets in a countably normed space ® 
can coincide with ®. 

We now present a useful result whose proof is based upon this 
property. Let us adopt the following definition: A set F in a linear 
space ® is said to be absorbing, if for any element p € @ there is a real 
number A such that Ap € F. l 


Lemma. If F is a convex? centrally symmetric closed absorbing set 
in a complete countably normed space ©, then F contains a neighborhood of 
zero. 


Proof. The closed set F is either nowhere dense, or it contains a 
neighborhood. The same is true of any dilation AF, A Æ 0. But it follows 
from the conditions of the lemma that the family of all dilations mF, 
m = 1, 2,..., covers the space Ø. Therefore, by the preceding remarks, 
F cannot be nowhere dense, and consequently contains some neigh- 
borhood pọ + U, where U = —U is a normal neighborhood of 


7 Proof. Consider US, 4p, where the A, are nowhere dense sets. The closures A, 
are also nowhere dense. Suppose that p, ¢ A, ; there exists a ball 


U, = {plp, p) < n} 


which does not intersect 4, . We take a point p in the interior of U, such that p, ¢ Ae, 
and construct a ball 
U: = {p(%, Pa) < Ta} 


which lies in U, and does not intersect A, . Continuing in this way, we obtain a system 


of closed balls 
U,2U,2° 


whose radii, we may suppose, tend to zero. The sequence of centers of these balls is 
obviously fundamental; its limit belongs to every one of the U, , and consequently belongs 
to no one of the A, . Thus, the union of the latter does not cover the entire space; hence, 
the union of the A, does not cover all of ®. 

8 We recall that a set F in a linear space @ is said to be convex, if along with any two 
points Po, pı , it contains the entire line segment connecting them, i.e., the set of all 
points 

Aw + upi ASIH>0,At+ p= I). 
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zero. As F is centrally symmetric, it also contains the neighborhood 

Po — U = —p, + U. Now F also contains the convex hull of the 
union of pọ + U and —g, + U. But this convex hull contains U, 
since, for any % € U, we have 








yp — Pot) + (—o + #) 
2 > 


which proves the lemma. 


Other applications of the fact that a countably normed space is a 
linear metric space will be encountered in Section 7. 


3.5. Conditions for the Normalizability of a Countably Normed Space 


We have shown, in Section 3.4, that every countably normed space 
is a linear metric space and that the original topology (defined by a 
countable family of norms) coincides with the topology defined by a 
(single) metric. The question arises: When does a countably normed space 
not reduce to a normed linear space, i.e., when is the introduction of a 
countable number of norms really justified? That the normed linear 
spaces are included among the countably normed spaces is obvious; 
one can take a countable family of norms which are either equal to 
or equivalent to a single norm. 

In view of the theorem of Section 3.2, a countably normed space ® 
is always the intersection of normed spaces: 


ð= () ®,, Ø, C p, 


where ®,, is the completion of ® with respect to the pth norm. 

It turns out, that if there are infinitely many different spaces among 
the ®, , p = 1, 2,... (i.e., if there is a subsequence of pairwise inequiv- 
alent norms|| 9 ||,» I| P llpa >- Pr < $2 < °°"), then ® does not reduce to a 
normed space; only if the ©, coincide, starting with some index py , is ® a 
normed space (which then coincides with ®,, ). 


Proof. The second assertion is obvious; we have 


further, in view of the fact that ©, = ®,,, and the comparability of 


le lp, and ||lẹ lp,» these norms are equivalent (cf. Section 2.2). In 
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particular, convergence with respect to || 7 ||,, implies convergence with 
respect to || Qllp,,13 hence, in the same way, it implies convergence 
with respect to || @|l,,,2, and so on, i.e., finally, convergence with 
respect to every norm, and so, convergence in the topology of ®. 
Conversely, if a sequence {p,} converges in the topology of ®, then it 
converges with respect to every norm, and, in particular, with respect to 


II P Ilpo - 
Let us consider the first assertion. Without loss of generality, 


we may suppose that all of the ®, are distinct. We assert that in this 
case there does not exist a norm which gives rise to the original topology 
in ®. Before proving this assertion, we prove the following lemma. 


Lemma. Ifall of the spaces ©, , entering into the construction of the 
countably normed space ®, are distinct, then for any sequence m, , Mg ,„.. 
of positive numbers one can exhibit an element pe ® for which 


lolo > m, p=1,2,.... 


Proof of lemma. First we show that for any p and any C,, C,, there 
exists an element ¢ satisfying the inequalities 


lel < C1, lle low > Cz. (1) 
Indeed, if there were no such g, this would mean that the inequality 


lle llp41 < C2 
holds for any ¢ satisfying || # ||, < C,. But then the inequality 


C 
Ile llo S rom ? ll» 
would be satisfied for any g. But since, on the other hand, 


lell <M ellos > 


the norms || ¢ ||, and || p ||\p+ı would be equivalent, which would lead to 


a, = 


p p+ 9? 
contrary to hypothesis. This establishes the existence of an element ọ 
satisfying inequalities (1). 
We define the element, whose existence is asserted by the lemma, 
in the form of a series 


p= Dow (2) 
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For the element pı, we take any element satisfying the inequality 


loli > my + 1. 


For the second element p, we take an element which satisfies the 
inequalities 


1 
ll p2 lla <> ll p2 lle > ma + 1+ llg lle 5 


the existence of such an element has just been established. Further, 
we take the element g; as satisfying the inequalities 


1 
Il Ps lle <a> ll ps ll > mg + 1 + Ilp Ils + Il P2 lls, 


and so on, so that p, satisfies the inequalities 


1 
ll Pp llp-1 <J’ ll Py lly > mp +1 +I p lp + 7° + ll Po Ilo - 


Let us show that the series (2) converges with respect to every norm 
(and, consequently, converges in ®). Indeed, given p and g > p, we have 


1 
|I Pa llo < || Pa le-1 < J , 


and so the tail of the series is majorized by a geometric series with 
ratio 4. Further, 


lello = Il Pr ll» _ 2 Il pu llo B 2 Il Pa llp 
a>p 


q<p 


>m, +1 ++p to +I po lo — 1 — (elle + + + Il Pp llo) 


= Mp, 
as was required. This proves the lemma. 


We now prove that if the spaces ©, , entering into the construction 
of the (complete) countably normed space ©, are distinct, then the 
topology in ® cannot be defined by any norm. 

Suppose the contrary; the topology in @ is defined by some norm || ¢ ||. 
We consider the unit ball E = {|| ¢ || < 1}, and assert that each norm 
|| @ ||» is bounded on E (the bound depending upon p). Indeed, if || ¢ |lp 
were not bounded on Æ, there would exist a sequence g, € E for which 
Il Gallo = @q > ©. For this sequence we have 9,/a,—>0 in ®, and 
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consequently y,/a, tends to zero with respect to each norm || ¢||, . 
But this contradicts the fact that || y,/a,||, = 1. Thus, each norm || > ||, 
is bounded on E by some constant, say m,. In view of the lemma, 
there is an element p such that 


Il Pllp > Pry - 


Since ® is a normed space, there is A Æ 0 such that Ag e E. But 


Il Ag Ilp > | | pm, , 
while 
| Ae |lp < my (p = 1, 2,...), 


which is not possible for any A 40. The contradiction proves our 
assertion. 


From this result it follows at once, in particular, that the space K(a) 
is not normalizable, since the corresponding spaces ®, are plainly distinct. 
Thus, although at first glance the normed spaces are the simplest, 
so simple and important a space as K(a) still is not contained among 
them. 


3.6. Comparable and Equivalent Systems of Norms 


It is useful to clarify when two different systems of norms in a 
countably normed space lead to the same topology. 

We recall that given two norms || ¢ || and || ¢ ||’, defined in a linear 
space ®, the first is considered the weaker, and the second the stronger, 
if the inequality 

lell < Clg l 


holds with a constant C not depending upon g. 
Suppose that we are given two systems of norms 


leli <le le , 


Sle lle <<" 
ee ete 


IN IN 


< 
< 


leli <le ll ell, 


in a space ®. We will say that the first of these systems is the weaker, 
and the second is the stronger, if each norm in the first system is weaker 
than some norm in the second system.® 


? It would be more precise to say “not weaker” instead of “stronger.” 
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If the second system is stronger than the first, then every sequence 
{y,} which converges to zero with respect to all the norms in the 
second system also converges to zero with respect to all the norms in 
the first system. Indeed, for a given p, we can find q = g(p) such 
that || p ||, is weaker than || ¢ ||, . Then we have 


Il Po llo S Cll pele - 


Since, by assumption, || p, ||, > 0 for any q, it follows that || p, ||, — 0 
for every p. 


Let us show that the converse is also true. 


llp 


Lemma. If every sequence {p,} which converges to zero with respect to 
all of the norms in the second system, also converges to zero with respect to 
every norm in the first system, then the first system is weaker than the second. 


Proof. Suppose the contrary. Then there is some norm || ¢ ||, which 
is not weaker than any norm in the second system. This means that 
for any v we can find an element 9, satisfying the inequality 


Il Po llo > Hl p Ile - 


Multiplying each »,, if necessary, by some constant, we may suppose 


that || p, ||, = 1, so that 


© |= 


1 
yle <= v = 
lg lle <5 Il Po llo 


We shall show that the sequence {p,} tends to zero with respect to every 
one of the norms of the second system. Indeed, given g and v > q, 
we have 


en | 


But then, according to the hypothesis of the lemma, the sequence {9,} 
must converge to zero with respect to all of the norms in the first system. 
But this is not possible, as |j p, ||, = 1. The contradiction proves the 
assertion of the lemma. 


If every sequence which converges to zero with respect to all the 
norms of one of the systems also converges to zero with respect to all 
the norms of the other system, then the two systems are said to be 
equivalent, From the assertion just proven, it follows at once that a 
necessary and sufficient condition for equivalence is the following 
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requirement: Every norm of the first system is weaker than some 
norm in the second system, and conversely, every norm in the second 
system is weaker than some norm in the first system. 


3.7. Bounded Sets in Countably Normed Spaces 


A set A in a normed space is said to be bounded, if the norms of all 
the elements of A are bounded (by a fixed constant). We will say that a 
set A in a countably normed space ® is bounded, if it is bounded with 
respect to each of the norms defining 9, i.e., 


lel <C, (p=1,2,...) forall peA. 


Thus, a set A = {p(x)} in the space K(a) of infinitely differentiable 
functions (see Section 3.3) is bounded if and only if, for each p, the 
set of numbers 


max | p(x), pE A, 


is bounded (by a constant depending upon p). 

Despite the outward resemblance of this definition with the corre- 
sponding definition in a normed space, the sets described by it are 
profoundly different. For example, in a normed space the ball || p || < 1 
is bounded, and its dilations cover the entire space. As opposed to this, 
in a countably normed space which is not normalizable, there exists 
no bounded set whose dilations cover the entire space. Indeed, if A is 
bounded, i.e., we have 


lels <C, (p= L 2) 


for all p € A, then it is obvious that no dilation of A can contain an 
element pọ for which 


Il Po ln > PC» 5 


but the existence of such an element follows from Lemma 5. 

Further, it follows from this that every bounded set in a nonnormalizable 
countably normed space is nowhere dense. Indeed, if a bounded set A were 
dense in some ball |p — Po llp < C, then its closure A, which is of 
course also bounded, would contain the ball. Then the translate A, of A 
by the vector pọ (the translate is also a bounded set) would contain 
the ball || ¢ ||, < C. Now the dilations of this ball cover all of ®. But then 
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the dilations of the bounded set A, would cover all of ®, which, as we 
have seen, is not possible.!° 

From the foregoing, and from what was proved in Section 3.4, 
we can conclude that a complete countably normed space © which ts 
nonnormalizable cannot be represented as a countable union of bounded 
subsets. 


3.8. Bounded Sets in General Spaces 


Further on we will also consider linear topological spaces more 
general than countably normed spaces; it is therefore appropriate to 
give here a definition of bounded sets which will also apply to more 
general cases. 


Definition. A set A in a linear topological space ® is said to be 
bounded, if it is absorbed by any neighborhood of zero, i.e., if for any 
neighborhood U of zero there is a number A > 0 such that AAC U. 

It is easy to see that for a countably normed space this definition 
coincides with the preceding one: A set A is bounded if each of the 
norms || p||, is bounded on it. Indeed, if U, = {| p|l, < <}, then the 
inclusion A,,A C U, is equivalent to the inequality || ¢ ||, < ¢/A, holding 
on the set A. 

A single point » is always a bounded set: Since àp —> 0 for A—0, 
then for any neighborhood U of zero we will have Ape U for |A| 
sufficiently small. 

The following assertions are also easy to verify. 


1. If A, and A, are bounded sets in a linear topological space, then 
their union A = A, U A, and their algebraic sum B = A, + A, are also 
bounded sets. 


Indeed, if U is a given neighborhood of zero, there exist A, and A, 
such that à, 4, C U and A,A, C U. Setting A = min(A, , à), we will have 
AAC U. Further, we construct a neighborhood W of zero such that 
W + WCU. There exist A, and A, for which à, 4, C W and A,A, C W; 
then, obviously, for A = min(A, , à), we have ABC U. 

In particular, for A, reducing to a single point, we conclude that 
every translate of a bounded set by a fixed element is a bounded set. 


2. A sequence Qı, 2 ,... Which converges to an element y in a linear 
topological space ® is a bounded set. 


10 In particular, we see that every ball || 9 ||, < C is unbounded in ®. 
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For the proof, we use the fact that there exists, inside any neighborhood 
V of zero, a normal neighborhood U, i.e., a neighborhood which contains 
all of its dilations aU with | a | < 1 (cf. Section 1.1). (It follows from this, 
that in verifying the boundedness of one set or another, it is always 
sufficient to consider only normal neighborhoods of zero.) 

Let us assume first that p = 0. If U is some normal neighborhood 
of zero, then for some vy we have p, € U for v > v. We find a positive 
number A < 1 such that Ag, € U,..., Ap., E€ U. Since U is normal, we will 
also have Ay, € U for v > vọ. Therefore Ap, € U for all v, as required. 
Since the translates of a bounded set are bounded sets, we conclude 
that when ¢ Æ 0, the sequence {9,} is still a bounded set, as was asserted. 


3. The closure of a bounded set in a linear topological space is a bounded 
set. 


For the proof, we use the property of regularity of a linear topological 
space (Section 1.1), i.e., the property that we can find, inside any 
neighborhood U of zero, a neighborhood V of zero whose closure also 
lies in U. Let A be a bounded set, A its closure, U a given neighborhood 
of zero, and V a neighborhood of zero whose closure lies in U. We find 
a number A such that A4 C V. Then AA = AAC VC U, from which 
it follows that A is bounded. 

A bounded set in any linear topological space is characterized by 
the following condition. 


Theorem. A set A in a linear topological space ® is bounded tf and 
only if, for any sequence {p,} C A, the sequence {y,/v} converges to zero. 


Proof. Suppose that A is bounded, p, € A is any sequence, and U 
is a fixed normal neighborhood of zero. We find an integer vọ such 
that (1/v)4 C U for v > vọ. In particular, then, for such v we have 
(1/v)e, € (1/x)A C U. Consequently, the sequence {p,/v} tends to zero 
in ®, 

Assume now that A is not bounded. Then for some neighborhood 
U of zero and any v, one can find an element g, € A not belonging to vU. 
In other words, 9,/v does not lie in U for any v. But this means that 
the sequence {p,/v} does not tend to zero in ®, as was asserted. 


4. Continuous Linear Functionals and the Conjugate Space 
We recall that generalized functions, which we defined in the first 


volume, were defined as continuous linear functionals on certain basic 
spaces. The problem of studying generalized functions, is, therefore, the 
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problem of studying continuous linear functionals. In this section, we 
consider continuous linear functionals on general linear topological 
spaces and, in particular, on countably normed spaces. 


4.1. Definition 


A numerical function f (pẹ) = (f, pẹ), defined on a linear topological 
space ®, is called a continuous linear functional if the following conditions 
are fulfilled: 


(a) For any elements p; , pa and numbers a, , ~, , we have 


(f, 491 + %P2) = 4(f, p1) + (f, p) (linearity); 


in particular, (f,0) = 0; 
(b) for any « > 0 there is a neighborhood U of zero such that 


(fh 9)! <e for peU (continuity). 


This last inequality shows that every continuous linear functional is 
bounded on some neighborhood of zero. Conversely, any linear functional 
which is bounded on some neighborhood of zero is continuous. Indeed, 
if the moduli of the values of a linear functional f on the neighborhood 
U of zero are bounded by M, then given e > 0 it is easy to exhibit a 
neighborhood of zero in which these moduli do not exceed e; as such 
a neighborhood it is sufficient to take («/M)U. 


Example. We consider, on the space K(a) of all infinitely differentiable 
functions p(x) which vanish outside the interval | x | < a, the functional 


(Ko) = fo (2) da), (1) 


where u(x) is a function of bounded variation, and m is a fixed number, 
Evidently the functional (1) is linear. 

Let us show that the functional (1) is continuous. We consider the 
neighborhood of zero 


I p lm = max{| Y(*)|,--+5 | p(x) |} <e. 


u This actually defines the continuity of f at the point gp = 0. But a linear functional 
which is continuous at 0 is continuous at any point pọ , since 


(CA p) = cA Yo) = G P — Po). 
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Within this neighborhood the values of the functional f are bounded: 
I(f, p)| < max | p'”(*)| + var p < € var p; 


hence, as we have seen, the continuity of the functional follows. 
We shall show somewhat later (Section 4.3) that the formula (1) yields 
the general form of a continuous linear functional on the space K(a). 
As we know, the balls || y||, < € constitute a basis of the neigh- 
borhoods of zero in a countably normed space ®. But the boundedness 
of a functional on such a neighborhood of zero is equivalent to its 
boundedness relative to the norm ||: ||, , i.e., to the inequality 


If, p) < Cle lp - 


Therefore, every continuous linear functional f on a countably normed 
space ® is bounded relative to some norm || ` ||, . The least p is called the 
order of the functional f. The converse is also evident: If a linear functional 
f on the space ® is bounded relative to some norm, then it is continuous. 

In spaces with the first axiom of countability, where the topology is 
described by means of (countable) convergent sequences, it is natural to 
define the continuity of a linear functional “by means of sequences.” 
The following simple theorem establishes this possibility. 


Theorem. For the continuity of a linear functional f, it is necessary 
and (in spaces with the first axiom of countabilty) sufficient that 
lim, s% (f, pe) = 0 follow from lim, „o pe = 0 


Proof. Necessity. Let p,—0O and let e > 0 be given; moreover, 
let U be a neighborhood of zero of the space ® in which |(f, p)| < «; 
starting with some v = v, we will have p, € U, and hence |(f, p.) < €, 
q-e.d. 


Sufficiency. Let lim,.o(f, p.) = 0 always follow from lim, „æ p, = 03 
we will show that the functional f is continuous. If this were not so, 
the functional f would not be bounded in any neighborhood of zero. 
Let us consider a countable basis U, D U D ©- D U, D - of the neigh- 
borhoods of zero and find an element p, in the neighborhood U, for 
which |(f, p)| > 1. The sequence {p,} tends to zero, but lim, „«( f, pe) # 0, 
in contradiction with the assumption. This means that the functional f 
is bounded in some neighborhood of zero, and, therefore, is bounded. 


4.2. Question of the Existence of Continuous Linear Functionals 


In general, no nontrivial (i.e., not identically equal to zero) continuous 
linear functional can exist on an arbitrary linear topological space. 
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In normed spaces, the existence of a nontrivial (different from zero at 
a given element m + 0) functional is a consequence of the well-known 
Hahn—Banach theorem?? on the extension of a bounded linear functional, 
defined on an arbitrary subspace, to the whole space. 

On a countably normed space ®, for each nonzero element ø, there 
also exists a continuous linear functional which is nonzero on g. This 
follows from the fact that the Hahn—Banach process may also be applied 
to a countably normed space. Indeed, let HC @® be a subspace on 
which a bounded linear functional f is given. The space H, as a part of 
the countably normed space ®, is also a countably normed space (with 
the same norms). The bounded functional f is bounded relative to 
some norm in the space H, say the norm ||¢||, (see Section 4.1). But 
this norm is also defined on the whole space ©. Applying the Hahn- 
Banach theorem here, we may extend the functional f from the subspace 
H to the whole space ® so that it remains bounded relative to the pth 
norm. It is thus bounded in ®, and therefore continuous. 


4.3. Conjugate Space 


Linear functionals on a linear topological space ® may, in turn, 
be added and multiplied by numbers according to the natural formula 


(arf + fe, P) = alfi, P) + (fo, p)- (1) 


Evidently the functional «fı + oof, defined by (1), is again a linear 
functional, and moreover continuous if f, and f are continuous. 

Thus, the set of all continuous linear functionals on the space ® 
again forms a linear space. We will say that it is conjugate to ® and 
denote it by &’. 

If © is a normed space, then ©’, as is known, is a complete normed 
space with the norm 


If || = sup IA 7)|- 


If & is not a normed, but a countably normed space, then the structure 
of the conjugate space ©’ may be described as follows. 

As we have elucidated in Section 4.1, each continuous linear functional 
on the space ® has finite order, i.e., is bounded relative to some norm 
Il lp : 


(fe) < Cle lly- 


12 See, for example, L. A. Lyusternik and V. I. Sobolev, ‘Elements of Functional 
Analysis.” Ungar, New York, 1961. 
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The set of all continuous linear functionals of order < p, i.e., func- 
tionals continuous relative to the norm of the space ©, , form a subspace 
®, in ©’; this subspace is conjugate to the normed space ®, , and 
hence, is a complete normed space. We therefore have 


o =o. (2) 


Evidently, a linear functional of order p is bounded on the balls 
llel < 1, ll @ lẹp}2 < 1,---; hence, a functional of order p also belongs 


to the spaces ©,,,, D,,,,.... We obtain a chain of inclusions 


B.C H,C CPC CH (3) 


As an element of the normed spaces ®p , ®;,,,,... the functional f of 
order p has the respective norms 


flo = sup (Ae) "Fillo = sup (fl... 








Nety<l 1PlpyS 
in them; evidently 
ISl > WF llo > (4) 
It would be possible to start this chain of inequalities with the value 
p = 1, by setting (by convention) || fli = Ifl = = = If llpa = ©. 


In summary, we obtain: The space ©’, conjugate to the countably normed 
space ®, is the union of an increasing sequence of complete normed spaces with 
weaker and weaker norms. 


Example. Let us find the general form of a continuous linear func- 
tional on the space K(a) of all infinitely differentiable functions g(x) 
on the line —œ < x < œ, which vanish outside the interval | x | < a. 
As we have seen in Section 3.3, K(a) is a complete countably normed 
space with the norms 


elle = max (ob PP (P = 0,1, 2.) 
According to what has been proved, each continuous linear functional 
on the space K(a) is simultaneously a continuous linear functional on 
the normed space K,(a), which has been obtained by providing the 
space K(a) with some norm ||¢||,. Hence, the problem reduces to 
determining the general form of a continuous linear functional on the 
space K,(a). As has already been shown in Section 3, this space consists 
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of all functions p(x), possessing continuous derivatives up to order p 
and vanishing outside the interval |x| < a. If we associate, with each 
element p(x) of the space K,,(a), the continuous function $(x) = p(x), 
we obtain a mapping of the space K,(a) onto part of the space C(a) 
of all continuous functions on the interval | x | < a. The inequality 


Ip llp = max{] o(x)],.... | p(x)]} 
< C max{| p™(x)|} = C max | $(x)| < Cle ll, 


shows that this mapping is one-to-one and bicontinuous, and thus the 
image of the space K,,(a) is a closed subspace of the space C(a). Hence, 
a continuous linear functional (f, p), defined on the space K,(a), will 
generate, at the same time, a continuous linear functional (g, 4) = (f, p) 
on the indicated subspace of the space C(a). 

According to the Hahn-Banach theorem, this functional may be 
extended to the whole space C(a). Now applying the Riesz theorem,® 
we conclude that the functional in question may be written as 


(ed) = f Hs) dats), 


where u(x) is some function of bounded variation. We thus obtain the 
formula 


(he) = (8, 9) =f 9%) dale), 


which yields the general form of a continuous linear functional on the 
space K,(a). For different p and p(x), this same formula yields the 
general form of a continuous linear functional on the space K(a). 

Utilizing the representation of the space K(a) as the intersection of 
normed spaces of other types, other forms for the linear functionals 
on this space may be obtained. We shall return to this question from 
a more general point of view in Chapter II. 

For the space K(a) of all infinitely differentiable functions of n 
variables x, ,...,%, (Section 3.3) which vanish outside the domain 
Ga = {| | <a,,...|%*,| <a,} a similar argument" leads to the 
following general form of a continuous linear functional: 


arre(x) 
(he) = I. Dap one 
where y is some completely additive set function in the domain G, . 
18 L. A. Lyusternik and V.I. Sobolev, “Elements of Functional Analysis.” Ungar, 
New York, 1961. 


14 With regard to application of the Riesz—Radon theorem, see F. Riesz and B. Sz.—Nagy, 
“Lectures on Functional Analysis.” Ungar, New York, 1955. 
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4.4. Connection between the Continuity of a Linear Functional and Its 
Boundedness on Bounded Sets 


As is known, the continuity condition in the definition of a continuous 
linear functional on a normed space may be replaced by the condition 
that the set of values of the functional on the unit sphere be bounded. 
In other words, a linear functional on a normed space is continuous 
if it is bounded on the unit sphere, and conversely. 

With the intent of transferring this property to a more general space, 
let us first note that here, in general, it is impossible to specify a single 
such subset on which boundedness would guarantee continuity of the 
linear functional. A whole family of bounded subsets must here be 
considered instead of just one subset. 

Let us recall that in a general linear topological space, a set B is said 
to be bounded if it lies in any previously assigned neighborhood of 
zero after having been multiplied by some number A > 0. 

Let us now examine how continuous linear functionals are related to 
bounded sets of the space ®. 


(a) Every continuous linear functional f is bounded on each bounded 
set B. 


In fact, the functional f is bounded on some neighborhood U of zero, 
so that 


(AP <e 


for p e U. Since B is bounded, we have, for some A > 0, 
WCU, BCLU. 


Hence, for pe BC (1/A)U. 


API <ic, 
q.e.d. 


(b) If the first axiom of countability (each point has a countable neigh- 
borhood basis) is satisfied in the space ®, then every linear functional 
which is bounded on every bounded set is continuous. 

In fact, let Uy) UD DU p> be a countable basis of the 
neighborhoods of zero in the space ®. If the functional f is not continuous, 
then it is unbounded on each of these neighborhoods; a point p, may be 
found in the neighborhood U, such that |(f, ,)| > v. The sequence p, 
tends to zero, and hence is bounded; by assumption, the sequence of 
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numbers (f, p,) should be bounded, but by construction it is not. 
The contradiction shows that the functional f is continuous, q.e.d. 


We shall call a functional bounded if it is bounded on each bounded set. 
Therefore, in a space satisfying the first axiom of countability, a linear 
functional is continuous if and only if it is bounded. 


Example. Let us consider the question of the continuity of the direct 
product of the functionals f(x) and g(y) (Vol. 1, Ch. I, Section 4). 
Let us recall the definition referred to here. We consider the spaces 
K,(a), K,(a), and K,,(a) consisting of all infinitely differentiable func- 
tions of x, y, or the pair x, y which vanish outside the intervals | x | < a, 
|y| <a,or|x|,|y| < a, respectively. Let f(x) and g( y) be continuous 
linear functionals on K,(a) and K,(a), respectively. The functional 
h(x, y), defined on the space K,,,(a) by the formula 


(h, g( ¥)) = (FE), EO), p, 9), (1) 


is called the direct product of the functionals f(x) and g(y). We note 
that (1) has meaning since the function (g(y), p(x, y)) = ¥(x), as a 
function of x, is evidently infinitely differentiable. It is also evident 
that the functional A, defined by (1), is a linear functional. Let us show 
that this functional is also continuous. It is sufficient to show that it 
is bounded, i.e., that it transforms a bounded set of functions 9(x, y) 
into a bounded set of numbers. To do this it is sufficient to show that 
the set of functions (g(y), p(x, y)) = ¥(x) is bounded in the space 
K,(a), which, in turn, means that for any p the expressions D,?y(x) = 
(g(y), D,?¢(x, y)) are uniformly bounded in x. But the boundedness 
of the set of functions p(x, y) € K,,(a) means the boundedness of the 
quantities sup, y| D?o(x, y)| for any p. It follows that the set of functions 
D,?(x, y), as a subset of the space K,(a), is bounded in this space; 
hence, it is transformed by the bounded functional g( y) into a uniformly 
bounded (in x) set of numbers (g(y), D,?(x, y)), q.¢.d. 


4.5. Characterization of a Bounded Set in a Countably Normed Space 


We saw in the previous paragraph that a continuous linear functional 
on a linear topological space is bounded on each bounded set. In this 
paragraph we prove the converse theorem for countably normed spaces, 
which will thereby give us a new characterization of bounded sets in a 
countably normed space. 

Let us show first that a set B in a normed space © is bounded if every 
continuous linear functional is bounded on B. 


40 LINEAR TOPOLOGICAL SPACES Ch. I 


It is sufficient to show that all functionals whose norms do not exceed 
some « > 0 are bounded on B by the constant |. Indeed, by using the 
Hahn-Banach theorem, for any element »¢B a continuous linear 
functional f may be constructed such that || fl = «< (f) = €|| ||; 
if the statement formulated above is proved, we would then have 


(fp) = «ll ell <1, whence || p || < (1/6), q.¢.d. 
Let us consider the set F of all functionals f for which the inequality 


AI <1 


holds for all pe B. 
The set F possesses the following properties: | 


(1) F is closed (in the norm) in the space ®’; 
(2) Fis convex: If f= 4(f, + fo), A EF, fa EF, then 


(A P) = IGU + fe) p) 
H P) + (fee) S H Pl + 2,9) <1; 


(3) Each functional fe ®’, after being multiplied by a sufficiently 
small constant A > 0, will be in the set F. 


Indeed, the function (f, œ) is by hypothesis bounded on the set B; 
if, for definiteness, |(f, p)| < C on B, then evidently |(1/C)f, p) < 1 
on B, from which (1/C)f €F. 

Since the space ©’ is normed, the lemma of Section 3.4 may be applied, 
which leads to the conclusion that the set F contains some neighborhood 
of zero of the space ®’. If, say, F contains the ball || f || < «, this means 
that every functional f with norm not exceeding «< is bounded by unity 
on the set B. As we saw, this fact is sufficient to prove the validity of 
the theorem. 

Let us now show that the analogous fact is also valid for a countably 
normed space. 


If the values of every continuous linear functional are bounded on a subset 
B of a countably normed space ®, then B is bounded in ®, 


It is sufficient to show that the norm || - ||, is bounded on B for any 
fixed p. We may consider B a subset of the normed space ©, . By 
hypothesis, all continuous linear functionals are bounded on B, in 
particular, all functionals of order p, which form the space ©, conjugate 
to Ø, . But then the set B is bounded in ®, ; this means that the || ¢ ||, 
are bounded for ¢ € B, q.e.d. 
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5. Topology in a Conjugate Space 


One of the basic operations which we carried out with generalized 
functions (Volume 1) was the passage to the limit. We said that a 
sequence of generalized functions f, converges to the generalized function 
J, if for any fundamental function g, the relationship 


(f, p) = lim (f, , p) 


holds. 

In this section we consider the question of defining a topology, 
and in particular, of defining passage to the limit in the space ®’ of 
continuous linear functions on the linear topological space ®. 

This general formulation will, in particular, enable us to prove the 
theorem on the completeness of a space of generalized functions relative 
to the above-mentioned convergence, a theorem which was used 
repeatedly in Volume 1, but was not proved there. In this section, 
we obtain a proof of an analogous theorem for spaces conjugate to the 
countably normed spaces; we shall prove it in Section 8 for the more 
general case of a union of countably normed spaces as well; in particular, 
its validity for the space K’ of generalized functions considered in 
Volume 1 will thereby follow. 

Thus, our problem is to introduce a topology in the space ©’ of 
continuous linear functionals on a given linear space ®. 

It turns out that a topology may be introduced by various methods 
in the space Ø’. The strong and weak topologies are the principal ones. 


5.1. Strong Topology 


Let us first consider the case of the space ®’ conjugate to a normed 
space ®. In this case, the space ®’ is also a normed (complete) space 
with the norm 


fll = sap Gs ¢)|- (1) 


The norm (1) defines the strong topology in the space ®’. 

A neighborhood of zero in this topology may be defined as the set 
of all fe ®’ for which sup|(f, p)| < «e, when ọ runs over the unit ball 
{| || < 1} in the space ®. 

In the general case of a linear topological space 9, all possible bounded 
sets in the space © should be considered, instead of the unit ball 
|| || <1. This leads us naturally to the following definition of a system 
of neighborhoods in the space ©’ which defines the strong topology. 
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Definition. A strong neighborhood of the zero functional 0 is defined, 
by means of any bounded set A C © and any number «< > 0, as the set of 
all fe D for which 


sup |(f, p)| < €. 
QEA 


Let us verify that Axioms IV.1-IV.7 for the neighborhoods of zero 
of a linear topological space (Section 1.2) are fulfilled. 

Axiom IV.1 requires that the intersection of two neighborhoods U 
and V should contain a third neighborhood W. Let U be defined by 
the bounded set A, CØ and the number ey > 0 and, analogously, 
let V be defined by the set A, C ® and the number ep > 0. We construct 
a bounded set A, the union of A, and A, , and define the neighborhood 
W as the set of those fe Ø’ for which 


If, ~)| < min(ey, ey) forall peA. 


Evidently W is contained in the intersection of U and V. 

Axiom IV.2 requires that for any point fọ 4 0, there be a neighborhood 
which does not contain the functional f . Such a neighborhood may be 
defined as follows: Take an element pọ, for which (fo, po) Æ 0, for 
example (fy, Po) = a #0, and define the neighborhood U by the 
inequality 


IF, ed < Gt. 


Evidently the neighborhood U has the required property. 

Axiom IV.3 requires that for any neighborhood U there be a neigh- 
borhood V such that V + V C U. If U is defined by the bounded set 
Ay C@® and the number e >0, then the neighborhood V may be 
defined by the same set Ay and the number ¢/2. 

Axiom IV.4 requires that for any neighborhood U and any fe U, 
there exist a neighborhood V such that f+ VC U. Let U be defined 
by the bounded set A, and the number ey. Since supgea,|(f/, p) = 
n < €y, it is sufficient to define the neighborhood V by the same set Ay 
and the number ey — 7. 

Axiom IV.5 requires that for any neighborhood U and any number a, 
there exist a neighborhood V such that aV C U. If U is defined by the 
set 4, C 6 and the number « > 0, then V may be defined by the same 
set A, and the number e/a. 

Axiom IV.6 requires that for any neighborhood U and any functional f 
there be a number 7 > 0 such that ôf e U for | 8 | < n. Let the neigh- 
borhood U be defined by the bounded set 4,, C ® and the number e > 0. 
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The functional f, as a continuous functional, is bounded on the set Ay 
by some number C. It is evident that the functional («/C)f is bounded 
on the set A, by the number e. Hence, for | ê | < n = (e/C), the func- 
tional ôf lies in the neighborhood U. 

Axiom IV.7 requires that for any neighborhood U there exist a number 
yn > 0 such that SUC U for || <n. This axiom is satisfied in the 
present case with 7 = l; evidently all the neighborhoods of zero we 
introduced in the space ®’ are normal. 

In general, the strong topology cannot be defined by specifying a 
countable basis of neighborhoods of zero, and therefore the description 
of the passage to the limit by means of countable sequences will not be 
the complete equivalent of topological relationships;!> nevertheless, 
countable sequences will play an important part in the sequel. 

The convergence of (countable) sequences, defined by the strong 
topology in ©’, is called strong convergence. In other words, a sequence 


of functionals f, , fo,....f,».. converges strongly to the functional f, 
if {(f, , p) converges uniformly to (f, p) on each bounded set of elements 
p from ©. 


As is known, in the case of the space ®’ conjugate to a normed space ®, 
one has completeness relative to strong convergence. The analogous 
result is valid in the case of the space ®’ conjugate to a general linear 
topological space ®, under the assumption that the first axiom of count- 
ability is satisfied in ©. We naturally say that the space ©’ is complete 
with respect to strong convergence if every strongly fundamental (countable) 
sequence fi , fo ,..., Jv,- converges strongly to some functional f. Here, 
a sequence f, is said to be strongly fundamental, if the sequence of 
numbers (f, , p) converges for each element y, and indeed uniformly 
on each bounded set. 


Theorem. If the first axiom of countability ts satisfied in the space ®, 
then the space D’ is complete with respect to strong convergence. 


Proof. Let fi, fz»-» fo,- be a strongly convergent sequence of 
functionals. Then, in particular, for each g from © the sequence 
(fp) = 1, 2,...) has a limit; we denote this limit by (f, p). 

The quantity (f, pọ) is evidently a linear functional on ©; let us verify 
that this functional is continuous. It is sufficient to show that (f, p) 
is bounded on every bounded set Æ C ®. But the functions (f, , p) are 
bounded and converge uniformly to (f, g) on each such set A; hence, 
the limit function (f, y) is also bounded on A, q.e.d. 


18 That is, in general fẹ may be an accumulation point of the set F C ©’ and yet not be 
the limit of some (countable) sequence of points f, € F, 
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5.2, Strongly Bounded Sets 


The strong topology in the space ©’ enables us to distinguish the corre- 
sponding class of bounded sets in this space, which we shall call strongly 
bounded. Namely, in conformity with the general definition of a bounded 
set (Section 3.8), we shall call a set B C ®’ strongly bounded if every 
strong neighborhood of zero U C ®' absorbs the set B, i.e., there exists 
A > 0 for which ABC U. 

A somewhat less formal definition of a strongly bounded set may also 
be given. To do this, let us agree to say that a given set B of functionals 
is bounded on the set A of fundamental elements if the set of numbers 
(J; p), where f runs through the set B and runs through the set A, 
is bounded. 

Let us now show that a set B is strongly bounded if and only if it is 
bounded on each bounded set A. 

In fact, let B C ©’ be strongly bounded, and let a bounded set A C & 
be given. We consider the strong neighborhood U C ®' consisting of 
those f e ® for which 


sup if p)| <i. 
pea 


By hypothesis, there exists a A >0 for which ABC U. This means 
that for any fe B we have |(Af, p)| < 1. But then, for all fe B, pe A, 


Aol <j 


that is, the set B is bounded on the bounded set A. 

Conversely, let the set B C ©’ be bounded on every bounded set A C @. 
We shall show that B is strongly bounded. Let U be a strong neigh- 
borhood of zero in the space ©’. This means that a bounded set A C @ 
and a number e > 0 are given; the neighborhood U consists of those 
f¢® for which, with p € A, 


SUP (fel < e. 


By hypothesis, the numbers |(f, p)| are bounded on the set A for fe B, 
say by the constant C. But then for fe B 


€ 


etA] <t 


Therefore, for A = («/2C) we obtain ABC U. 
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The following lemma, which is valid when the first axiom of 
countability holds for the space ®, is quite useful; it shows that the 
family of functionals f belonging to a strongly bounded set BC @’ is 
bounded not only on the bounded sets A C ®©, but also on some neigh- 
borhood of zero in the space ® (however, not on every neighborhood), 
Let us recall that the neighborhoods of zero are generally unbounded 
sets. 


Lemma. If © satisfies the first axiom of countability, then every 
strongly bounded set BC ©’ is bounded on some neighborhood of zero of 
the space ®. 


Proof. Let UD UD be a basis of the neighborhoods of zero 
in the space ®. If the assertion of the lemma is not fulfilled, then for 
each v we can find a point p, in the neighborhood U, and a functional 
f.€B such that |(f,, p,)| >v. The sequence p, (v = 1, 2,...) tends to 
zero, and is therefore bounded, By virtue of the characterization of 
bounded sets in the space ®’ just obtained, we must have |(f, g) < C 
for all fe B. The contradiction convinces us of the validity of the lemma. 

The converse of this statement is valid without any assumptions of 
countability: If a set B C Ø’ is bounded on some neighborhood U of zero 
of the space ®, then it is bounded on every set AU, and, consequently, 
on any bounded set of the space ®. 


5.3. Strongly Bounded Sets in a Space Conjugate to a Countably Normed Space 


The results obtained permit, in particular, a complete description of 
strongly bounded sets in a space conjugate to a countably normed space. 
Let us recall that every (complete) countably normed space ® is the 
intersection of a decreasing sequence of normed spaces 


6, 0,D --DG,D--D®, 


and the conjugate space ®’ is the union of the increasing sequence of 
complete normed spaces ©, , conjugate to the spaces ®, : 
ECC CHC COW, 
p 
The structure of strongly bounded sets in the space ®’ is described by 


the following theorem. 


Theorem. If © is a countably normed space, then a set BC ®' is 
strongly bounded if and only if B is contained in some ©), and is bounded 
in its norm. 
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Proof. Let the set B satisfy the mentioned condition, i.e., belong 
to the space Øp, and be bounded in its norm. We consider the neigh- 
borhood U of zero of the space ® defined by the inequality 


lel < 1. 


If B is bounded in the norm of ©, by the number M, then according 
to the definition of the norm in a space conjugate to a normed space, 
the inequality 


I p) <M 


holds if p e U, fe B. Thus, B is bounded on some neighborhood of zero 
of the space ® and is therefore strongly bounded (Section 5.2). 
Conversely, let B be strongly bounded. Then by virtue of Lemma 1, 
there is a neighborhood U of zero of the space ® defined, say, by the 
inequality 
lelo < 6, 


on which the function sup,.,|(f, p)| is bounded by the number M, say. 
This means that each functional fe B is bounded by the number M 
on the neighborhood U. But then the functional f belongs to the space 
Dp and has norm < M/e in this space, q.e.d. 


5.4. Weak Topology 


Let us turn now to the definition of the weak topology in the space ®’. 
This topology corresponds to convergence of the functionals on each 
element of the fundamental space ®. 


Definition. A weak neighborhood of zero in the space D’ is defined by 
a finite set Pı , Po y+) Pm Of elements of the space ® and a number e > 0, 
and consists of all f e ®' for which 


If, P)! < ess IF Pm)| < € 


The verification of compliance with Axioms IV.1-IV.7 of Section 1.2 
is carried out exactly as for the strong topology, with the replacement 
of bounded subsets of the space ® by finite subsets. 

Every weakly open set is also open in the strong sense. It is sufficient 
to verify this for a weak neighborhood of zero. If any bounded set A 
of elements p € ® is given, then the set of all functionals f satisfying 
the inequalities 


sup MCh, p) < € (1) 
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is, by definition, a strong neighborhood of zero in the space ’; in 
particular, if we take a finite set of elements pı , 2,..., Ọm as the set A, 
then some strong neighborhood of zero is obtained. Hence, the weak 
neighborhood of zero which is defined by the inequalities (1) when ọ 
runs through a finite set of elements is a strong neighborhood of zero and, 
hence, a strongly open set. 

With the exception of trivial cases, this topology does not satisfy the 
first axiom of countability, so that the limit relations in this topology 
cannot be completely described by the language of sequences. The 
appropriate convergence of (countable) sequences plays a very large role; 
it is called weak convergence. Evidently, weak convergence is convergence 
on each fundamental element; in other words, a sequence of functionals f, 
converges weakly to a functional f if and only if the limit relationship 


(f. 9) > (p) 


holds for every p E€ ®. 

The following criterion for the weak convergence of linear functionals 
is valid in normed spaces: a sequence f, € ®’ converges weakly to zero 
if and only if the functionals f, (v = 1, 2,...) are bounded in norm, 
and the relationship lim, ,..(f, , p) = 0 is satisfied at least for the elements 
gy belonging to some set A which is dense in ®. 

It turns out that an analogous criterion is valid in countably normed 
spaces. The sufficiency of the corresponding conditions is asserted by 
the following lemma. 


Lemma. Let {f} be a strongly bounded sequence of continuous linear 
functionals defined on a countably normed space Ð. Suppose we know that 
for all elements p of some dense set A C ®, the numbers (f,, p) tend to 
zero. Then the numbers (f, , p) tend to zero for any p E€ ®. 


Proof. As we have shown in Section 5.3, a strongly bounded sequence 
{f} is contained in some ®, and is bounded in the norm of ©, . For 
example, let || f ||, < M. The set A is dense in ® in the topology of ®, 
in particular, in the norm || ¢ ||, ; for a given pe®ande > 0, a pE A 
may always be found such that || p — p. |lp < («/2M). We find a number 
vo such that for v > vy) we will have |(f,,%.)| < (¢/2). Then for v > vw, 
we obtain 

€ 


(fe OL = fore) + (he — 9d <5 + Mag = 6, 


from which 





lim (fh , p) = 0. 


We shall establish the necessity of these conditions somewhat later. 
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5.5.Weakly Bounded Sets 


The weak topology in the space ®’ enables us to distinguish the 
corresponding class of “weakly bounded” sets: A set B C ® is said to 
be weakly bounded if for any weak neighborhood of zero U C @’, there 
exists A > 0 for which ABC U. 

But it turns out that for spaces conjugate to countably normed spaces, 
we do not here obtain a new class of sets: The class of weakly bounded 
sets coincides with the class of strongly bounded sets. A similar fact holds 
for normed spaces, where it plays a fundamental role in the study of 
conjugate spaces. 

Evidently every strongly bounded set BC®’ is always weakly 
bounded, since each weak neighborhood of zero UC ®' into which 
the set B must be carried by multiplication by some number is also a 
strong neighborhood of zero. We shall prove that the converse is valid 
in the case of a countably normed space ©: Every weakly bounded set 
BC @' is strongly bounded. 

It is sufficient to show that a weakly bounded set B is bounded on 
some neighborhood of zero of the space ®. Let us consider the set A 
of all elements ¢ € ®, for which 


(Ae <1 for feB. 


The set A has the following properties: 


(1) A is closed in the topology of the space ® (as the intersection, 
over all fe B, of theconvex sets |(f, y)| < 1); 

(2) A is convex in @ (as the intersection, over all fe B, of the convex 
sets |(f, p)| < 1) and is centrally symmetric; 

(3) Each element g, on being multiplied by a sufficiently small A > 0, 
will lie in the set A. In fact, since the set B is weakly bounded, 
the numbers (f, p) are bounded for any fixed ọ; for example, 
let 


IZ p) < C, 


for a given ọ and all fe B; then 
1 : 1 
(Aaa) [<1 1.€., Gred. 


We now apply the lemma of Section 3.4; by virtue of this lemma, 
the set A contains some neighborhood of zero of the space ®. 
Thus, there exists a neighborhood of zero of the space ® on which 
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the functionals f in the set B are uniformly bounded (by the number 1). 
It follows that B is strongly bounded, q.e.d. 

As a corollary we obtain the necessity of the condition formulated 
above for the weak convergence of functionals. 

If a sequence of functionals fi , fo... fs,- converges on each element 
p E È, then this sequence is strongly bounded. 

Indeed, the sequence fi , fo ,..., fo >+, by converging on each element g, 
is thereby weakly bounded. But, by what has been proved, every weakly 
bounded set in the space ®’ is also strongly bounded; therefore, the 
sequence {f,} is strongly bounded, q.e.d. 


5.6. Theorem on the Completeness of the Conjugate Space of a Countably 
Normed Space, Relative to Weak Convergence 


We can now turn to the proof of the theorem on the completeness 
of the conjugate space of a countably normed space, relative to weak 
convergence. 


Theorem. If © is a countably normed space, then the space ®' is 
complete relative to weak convergence. 

In other words, if a (countable) sequence of continuous linear func- 
tionals f, e B®’ (v = 1, 2,...) is such that the quantities (f, , p) form a 
convergent sequence for every ¢ € Ø, then there exists a continuous 
linear functional f which is the weak limit of the sequence f, as v — œ: 


(fp) = lim, so(f > P). 


Proof. The set {f,} is weakly bounded, and by what has been proved, 

is also strongly bounded; therefore (see the lemma of Section 5.2), 

the set of functionals {f,} is bounded on some neighborhood U of zero 
of the space ®: 

(fo > p) <C, peU (v= 1, 2,...). (1) 


We now define the functional f by the equality 
(f, p) = lim (f, , p). 


Evidently the limit functional f is linear along with the functionals f, . 
Let us show that it is also a continuous functional. Since the inequality (1) 
is satisfied in the neighborhood U, it follows that 


(f, p) = lim |(f, p) < © 


v>00 


in this neighborhood, i.e., the functional f is bounded on the neigh- 
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borhood U. But then, in accordance with Section 4.1, the functional f 
is continuous, q.e.d. 


Using the results thus far obtained, the following criterion may be 
established for the weak convergence of functionals in the space ©’ 
conjugate to a countably normed space ®. 


Theorem. A sequence of functionals f, (v = |, 2,...) converges weakly 
to a functional f if and only if all the f, are functionals on the same normed 
space Č, and converge weakly in this space, i.e., for every p E€ B, the relation 


(f.,9)->(f 9) 
holds. 


Proof. If {f,} converges weakly to the functional f, then it is also 
strongly bounded, and according to the theorem of Section 5.3, all the 
f, lie in the same space ®, and are bounded in its norm. Moreover, 
on a dense portion of the space ®, , namely, on the elements of the 
space ®, the convergence of (f, , p) to (f, p) holds. Since ®, is a normed 
space, the relation 


(f 9) = lim (f, p) 
is valid for all pe ®, . 
Conversely, if the functionals f, all lie in the same space ®;, , and the 
relation 


(f p) = lim (f, p) 


holds for every p € ©, , then it also holds, in particular, for all elements 
of the space © C @, ; but this means that the sequence {f} converges 
weakly to the functional f in the space ®’. 


5.7. The Weak and Strong Topologies in the Initial Space 


After having just considered two kinds of topology “induced” in the 
conjugate space by the initial space ®, it is natural that the question 
should arise as to what is obtained if this construction is “turned around”: 
To define a weak and strong topology in the fundamental space ® by 
utilizing bounded sets of the conjugate space. (In the case of a countably 
normed space ®, there is no difference between strongly and weakly 
bounded sets in ©’; in the general case, by bounded sets in ®’ we shall 
have in mind strongly bounded sets.) Acting by analogy with Section 5.1, 
we introduce the following definitions. 
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(a) The strong topology is defined by the following system of neigh- 
borhoods of zero. Each neighborhood of zero is defined by a 
number « >0O and a bounded set B in the conjugate space, 
and consists of all fundamental elements œ for which 


sup |(f, p)| < €. 
feB 


(b) The weak topology is defined analogously, but with the bounded 
sets in the conjugate space replaced by finite sets. In other words, 
a weak neighborhood of zero is defined by a number e > 0 and 
fixed functionals f, ,..., fm, and consists of all p e ® for which 


(pl <e, o (fms p| <€. 


In the general case, the three topologies in the space ®, the initial, 
the strong, and the weak, are different. 

We shall show that if ® is a countably normed space, then the strong 
topology in ® agrees with the initial topology. 

Let us recall that a (complete) countably normed space is representable 
as the intersection of normed spaces 


6,D 6, D,D D0, 


where ®, is the completion of the space @ relative to the pth norm. 
At the same time, the conjugate space ©’ is the union of conjugate spaces 


DCDC CE CCO. 


Each bounded set B C © is contained entirely in one of the spaces ®, 
and is bounded in ©, in its norm. 

Let us consider a neighborhood of zero in the initial topology of 
the space ®; it is defined by the inequality 


lelo << (1) 


(the norms are assumed to be ordered; || y ||, < || pll < -*:). We assert 
that this same neighborhood can also be described by the inequality 


sup (f, @)l <6 2) 


‘ 


where the functional f runs over the unit ball in the space ®, . 


Indeed, if || flp < 1, || ell) < <€, then 


sup |(f, p)| < sup || fllo ll p Ilp < €; 
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on the other hand, for every p with norm || ¢||, > «€ it is possible, 
by the Hahn-Banach theorem, to construct a functional fe ®, with 
|Z lp = 1, for which 


If, p) = IF lls ll Pll 2S 


so that only elements p from the chosen neighborhood of zero (1) are 
described by the inequality (2). Thus, the neighborhood of zero (1) in 
the initial topology coincides with the neighborhood of zero (2) in the 
strong topology. 

Now, let us show that every strong neighborhood of zero contains a 
neighborhood of zero of the initial topology. In fact, a strong neigh- 
borhood of zero U C @ is defined by the inequality 


sup I(f, @)| <6, 3) 


where f runs over a bounded set in ®’, i.e., as we saw, a set in the 
space ©, which is bounded in norm by the number M, say. 

We can only make the set distinguished by the inequality (3) smaller 
if we require the functional f to run over the entire ball of radius M in 
the space ©. Let V denote the set of fundamental elements distin- 
guished by the inequality (3) under this condition. This same set V 
is obtained if the functional f runs over the unit ball in the space ©, , 
and the inequality (3) is replaced by the inequality 


sup (f, #)| < ig (4) 


But as we have seen already, the inequality (4) defines some neighborhood 
of zero of the space ® in the initial topology. Thus, an initial neigh- 
borhood of zero can be found within any strong neighborhood of zero. 

By virtue of the criterion for the equivalence of two systems of 
neighborhoods of zero (Section 1.2), the strong topology coincides with 
the initial topology, q.e.d. 

In particular, strong convergence of a sequence of elements g, (v = 1, 2,...) 
agrees with initial convergence. In other words, a sequence {p,} of elements 
-of a countably normed space ® converges to zero if and only if, for each 
bounded set BC ©", the sequence {(f, p,)} tends to zero uniformly on B. 
In the next section we shall indicate a class of spaces in which this 
convergence agrees with the convergence corresponding to the weak 
topology (i.e., with weak convergence). 

Each of the topologies introduced in the space Ø leads to its own 
definition of bounded sets; a set A C @ is considered bounded in some 
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topology, in accordance with the general definition of Section 3.8, 
if for any neighborhood of zero U (in this topology) there exists a 
number A > 0 such that AA C U. 

In the case of a countably normed space, it follows from the proved 
identity of the strong and initial topologies that the families of bounded 
sets in the strong and initial topologies agree. 

It is sometimes convenient to call the initial topology in a linear 
topological space the strong topology by contrast with the weak topology. 
This agrees with the facts for countably normed spaces, since the initial 
and strong topologies coincide; in other cases, where such usage of 
the term ‘‘strong topology” is inaccurate, we shall make special comment. 

Let us show that in a countably normed space, the family of weakly 
bounded sets coincides with the family of strongly bounded sets. 

Evidently each strongly bounded set A C @ is also weakly bounded, 
since each weak neighborhood of zero U C 9, into which it is necessary 
to carry the set A by multiplication by A, is also a strong neighborhood 
of zero. 

Conversely, let A be a strongly bounded set in the countably normed 
space ®. This means that for any weak neighborhood of zero U, defined, 
say, by the inequality 


\(fo ’ p)| <€, 


one can find A >Q for which AAC U. It follows that the functional 
fo takes on bounded values (bounded by the number ¢/A) in the set A. 
Since the functional fọ is arbitrary, we may state that each functional 
fe® takes on a bounded set of values on the set A. But as we have seen 
in Section 4.5, it follows that the set A is bounded in the space ® in 
its initial topology. 

Thus, our assertion is completely proved. 


6. Perfect Spaces 


6.1. Fundamental Definition 


As is known, a set F in a topological space ® is said to be compact in ®, 
if each infinite subset A C F has a limit point in &.1¢ It is also known 
how important a role the Bolzano—Weierstrass theorem on the com- 
pactness of bounded sets plays in analysis. On the other hand, in the 
theory of normed spaces one has the Riesz theorem which asserts that 


16 In Western literature, this property is usually called relative sequential compactness. 
(Translator’s note.) 
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if all bounded sets in some normed space are compact, then this space 
is finite-dimensional. Hence, normed spaces with compact bounded sets 
are of no interest from the point of view of functional analysis. 

But if we turn from normed spaces to linear topological spaces, 
then we discover classes of spaces in which all the bounded sets are compact, 
and which are of importance for analysis. 

Countably normed (complete) spaces in which all the bounded sets 
are compact will be called perfect. 

It turns out that perfect spaces possess a number of remarkable 
properties, which, naturally, do not and cannot hold in infinite-dimen- 
sional normed spaces. Thus, in a perfect space strong and weak con- 
vergence agree; bounded sets in the space ©’, conjugate to a perfect 
space ®, are also compact, and weak convergence in the space ©’ agrees 
with strong convergence. These properties will be proved below; it can 
also be proved that a perfect space is always reflexive (i.e., the space Ø”, 
conjugate to the space ®’, coincides with the space ®). 

Let us now verify that in any linear topological space every compact 
set is bounded. 

Indeed, suppose that the set A in the linear topological space ® is not 
bounded; we shall show that it is not compact. We can find a neigh- 
borhood U of zero and a sequence of elements p, € A (v = I, 2....), 
for which 4, = (1/v)p, ¢ U. Evidently, neither the sequence {9,} itself, 
nor any of its subsequences are bounded. But in this case, the sequence 
{p,} cannot have limit points. Indeed, let p be a limit point of the sequence 
gy, and V a normal neighborhood of zero of the space ® such that 
V + VC U. There are surely points of the sequence p, with arbitrarily 
large index in the neighborhood œ + V of the point p. On the other 
hand, the sequence {(1/v)p} tends to zero; hence, for sufficiently large v 
we have (l/v)p eV. Therefore, there are arbitrarily large numbers v 
for which g,Ey + V, i.e., », —peV and (l/r)p eV. Since V is a 
normal neighborhood of zero, it follows that (1/v)(p, — ẹ)e V. We 
obtain 


1 1 1 
zr =T(m%—e7) +5 PEVTVCY, 


y y 


contrary to construction. Therefore, Æ is not compact, q.e.d. 


6.2. A Condition for the Perfectness of a Countably Normed Space 


Let us present a simple sufficient condition assuring the perfectness 
of a given countably normed space. 
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Theorem. Let © be a countably normed (complete) space with the 
ordered norms 


leli Sl ele S7 <llellb <0, 


and let py < py < `U < py <i be a sequence of subscripts. 

If, from each set A C ® which is bounded in the norm || @ |lp,,, » one can 
select a sequence which is fundamental in the norm || ¢ ||,,, then the space © 
is perfect. 


Proof. We must show that every bounded set 4 C ® is compact. 
The set A is bounded, in particular, in the norm || ¢||,, ; by hypothesis, 
it contains a sequence 91), P12% Pip» Which is fundamental in 
the norm || ¢||,,- This sequence is bounded in the norm || ¢||,,, and 
hence, contains a sub-sequence Pa , P22 5---) Pap >- Which is fundamental 
in the norm || ¢||,,- Continuing in this way, we obtain a system of 
sequences 


Fu» P12» “w” Pips tesy 
21 » $22» soe) Pops see 
Pmi» Pm2 > eons Pmp! s.s 


of which the mth is fundamental in the norm ||¢ |lp„- The diagonal 
sequence {Pan} is fundamental in each of the norms || ¢ |lp, (7 = 1, 2,...), 
and therefore in each of the norms || ||, - Thus, it is fundamental in 
the space ® and, since ® is complete, has some limit pọ ¢@. Thus, 
A is compact, q.e.d. 


Example. Let us verify, using the criterion just found, that the 
countably normed space K(a) of all infinitely differentiable functions 
which vanish outside the interval | x | < a, is perfect. 

Let A C K(a) be a set which is bounded in the norm 


lle lp = max{| glx) | p” (x)}, pl. 


We show that it is compact in the norm || > ||,_, . Since the first derivatives 
of the function p'?-)(«) (p € A) are bounded by hypothesis, it follows 
from Arzela’s theorem that a uniformly convergent sequence p{?~)(x),..., 
gi?) (x),... can be selected from these functions. Since all the derivatives 
of the function »,(x) up to order < p — | are obtained by integrating 
the functions y!?~(x), they too form uniformly convergent sequences. 
Thus, the sequence {p,(x)} converges in the norm || ¢ ||, , as required. 
It follows, according to the theorem just proved, that K(qa) is perfect. 
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A similar result is also valid for the countably normed space K(a) 
of all infinitely differentiable functions (x, ,..., «,.), which vanish outside 
the domain G, = {| x, | < a@,,...,| x, | < an} (Section 3.3). 


6.3. Equivalence of Strong and Weak Convergence 


Theorem. Strong and weak convergence coincide in a perfect space D. 


Proof. It is sufficient to consider a sequence p, € ® which converges 
to zero. If {p,} converges to zero in the initial topology, then (f, y,) > 0 
for every fe Ø’ by virtue of the continuity of the functional f; thus, 
{p,} converges to zero weakly. 

Conversely, if the sequence {p,} converges weakly to zero, then for 
any fe ©’ the numbers (f, p.) are certainly bounded. The set 
A = {pı , %2,---} is therefore weakly bounded. But then it is also strongly 
bounded (Section 5.7); finally, since the space ® is perfect, the set A 
is compact. But any strongly convergent subsequence of the elements p, 
can have only zero as limit, since its weak limit is zero. Hence, the 
sequence {p,} converges strongly to zero, q.e.d. 


Corollary. A perfect space ® is complete relative to weak convergence. 


Proof. Let the sequence p, € ® be weakly fundamental, i.e., for any 
fe the numbers (f, p,) form a convergent sequence. This means the 
set A = {p1 , 92,...} is certainly weakly bounded. 

According to Section 5.5, the set A is strongly bounded, and therefore 
(since ® is perfect) compact; since the first axiom of countability is 
satisfied in the space ®, it contains a subsequence Poy sies Poy veers which 
converges strongly to some element g €e ®. By virtue of the continuity 
of the functional f we have (f, p) > (J, p). Since (f, p.) is a convergent 
sequence, (f, p) > (f, p), ie., the sequence {p,} converges weakly to 9; 
therefore, ® is complete relative to weak convergence, q.e.d. 


6.4. Weak and Strong Convergence in the Conjugate Space 


Theorem. If ® is a perfect space, then weak and strong convergence 
coincide in the space ©’. 


Proof. It is sufficient to verify that a sequence f, € ®’ which converges 
weakly to a functional f also converges strongly to f. This sequence {/,} 
is evidently weakly bounded; by Section 5.5 it is also strongly bounded. 
Furthermore, we may suppose that f = 0 (by otherwise replacing f, 
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by f, — f). We must show that (f, , p) > 0 uniformly on each bounded 
set AC ©. Let this not be satisfied for some bounded set A. Then for 
some «e >Q one can find p, € A such that |(f,,9,)| > e. Since A is 
compact, we may suppose that p, —> pọ ¢®. Since the y, = p, — Po 
tend to zero in the initial topology of the space ©, and therefore tend 
strongly to zero, for any bounded set BC ®’ we have (f,%,) >0 
uniformly on the set B. As B, let us take the sequence fi , fa see fo se 
Then in particular, ( f, , ¥,) — 0, and since on the other hand ( f, , po) > 0, 
we obtain 


(>) = (fis p) + (fr Po) > 9, 


which, by construction, cannot hold. The obtained contradiction 
convinces us of the validity of the theorem. 


The following more precise description of (strongly or weakly) 
convergent sequences in the space ®’ can be given for a perfect space ® 
in which the condition of Section 6.2 is satisfied. 

If the condition of Section 6.2 is fulfilled, then a sequence fi , fy y+ fo s 
converges (strongly or weakly) in the space ©’ tf and only if all the f, 
belong to some fixed space ©, (as we know, the union of the spaces ®, 
is the whole space ©’), and {f,} converges in the norm of Dp . 

Indeed, if fep and ||f, —f||,—0, then for any p we have 
KAAL <I —F lp ll p lp — 0, so that the sequence {f,} converges 
(weakly and, consequently, strongly) in the space ®’. 

On the other hand, let f, —> fin the space ®’. Without loss of generality, 
we may suppose that f = 0. Since the sequence {f,} is bounded in &’, 
it lies entirely in the space Ø; for some r and is bounded in the norm 
of ®; (Section 5.3). We find a subscript p > r such that the boundedness 
of any sequence y,€ ® in the norm ||-||, implies its compactness 
in the norm |||. The sequence {f,} is bounded in the norm || - ||, 
and a fortiori bounded in the norm || ||, (since for p >r we always 
have || f ||, > || f||,). We shall show that f, — 0 in this pth norm, in other 
words, that (f,, ~)->0 uniformly on the unit ball of the space ©, . 
If this were not so, then we could find a number e > 0 and a sequence 
{p.} || P lip < 1, such that |(f, , p)| > € (v = 1, 2,...). The sequence 
{y,} is compact in the rth norm; we may suppose that {p,} converges to 
some element pọ in the rth norm. But then 


(fi » )| (fo > Po — Po)! + (fi > Po) | 


lf lle le — Poll + IU » Po)!- 


IN IN 


By hypothesis and by construction, both members of the right side 
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tend to zero. But then (f, , p,) 0, in contradiction with the definition 
of {p,}. Our assertion is thereby completely proved. 


6.5. Bounded Sets in the Conjugate Space 


The space ©’, conjugate to a perfect space ®, is not itself perfect, 
first of all because it is not countably normed. However, the bounded sets 
in the space ®', conjugate to a perfect space ®, are also compact relative 
to weak and strong convergence. 

Let us first establish the compactness of the bounded sets of the 
space ®’ relative to weak convergence. It turns out that this compactness 
holds not only for the space conjugate to a perfect space ®, but also for 
the space conjugate to any separable countably normed space ®. Let us 
recall that a topological space is called separable, if there is a countable 
everywhere-dense set in it. We shall show below that there is always 
such a set in a perfect space. 


Theorem. If a countably normed space © is separable, then each 
bounded sequence f, , fy 5...» fo,- ED contains a weakly convergent sub- 
sequence. 


Proof. By using the diagonal process, we can select a subsequence 
of functionals Joi EE which converges on each of the elements 
P, of a countable everywhere-dense set. Since the sequence {f,} is 
weakly bounded, and therefore also strongly bounded (Section 5.5), 
all of these functionals belong to some space ®, and are bounded 
therein in norm (Section 5.3). Moreover, we know that these functionals 
converge on the set A = {p,} which is dense in ®, and therefore, dense 
in ®, . Hence, as has already been remarked in Section 5.4, it follows 
that the functionals f,, converge weakly to some functional fe ®, . 
This means that for any p € ©, , in particular, for any p € ®, the limit 
relation 


(fx. P) > (fs p) 
holds, q.e.d. 


To establish the weak compactness of bounded sets in the space 
conjugate to a perfect space, it remains for us to prove the following 
theorem. 


Theorem. A perfect space ® is separable. 


Proof. Among the complete normed spaces ®, D ®, D, whose 
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intersection yields the space ®, either all are separable or there is at 
least one which is not separable. 

In the first case, since ® is a subset of the separable space ®, , we can 
find a countable set S, C Ø which is dense in ® in the norm || ¢ ||, ; 
similarly, we can find a countable set S, C Ø which is dense in ® in 
the norm || 9 ||, , etc. We shall show that the union S of all these countable 
sets is dense in ® in any metric. Indeed, let m be any point of ®; we can 
find a point p, E Sp such that 


1 
lle — Pollo Sr ($ = 1, 2,...); 
then for any k with p > k we will have 
1 
lp — Prle Sie — Pale <7? 


and, therefore, the selected sequence p, € S will converge to the element 
y in the topology of the space ©. 

In the second case, we can assume without loss of generality that the 
space ®, is nonseparable. Using Zermelo’s axiom,!” a nondenumerable 
set Z, of points bounded in the norm ||- ||, such that the distance 
between any two of them (i.e., the norm of the difference) exceeds a 
positive constant, can be constructed in the space ®. This set may turn 
out to be unbounded in the norm || - ||, ; but in any event, it possesses 
a nondenumerable subset Z, which is bounded in the norm || > ||, (since ® 
lies in the union of the balls || - ||) <v (v = 1, 2,...)). Furthermore, 
Z, possesses a nondenumerable subset which is bounded in the norm 
| ll, etc; let us note that the distances between points of the set Z, 
can only increase on passing to the norms || > lla , || * Ilg ,..-- 

Let us select an arbitrary point pp from the set Zp (p = 1, 2....). 
We obtain a bounded set in the space ®. However, it does not contain 
any fundamental sequence, since the distances between its points in any of 
the norms || ` ||, are greater than a fixed constant. Therefore, in this case 
the space ® cannot be perfect. 

The theorem is thereby proved completely. 


We now show that every bounded set B in the space conjugate to a 
perfect space is not only weakly but also strongly compact, i.e., contains 
a strongly convergent sequence. This is now obvious: We have proved 
that there exists a sequence f, € B, converging weakly to some functional 
f; but by Section 7.3, this sequence also converges strongly to f, q.e.d. 

17 Or we may use Zorn’s lemma, which is equivalent to Zermelo’s axiom. See, for 


example, L. Loomis, ‘Introduction to Abstract Harmonic Analysis.’ Van Nostrand, 
Princeton, New Jersey, 1953. 
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7. Continuous Linear Operators 


7.1. Definition 


An operator A, mapping a linear topological space © into a linear 
topological space ¥ (in particular, into itself if ¥ = ®), is called a 
continuous linear operator if the following conditions are satisfied: 


(1) Alapi + %%2) = Ap, + azApo (linearity), in particular 

A(0) = 0; 

(2) For any neighborhood of zero V C ¥, a neighborhood of zero 
UC @ can be found such that Ap e V for g e U (continuity). 


If ¥ is the complex plane with its customary topology, the operator A 
will simply be a functional. 

We have seen in Section 4 that the class of continuous linear functionals 
coincides with the class of linear functionals bounded on each bounded 
set. A similar result is valid for linear operators. 


(a) Every continuous linear operator transforms each bounded set of 
the space ® into a bounded set of the space Y. 


Proof. Let A bea continuous linear operator, F C ® a given bounded 
set, and let G = AFC ¥ be an unbounded set. There exists a neigh- 
borhood of zero V C ¥ in which none of the sets (1/v)G (v = 1, 2,...) 
is entirely contained. This means that a sequence p, €F can be found 
such that (1/v)Ag, = (1/v), does not belong to the neighborhood V. 
But (1/v)p, — 0 in ® (Section 3.8), and hence the elements (1/v)9,, 
starting with some number v = w , lie in any given neighborhood of 
zero UC ®©. Using the continuity of the operator A, we select U such 
that AUC V. A contradiction is obtained, which shows that AF is 
bounded, q.e.d. 


(b) Jf the first axiom of countability is satisfied in the space D, then a 
linear operator A which transforms every bounded set of the space ® into 
a bounded set of the space is continuous. 


Proof. If A is not a continuous operator, then for some neighborhood 
of zero V C ¥ and any basis neighborhood of zero U, C ®, an element 
P E (1/v)U, can be found such that Ag, does not lie in the neighborhood 
V. The sequence vg, € U, (v = 1, 2,...) is bounded in @ (even tends to 
zero), the sequence ¥, = vAy, = A(vp,) is not bounded in ¥ (since 
none of its multiples lies in the neighborhood V), and we arrive at a 
contradiction with the condition of the lemma. Hence, the lemma is 
proved. 
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A linear operator A which transforms every bounded set of the 
space © into a bounded set of the space ¥ is said to be bounded. Lemmas 
(a) and (b) show that in spaces with the first axiom of countability, the 
class of continuous operators coincides with the class of bounded operators. 


Corollary. In order for the linear operator A to be continuous, it is 
necessary and, in spaces with the first axiom of countability, also sufficient 
that 4, = Ag, — 0 (in Y) follow from p, — 0 (in ®). 

Proof. Necessity. Let p, —> 0 and let V C ¥ be a neighborhood of 
zero; furthermore, let UC ® be a neighborhood of zero such that 
AUC V. Starting with some term, the g, lie in U, from which Ag, € V; 
consequently, Ap, — 0 in Y. 


Sufficiency. Let FC ® be a bounded set; if G = AF were an un- 
bounded set in ¥, we could find a neighborhood of zero V C ¥ and a 
sequence y, = Ag, E G for which (1w), $ V; but (l/r), € (1/r)F, and 
therefore (1/v)p, — 0, which contradicts our hypothesis. 


Example. In the fundamental space K(a) of infinitely differentiable 
functions g(x) which vanish outside the interval | x | < a, the operators 
of multiplication by x and of differentiation are continuous operators. 
We use the criterion just established for the proof. 

Let p,(x)—>0 in the topology of K(a); this means that for any 
q = 0, 1, 2,..., the functions p(x) converge uniformly to zero as v — 0. 


v 


We must show that the sequences 


px) = xe,(x) 


and 
x(x) = p(x) 


tend to zero in this same sense. But this is evident, since for any q 


HOCH) = zp (x) + gpa), 
x(x) = g(x), 


and both of the sequences obtained converge uniformly to zero as 
v — œ, for any q. 


7.2. A Theorem on the Inverse Operator 


The following theorem on the inverse operator holds for countably 
normed (complete) spaces. 
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Theorem1. Let the continuous linear operator A be a one-to-one 
mapping of a countably normed (complete) space ® onto a countably normed 
(complete) space Y. Then the inverse operator A~ is also continuous. 


This theorem results from the following theorem of Banach.18 

If the continuous linear operator A maps a complete linear metric space ® 
one-to-one onto a complete linear metric space ¥, then the inverse operator 
A ts also continuous. 


Let us recall that a countably normed space is a linear metric space 
(Section 3.4), in which the metric defines a topology identical with the 
initial topology. Hence, if a countably normed space ® is complete in 
its topology, then it is complete as a metric space. 


Corollary. If two countable systems of norms || 7 ||; >- || P ||p >- and 
lolis- || plp,- each of which transforms ® into a complete countably 
normed space, are introduced into the same space ®, and these systems are 
comparable (1.e., each of the norms of one of the systems is weaker than 
some norm of the second system), then they are equivalent. 





Proof. Let us retain the notation © for the space in question, 
topologized by using the first system of norms, and let ¥ denote this 
space with the topology generated by the second system of norms. 
If the first system of norms is stronger than the second, this means 
continuity of the identity operator which maps © into ¥. According to 
Theorem 1, the inverse operator is continuous; therefore, the second 
system of norms turns out to be stronger than the first. Hence, these 
systems are equivalent, q.e.d. 


The assumption of the comparability of the systems of norms may be 
weakened, in turn, by replacing it by the assumption of compatibility. 
Let us imagine that we are given two linear topological spaces ® and ¥, 
where ¥ is a linear subspace of the space ®. Let us say that the topologies 
in the spaces ® and ¥ are compatible if, for every sequence p,e ¥ 
which converges to zero in the topology of ¥ and simultaneously 
converges to an element pọ € © in the topology of ©, we have pọ = O. 


Theorem 2. If © and ¥ C@ are (complete) countably normed spaces 
and their topologies are compatible, then from the convergence y, — ọ in the 
topology of ¥ there follows the convergence y, —> yp in the topology of ®. 


18 See, e.g, N. Dunford and J. T. Schwartz, “Linear Operators,” Part. 1, p. 57. 
Wiley (Interscience), New York, 1958. 
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Remark. This theorem shows that the imbedding of countably 
normed spaces with the condition of compatibility of the topologies is 
imbedding with comparability of the topologies. Further on, the 
compatibility of topologies will be an easily verifiable fact in the analysis 
of fundamental spaces of functions; this theorem enables us to make 
useful deductions concerning the comparability of topologies and their 
equivalence. It may be summarized briefly thus: the smaller the space, 
the stronger its topology. 


Proof. Let || |, and || p ||p , respectively, be the systems of norms 
in the spaces © and ¥ (p = 1, 2,...). We introduce a new system of 
norms || ||, = max(||@ lip, || p lp) in the space Y. Let us verify that 
the space ¥ is complete relative to the new system of norms. If p, € ¥ 
is a fundamental sequence in the new system of norms, then it is 
obviously fundamental in both of the old systems; because of the 
completeness of the spaces ¥ and ®, we have g, > Yo (in Y), pe > po 
(in ®). 

The difference p, — Wo tends to zero in ¥ and tends to pọ — Yo in ®. 
By hypothesis, pọ — Yo = 0, so that pọ = Yo ; therefore p, — x, in both 
systems of norms. But then p, —> pọ in the new system of norms as well. 
Therefore, ¥ is complete relative to the new system of norms. 

Taking into account the comparability of the systems of norms 
lp lp and || plp, defined in the space ¥, we obtain their equivalence 
by virtue of what was proved above. 

Now, let p, —> po in the topology of ¥. This means that || p, — polip — 0 
(p = 1, 2,...). But by what has been proved, || pe — po |p —> 0, and it 
follows that || p, — po ||, > 0, i.e., p, > po in the topology of ©. The 
theorem is proved. 


lle 


Thus, under the condition of the compatibility of the systems of norms, 
convergence in the larger space follows from convergence in the smaller space. 
As a corollary we obtain: Every continuous linear functional on the larger 
space ® is a continuous linear functional on the smaller space Y. 


7.3. Operations with Linear Operators 


Let us now introduce addition, multiplication by a number, and 
multiplication by each other for operators. 

For any two linear operators A and B which map a space ® into 
a space Y, the sum and product by a number are defined naturally by 


(A + B) p = Ap + Bo, 
(AA) p = Ag, 
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where the results are again linear operators mapping the space ® into 
the space Y. It is easy to see that the continuity of A implies the con- 
tinuity of AA, and the continuity of A and B implies the continuity of 
A+B. 

If the operator A maps the space © into the space ¥, and the operator B 
maps the space ¥ into the space X, then the product BA may be defined 
by the formula 


(BA) p = B(Ag); 


the operator BA is also linear. If A and B are continuous operators, 
then BA is likewise continuous. 


7.4. Sequences of Operators 


An operator A, which maps a space ® into a space Y, is called the 
strong (weak) limit of a sequence of operators A, which map the space ® 
into the same space ¥ (v = 1, 2,...) if, for any p € ®, the relation 


lim A,p = Ap 


holds in the strong!® (weak) sense. In perfect spaces where these con- 
vergences agree, both of the definitions presented agree. 


Theorem. If continuous linear operators A, , mapping the countably 
normed space ® into the countably normed space ¥, converge weakly to 
some operator A as v —> œ, then A is also a linear and continuous operator. 


Proof. The linearity of the operator A is trivial; it is essential to 
prove its continuity. The functional (f,,p) = (g, Ap) with fixed 
ge is continuous in ọ by virtue of the assumed continuity of the 
operator A,. As v —> œ, this functional converges weakly to the func- 
tional (f, p) = (g, Ag); by the theorem of Section 5.6, the functional 
(f, pọ) is also continuous in g. Hence, it is bounded on each bounded 
set F of the space ® (Section 4.4). Therefore, for any functional g e Y” 
and any bounded set FC ®, the set of numbers (g, Ap) is bounded 
when g runs through the set F. We see that the set {Ap}, p EF is 
weakly bounded in ¥. It follows that the set {Ap} C ¥ is strongly 
bounded (Section 5.7). Therefore, the operator A transforms any 
bounded set FC @ into a bounded set F, = {Ag} C ¥, and by virtue 
of Lemma (b) of Section 7.1 is continuous. 


19° We here understand, by the strong topology in the space ¥, the initial topology in 
this space (if, of course, we are not speaking of a conjugate space). 
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7.5. The Adjoint Operator 


Let a continuous linear operator A which maps the space ® into 
the space ¥ be given, and let ®’ and Y’ be the respective conjugate 
spaces. Let us introduce the operator A*, which maps the space ¥” into 
the space ©’ according to the formula 


(4*g, p) = (2, Ag), 


where pe ®, ge P’. From the continuity of the operator A and the 
functional g it follows that A* is a continuous operator; it is called the 
adjoint of the operator A. 


Example. Let us determine the adjoints of the operations of multi- 
plication by x and differentiation in the space K(a) of infinitely 
differentiable functions which vanish outside the interval — a < x < a. 
According to the definition, 


F, p) = (f, xp). (1) 
If the functional f is given by the integral 
(fe) = J, A) 96) de, 


then, as is seen from (1), the functional x*f is given by the integral 


ES, e) = (fixe) = | AE) e) ae. 


Therefore, in this case, the operation «* consists of multiplying the 
function f(x) by x. This gives us the right to call the operation x* in 
the conjugate space K’(a) multiplication by x. 

Analogously, 


(he) = (hae) 


But we know from Volume 1 that for functionals f of the type of a 
differentiable function f (x), one has 


(Agee) = (— gh) 


Therefore, in this case the operator (d*/dx) agrees with the operator 
which we have called —d/dx. 
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Let us note that the operator 7(d/dx) is self-adjoint: 


(iz) =i 


It is easy to verify the formulas 
(4 +B)* = A* + B*, (44)*=)4*,  (BA)* = A*B* (2) 


The last equality has meaning, naturally, when the operator BA is 
defined, i.e., when the operator B is defined on that space ¥, into which 
the operator A maps the space ®. 

All these relationships are retained, of course, when the operators 
A and B map the space ® into itself, so that one can take ¥ = @, 
In this case, the adjoint operator A* is defined on the space ©’ and 
transforms this space into itself, and we can adjoin to the formulas (2) 
the evident formula 


E* SE, 


which says that the adjoint of the unit (identity) operator in the space ® 

is the unit operator in the space ©’. Furthermore, if the operator A in 

the space Ø possesses an inverse operator A-!, then the adjoint operator 

A* also possesses an inverse; namely, the operator (A~')* is this inverse. 
Indeed, for any p € ®, fe B®’ we have 


((A)* Af p) = (Af, At) = (f, AA79) = (J, p), 
from which (A-!)* A* = E, q.e.d. 


8. Union of Countably Normed Spaces 


8.1. Definition 


Let there be given an increasing sequence of linear topological spaces 
OY C HAC. COMC o, 


It is assumed that each imbedding preserves the convergence of 
sequences, i.e., if a sequence p, E€ Ø™ converges to zero, then it also 
converges to zero when considered in the larger space Ø+), 

Let 6) denote the union of all the spaces 6™ (m = 1, 2,...). The set 
@™ is a linear space with the natural linear operations. 

We introduce the following definition of the convergence of a sequence 
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in ~, We shall say that a sequence p; , Pa pe., Pr »... of elements of OB 
converges to an element  € ®t»), if all the elements g, and @ are contained 
in some fixed space ®™ and p, — ¢ in the topology of this space. 

The space ®t, obtained by this construction, is called the union of 
the spaces ®™, It is not a topological space since no system of open 
or closed sets has been defined in it. 

As an example, let us consider the union of the countably normed 
spaces K(a). As we have already said (Section 3.3), the space K(a), 
consists of all infinitely differentiable functions g(x; ,..., x,,) which vanish 
outside the domain G, = {| x, | S a@,..., | x, | S an}; let us assume that 
a= 4, =>: =a, = a,a=1,2,.... 

The union of the spaces K(a) consists of all infinitely differentiable 
functions (x, ,..., *,), which vanish outside a bounded domain (which 
depends on the function g). 

By definition, a sequence {y,(x)} of such functions converges to zero 
if and only if, first, all the y,(x) belong to the same space K(a), in other 
words, all the (x) vanish outside the same domain, and second, 
the functions p,(x) converge to zero in this space K(a) in its topology, 
i.e., in the present case, converge uniformly to zero together with their 
derivatives of all orders. 

We have thus arrived at the definition of the fundamental space K, 
which played a principal role in the constructions of Volume I. 

Thus, the fundamental space K is the union of the countably normed 
spaces K(a). 


8.2. Bounded Sets and Linear Functionals 


A set BC Ø% is said to be bounded if it is entirely contained in 
some ©) and is bounded in the topology of O™, 

This definition actually coincides with the second definition of 
bounded sets in a linear topological space (Section 3.8; it is unnecessary 
to speak of the first definition, since it makes essential use of topology): 
a set B is bounded if for any sequence p e B the elements (1/v)g, tend 
to zero as v —> ©. 

A linear functional f, defined on the space B®’, is said to be continuous 
if it is continuous on each ©), It is easily seen that when ®™ is a 
space satisfying the first axiom of countability, this definition is equivalent 
to the following: A linear functional f is continuous if (f, ¢,) —> 0 
follows from p, — 0. 

If the first axiom of countability is satisfied in each of the spaces 
pm), then the definition of a continuous linear functional is equivalent 
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to the following: A linear functional f is continuous, if it is bounded 
on each bounded set in the space ®t»), 

If ~ is the space K, the union of the spaces K(a) (see above), then 
the continuous linear functionals on ©) are the generalized functions 
which we have introduced in Volume 1. 

The set of all continuous linear functionals on the space Ø» will be 
denoted by ©)’, Evidently this set is a linear space. Let us introduce 
the concept of convergence in this space. We will say that a sequence 
of functionals f, € Ð converges to the functional f, if for every p e BD) 


lim (f, , p) = (fo): 


Precisely this convergence was introduced in Volume 1 for functionals 
on the space K. 

As before, we call such convergence weak (although we shall not 
introduce any other). The following important theorem holds. 


Theorem. If the ™ are countably normed spaces, then the space 
o is complete relative to (weak) convergence. 


Proof. Let the sequence f, (v = 1, 2,...) possess the property that 
for each pe ®™ the limit (f, p) = lim,,.(f,,¢) exists. The func- 
tional (f, p), considered for p e ®™, is a continuous linear functional 
on &™) by virtue of the theorem in Section 5.6, but then, by definition, 
fis a continuous linear functional on all of B®, q.e.d. 


In particular, the space of generalized functions (functionals on the 
space K) is complete relative to weak convergence. This fact underlies 
many constructions in Volume 1. 

Let us further introduce the concept of a bounded set for the space 
Blo)’, A set F C Bl)’ is said to be bounded, if for every p e Ø the set 
of numbers (f,¢), fEF is bounded. We are thus speaking of weak 
boundedness. (An equivalent definition is: A set F is bounded if for 
any sequence f,, fz,- fo, EF the functionals (1/v)f, tend to zero 
in y.) 

We shall show that in the case of countably normed spaces B™, not only 
are the numbers (f, p), f€F, bounded for any bounded set F e Y and 
any element p e B®, they are bounded (uniformly) as œ runs through any 
bounded set A C PB, 

Indeed, if A is a bounded set in ©), then by definition it is contained 
entirely in some © and is bounded in the topology of #™. The 
functionals f€ F are continuous linear functionals, in particular, on the 
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space ®'™), They are bounded on each element pọ e ®™ and, therefore, 
constitute a weakly bounded set in the space ®'™’, But then (see 
Section 5.5), the set F is also strongly bounded in the space 6(™’, i.e., 
the numbers (f, p) are uniformly bounded on any bounded set of the 
space ~, In particular, these numbers are uniformly bounded on the 
set A, q.e.d. 


8.3. Linear Operators 


A linear operator A, defined on the space Ø and carrying Ø 
into itself or into another analogous space ¥‘® is said to be continuous, 
if p, — 0 implies Ag, — 0, and bounded, if it transforms every bounded 
set F C Ø» into a bounded set AFC Po), 

We shall assume that the first axiom of countability is satisfied in 
each of the spaces 6™, 

In this case, we can assert that a linear operator A is continuous if 
and only of it is bounded. 

To prove this assertion, it is sufficient to show that each of the 
assumptions reduces to the statement that the operator A transforms 
any one of the spaces ©” into some space P, Then the operator A 
can be studied on the countably normed space ®™) since its values 
also lie in the countably normed space W, there remains to apply 
the appropriate results of Section 7.1. 

Let us first note that in a space ® with the first axiom of countability, 
for any sequence of elements 9, ,..., p,,.... we can find a sequence of 
constants A, ,...,A,,... such that the elements Àp; ,..., Aps ,... will tend 
to zero. In fact, if U, D + D U, D+: is a basis of the neighborhoods of 
zero in ®©, it is sufficient to choose the numbers J, so that àp, € U,. 

Let us now assume that the linear operator A, acting in Ø, does not 
map some given ®” entirely into some ¥) (p = 1, 2,...). Then for 
any v, we can find an element p, E€ ®™ which the operator A transforms 
into y, ¢ PU, 

Let the A, be such that àp, — 0. If the operator A is continuous, 
the elements A(A,7,) = à Agp, must also tend to zero, and in particular, 
must all belong to the same W, which contradicts the assumption. 

If the operator A is bounded, the elements A,Ag, must from a bounded 
set and also must all belong to the same Y, which again contradicts 
the assumption. 

Therefore, in both cases A transforms any one of the spaces #™ into 
some ¥‘?), Hence, as we have seen, it follows that a linear operator is 
continuous if and only if it is bounded. 

For a continuous linear operator A which carries a given space Di) 


70 LINEAR TOPOLOGICAL SPACES Ch. I 


into an analogous ¥‘®), it is possible to define the adjoint operator A*, 
which carries Ye” into Øe! by means of the formula 


(4*8, p) = (g, Ag) , 


where pc BD), g e Pey, By virtue of the continuity of the functional 
g and the operator A, the operator A* also turns out to be continuous. 


Appendix 1 
Elements, Functionals, Operators Depending on a Parameter?’ 


A1.1. Abstract Functions 


We shall call an element ọ, of a linear topological space ® or of the 
union of linear topological spaces (Section 8), which depends on a 
numerical parameter v, an (abstract) function of v. 

If v runs through the set of integer values 1, 2,..., then we are dealing 
simply with a sequence of elements g,. In the general case, v runs 
through some set of values in the complex plane. 

An element pọ is called the limit of the (abstract) function p, as 
v —> vo, if for any neighborhood U of zero we can find a ê > 0 such 
that |v — v9| < ê implies p, — pọ€ U. There is also an equivalent 
definition: gp is the limit of p, as v > v9, if for any sequence v, —> vo , 
we have 9, —> po. We shall use the second definition in unions of 
linear topological spaces (Section 8), where we have not introduced a 
topology but have only introduced the concept of convergence of 
sequences. 

The neighborhoods of zero in the first formulation may be strong or 
weak, and, correspondingly, the convergence p,, —> pọ should be called 
strong or weak; the limit which we obtain is called strong or weak, respec- 
tively.2! For perfect spaces and their conjugates, this difference disappears 
since, as we know, weak and strong convergence agree in these spaces. 

In particular, an abstract function 9, is said to be strongly (weakly) 
continuous at the point vo if p, —> p, in the strong (weak) sense. 


20 Compare with Appendix 2 to Chapter I of Volume 1. 

21 Here, by the strong topology in a linear topological space we have in mind the 
original topology in this space if, of course, we are not speaking of a conjugate space. 

In the case of a space conjugate to a union of linear topological spaces, we can speak 
only of weak convergence so that the “strong” versions of the definitions and results in 
this Appendix do not refer to this case. 
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In this Appendix we shall consider mainly countably normed spaces 
and their unions (for brevity, we shall call these and others fundamental 
spaces”) and also their conjugates. 

Let us first establish some properties of numerical functions of the 
form (fs, p), where the p, are elements of the fundamental space ®, 
and the f, are continuous linear functionals on ©. 


Lemma. If the sequence of elements {p,} converges strongly in the 
space © to the element po as v — vo, and the sequence of functionals { f,} 
converges weakly to the functional fọ , then the sequence {(f, , p,)} converges 


to (fo » Po). 


Proof. First let Ø be a countably normed space. We have 


(fi » Pa) — fo» Po) = (fos Po — Po) + (fo — fo» Po): 


The sequence {f}, being weakly convergent, is weakly bounded, and 
therefore (see Section 5.5) strongly bounded. The sequence {p, — qo} 
tends to zero; therefore (see Section 5.7) we have (f,, p. — po) — 0. 
The second member (f, — fo , Yo) also tends to zero by the definition of 
weak convergence of functionals. Hence 


(So s Po) — (Jo > Po) > 9. 


Now, let = Ø be the union of countably normed spaces Ø™, 
In this case the convergent sequence p, —> po is contained in some Ø™, 
and the functionals f may also be regarded as functionals on Ø™,; 
by what has been proved, (f, , p) > (Jo, Po). 


For a weakly convergent sequence g,—>qp, the assertion of the 
lemma fails to hold even in normed spaces. For example, in Hilbert 
space any sequence of orthogonal and normalized vectors €; , €g 4..., € y+ 
converges weakly to zero; however, (e, , ¢,) = 1 does not tend to zero. 

But if it is assumed that the space ® is perfect, or is the union of 
perfect spaces, then the assertion of the lemma remains true when 
the strong convergence p, — po is replaced by weak convergence (since 
weak and strong convergence coincide in a perfect space). This is still 
another confirmation of the expediency of singling out perfect spaces. 


22 The concept of a fundamental space will be made more precise at the beginning 
of the next chapter. 
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Differentiable Abstract Functions 


An abstract function g, is said to be strongly (weakly) differentiable at 
the point vy, if there exists the strong (weak) limit 





dy, e. Pooth — Pro 
— = lim s 
dv h0 h 


v=vo 


Naturally, this limit is called the strong (weak) derivative (with respect to 
the parameter). 

Let us show that the weak differentiability at a point vo of the function p, 
with values in a fundamental space or tts conjugate implies its strong and 
weak continuity at this point. 

In fact, for any h, —0, the sequence {(9,,,., — ,,)/h,} converges 
weakly (to ¢,,) and hence is weakly and strongly bounded. Multiplying 
this sequence by the number h, —> 0, we conclude that the sequence 
{Putan — Pry Converges strongly and weakly to zero; this also means 
strong continuity of the function g, at the point vp. 

In turn, the weak continuity of the function pọ, at a point vo implies 
weak and strong boundedness of this function in some interval containing 
the point vo. 


Lemma. If the element >, of a fundamental space and the continuous 
linear functional f, on it are weakly differentiable functions of the parameter 
v, then (f, , p,) ts a differentiable numerical function, and 








(hn) = (F-a) + (4.2). (1) 


Proof, We have 
A(f, > Pr) = (fiza » Pryd) — (fos P.) 


v Av 


= (fosar , Práv) a (f, ’ Pryd) + (f ’ Py4dv) T (f, ’ Py) 


v Av 


= (He Lovie be Í ; Prao) + + (4, Pre T Pae — Pe), 


The ratio (fpa — f,)/4v in the first term converges weakly to f, , and 
Prpav Converges strongly to p, (because of the proven strong continuity 
of a weakly differentiable function); therefore, by the lemma of Ap- 
pendix |, the first term hasa limit (f; , p,). The second term has a limit 
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(J, , p,) because of the assumption of the weak differentiability of the 
function y,. The entire expression has the right side of (1) as limit 
for Av — 0, q.e.d. 


Appendix 3 


Operators Depending on a Parameter 


An operator A,, mapping a space ® into a space Y, which depends 
on a parameter v is said to be strongly (weakly) continuous (in the 
parameter v) for v = vo, if for any pe ® 


lim A,p = A, P 
vvo 


in the strong (weak) sense. 

An operator A, is said to be (strongly) weakly bounded (in the param- 
meter v) on the set A of values of v, if the set of elements {4,po; v € A} is 
strongly (weakly) bounded for any fixed gy. 

If the operator A, is weakly continuous in a closed bounded domain A, 
then it is weakly bounded in this domain. Indeed, the numerical function 
(f, Ap) is continuous in the domain A for any fe ®’, and therefore 
is weakly bounded; the set of elements {4,p; v € A} is thus weakly 
bounded. Naturally, if ¥ is a fundamental space or conjugate to one, 
then since weak and strong boundedness agree in this case, the weak 
continuity of the operator A, implies its strong boundedness. 

An operator B is called the strong (weak) derivative of the operator A, 
at v = vo, if the equality 
Ayyin ~~ A,, 

h SA 
holds in the strong (weak) sense for any g € ®. In this case the operator A, 
is said to be strongly (weakly) differentiable at v = vo. 

A weakly differentiable operator is strongly and weakly continuous. 
(The proof is analogous to that presented above for functionals.) 

If the operator A = A,, which maps the space ® into the space ¥, 
depends on a parameter v, then the conjugate operator A* = Ax, 
which maps ¥” into ©’, also depends on the parameter v. 





Bọ = lim 


Lemma 1. Ifthe operator A, , which maps the fundamental space ® into 
the fundamental space , is a bounded (weakly continuous, weakly 
differentiable) function of v, then A* is also a bounded (weakly continuous, 
weakly differentiable) function of v, and 








. P dA* dA, \* 
* — * von v 
lim Ax = (lim A,)*, nos ( 7 ) . (1) 
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Proof. Let A, be bounded for ve A. Furthermore, let A* be the 
conjugate operator, and fe ¥’; then (4* f, ¢) = (J, Ap) is bounded 
for any pe Ø. Therefore, the set of functionals A* fe’ is weakly 
bounded for v e A; it follows that it is strongly bounded. 

Further, let the operator A, converge weakly to the operator A, as 
v — v- Then for any fe W’ and p e ® 


(ATF, P) = (f, 4p) > (f 4P) = (ARS P) 


so that A* converges weakly to 4% as v — vo . 
Applying this result to the ratio (A,,, — A,)/h, we arrive at the 
validity of the last assertion of the lemma. 


Lemma 2. Jf A, is a bounded operator which maps the fundamental 
space ® into the fundamental space ¥, and p, ts a bounded element in 
the space ® (for ve A) then the elements A,p, form a bounded set in the 
space Y. 


Proof. For any fe W we have 


(S, 4,%,) = (A, 9,); 


this quantity is bounded since the set {A*/} C Ø is bounded. 


Lemma 3. Jf the operator A,, which maps the fundamental space ® 
into the fundamental space ¥, converges weakly to A and the element ọ, 
in the space ® converges strongly to œ as v—> v), then A,p, converges 
weakly to Ag. 


Proof. Let fe Y’ be an arbitrary functional. Then 


(f, Ap) = (AYA p) > (PT p) = (S Ae) 


by Lemma 1 and the lemma of Section A.l; hence, A,p, converges 
weakly to Ag. 


Lemma4. If the operator A,, which maps the fundamental space ® 
into the fundamental space ¥, is strongly continuous in v, and the operator 
B, , which maps © into the fundamental space X, is weakly continuous in v, 
then their product C, = B,A, is weakly continuous tn v. 

Indeed, let A, — Ay strongly, B, — By weakly as v — vy ; let us verify 
that B,A,— B,Ay weakly. We put 4, = A,p for any fixed pe®; 


23 For unions of countably normed spaces, we use the result of Section 8.2, that a 
bounded set of functionals is uniformly bounded on every bounded set of elements. 
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by hypothesis, 4, —> App strongly as v > v. According to Lemma 3, 
the quantity (B,A,)p = B,A,~) = By, converges weakly to Byo(Agp) = 
(Boop, which leads to the desired limit relation. 

We can now establish the principal result. 


Theorem. If the operator A, , which maps the fundamental space ® 
into the fundamental space ¥, and the element 9, of the space © are weakly 
differentiable at v = v), then the element A,p, of the space ¥ is also 
weakly differentiable at v = vo, and 


d _ , de, , dA, 
dv (A.¢,) = A, dv + dv. Pp» (2) 





Proof. For any fe ¥’ we have, by applying Lemma 1, 


( f, Anna — Ag, ) f, e Ann) + ( f, Ana Ap, ) 
eee Ay f, Poin) x ( A*f, Par Pr ) 











from which (2) follows. 


Appendix 4 


Integration of Continuous Abstract Functions with Respect 
to the Parameter 


Let » be a continuous abstract function in the perfect space ® for 
the values a < v < b. We assert that the limit of the Riemann sums 


b 
lim Y p, 4% = [ p, dv (1) 


exists in the space ®. 
Indeed, for any functional fe ®’ the function (f, p,), as a continuous 
function of v, is integrable so that lim F (f, y,,) 4v; = J (J, p) d exists. 
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By virtue of the theorem on the completeness of a perfect space 
relative to the weak convergence of sequences (Section 6.3), the limit (1) 
exists. It is easy to verify that all the customary properties are satisfied 
for the integral defined in this way; let us mention, in particular, the 
theorem of the mean: 

o 1 p 

mpz] e dy = pa. (2) 
The equality (2) is easily proved in the weak sense. Then it is transformed 
into the classical theorem; there remains to state that (2) is also valid 
in the strong sense, since strong and weak convergence coincide in a 
perfect space. 


CHAPTER II 


FUNDAMENTAL AND 
GENERALIZED FUNCTIONS 


1. Definition of Fundamental and Generalized Functions 


1.1. Fundamental Functions 


A linear topological space ®, formed from the functions g(x) defined 
in some set R is called a fundamental space. 

With regard to the topological nature of the fundamental space, we shall 
assume that it is a countably normed space (Chapter I, Section 3), or the 
union of such spaces (Chapter I, Section 8). 

Moreover, we assume the following natural condition to be satisfied: 
The convergence of the numerical sequence p,(xọ) at any fixed point 
xo E R follows from the convergence of the sequence of elements ¢,(x) 
of this space in topology. 

Functions in the fundamental space are called fundamental functions. 

As a rule, the set R will be an n-dimensional real space R, or an 
n-dimensional complex space C, . 

We shall denote a point of the space R, by x = (x, ,...,%,) (or y, £ 7) 
and a point of the space C,, by z = (2, ,..., Zn) = x + iy (or = E + in) 
and a set of integers by q = (q1 ,..., qn) (or k, etc.). Moreover, we shall 
systematically use the following convenient notation. The symbol | q | 
will denote the sumq, + © + qn , the symbol D? the differential operator 
dlal/(dx%,..., x4), the symbol x* the product xfi ... «f=, By analogy, we 
shall understand exp(a | z |¥) to denote exp(a(| z; |"! + +++ + | 2, |*)). 
The reader, who has not yet met these notations, will quickly see that 
they are very convenient and that their meaning will always be clear from 
the context. 


1.2. Examples 


Let us consider some examples of fundamental spaces constructed 
from functions of real arguments. 


1. Thespace K(a) consisting of all infinitely differentiable functions p(x) 
77 
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defined in the n-dimensional space R, and with support in the domain 
G, = {| x, | < aq, | xa | < Ag, yesss | Xn | < an} (a = (ai , az y0+-y An)). 


We have repeatedly encountered this space earlier. The topology is given 
so that convergence of the sequence ¢,(x) e K(a) in topology would agree 
with uniform convergence of the functions »,(«) and all their derivatives 
in the domain G, . Such a topology may be defined by giving a countable 
set of norms 


lel = sups | D'g(x)| (p = 0, 1, 2,...), (1) 


which is equivalent, as is easily verified, to the system of norms presented 
in Chapter I, Section 3,3. The norms (1) are also compatible. We verified 
in Chapter I, Section 6,2 that K(a) is a perfect space. 


2. The space K, consisting of all infinitely differentiable functions 
(x), with compact support depending on g(x). This space, as we saw in 
Chapter I, Section 8 is the union of the spaces K(a), where a = (1,..., 1), 
(2,..., 2),.... Each K(a) is imbedded in any K(a’) with a’ > a with con- 
vergence retained. Let us recall that according to the definition of con- 
vergence in a union, the sequence ,(x) € K converges to zero if and only 
if all the p(x) vanish outside some finite domain B of R” (independent 
of v) and converge uniformly to zero together with all the derivatives in B. 
This is precisely how we defined convergence in the space K in Volume I. 


3. The space S, formed from all infinitely differentiable functions 
g(x), defined in the n-dimensional space R, , which tend to zero for 
| x | — œ as well as their derivatives of all orders, more rapidly than any 
power of |/| x |. 

To define the topology in the space S, we introduce a countable system 
of norms 

lplp = sup, | x*D%(x)| (p = 0,1, 2,...). (2) 

Ik|,lal<p 
Evidently convergence of the sequence ¢,(x) in the topology defined by 
these norms agrees with the convergence defined in S in Volume | (see 
Chapter I, Section 1,10). In Section 2 below, we show, in particular, 
that the norms (2) are pairwise comparable and that S is a perfect space. 


4. The next class of spaces, containing both the spaces K(a) and S 
as particular cases, is convenient, in its generality, for many applications. 
Let be given the functions 1 < M(x) < M(x) < + < M,(x) S +0, 
defined for all xe R, and taking on finite or infinite values. We shall 
assume that these functions may vanish only simultaneously at infinity 
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for all p and that they are continuous functions at all points where they 
are finite. 

The fundamental space ® = K{M,} is defined as follows: It consists 
of all infinitely differentiable functions g(x), for which the products 
M,(x) D%(x) are continuous and bounded in all space for |g! <p 
(p = 0, 1, 2,...). In particular, it hence follows that for each 
g(x) € K{M,}, all the expressions 

lell = Supe M,(x) | Dp(x)| (p = 0,1, 2,...) (3) 
are finite, and that where M,(x) = œ, there necessarily all D%(x) = 0. 

It will be shown in Section 2 that the space K{M,} is a complete count- 
ably normed space; furthermore, it is also a perfect space (i.e., bounded 
sets in this space are compact) if the functions M,(x) satisfy some 
additional conditions. In order to obtain the space K(a) as a particular 
case of the space K{M,}, it is necessary to put 


_ (1 for [x| <a, 
sl a > for |x| >a (4) 
(so that M,(x) is actually independent of p); formulas (3) hence go over 
into formulas (1). To obtain the space S as a particular case of the space 

K{M,}, it is necessary to put 
M,(x) = sup |x*| (= sup | xp s+ xi" |). (5) 

IkI<p lkI<p 
This system of norms may be replaced by an equivalent system defined 
by the functions 


M(x) = (1 + | my)? (+ | x 1)” (6) 


(apropos of this see Section 2.3). 
Other important examples of spaces K{M,} will be considered in 
Chapter IV. 


1.3. Relationships between Convergences 


The following general relationships hold between the convergence in 
the space K(a) of infinitely differentiable functions which are zero for 
| «| > a, and the convergence in any broader fundamental countably 
normed space. 


Theorem. If a fundamental countably normed space ® contains the 
space K(a) of infinitely differentiable functions with support in the sphere 
| x | < a, then from the convergence of a sequence of functions o,(x) to zero 
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in the space K(a) follows the convergence of this sequence to zero in the 
space È. 


Proof. We will reduce this theorem to Theorem 2 of Chapter I, 
Section 7.2. A pair of complete countably normed (perfect) spaces 
WCO, were considered in this theorem, where the topologies in 
them were compatible in such a manner that pọ = 0 resulted from 
the relationships p, > 0 in ¥, p, > pọ in Ø. The theorem stated that 
in this case the convergence of ọ, to zero in ® results from the con- 
vergence of the sequence g, to zero in ¥. Let us verify that the assumption 
of this theorem is satisfied in our case: To do this, let us consider the 
sequence p,, Convergent to zero in K(a). Hence, the functions ¢,(x) 
converge to zero at each point xe R”. If the functions ọ,(x) converge 
to the function g(x) in ®, then g(x) = 0. Hence, Theorem 2 of 
Chapter I, Section 7.2 may be applied; by applying it, we obtain what 
is required. 

The proved theorem is valid even for the case when the space @ is not 
itself countably normed, but is the union of countably normed spaces 
@,,(m = |, 2,...); it is just necessary to require that all the spaces ©, , 
beginning with some number, contain the space K(a), and to apply to 
these the theorem just proved. 


1.4. Further Examples 


Let us turn to examples of fundamental spaces constructed from 
functions of complex arguments. 

Let us agree to say that the function f(z) has an order of growth < p 
and a type < a, if it is known that for any « > 0, the inequality! 


f(z) < C.exp((a+e)i 21°) (=C, exp((a + ©)! 2, P + + | & l°). 
(1) 
is satisfied. 


1 In the theory of functions of a complex variable, the greatest lower bound of numbers 
P, i.e., the quantity 


lim[In In max If (z)|/In 7], 
z30 z|=r 


is usually called the order of an entire function f(z), and the type of an entire function f(z) 
of order p is the greatest lower bound of the numbers a + «e, that is, the quantity 


lim{In ne | f(2)|/r*). 


But since we shall always deal with inequalities, we shall use the definition given in the 
text in order to avoid constant duplication of the same stipulations. 
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1. The space Z(a) consists of all entire analytic functions ¢(z) of n 
complex variables z} = x, + iy,,..., Zn = Xn + Ùn , which satisfy the 
inequalities 


| a) < Cp) et"! (=C... eA) expla) y | + + l Ya Dh 
(k; = 0, 1, 2,...). (2) 


It is seen from the inequalities (2) that the functions %(z) € Z(a) have an 
order of growth < 1 and a type < a. 

Let us prescribe the topology in the space Z(a) by using the countable 
system of norms 


l% ll = Sup. | ahb(x + ty) el (p = 0, 1, 2,...). (3) 


As we obtain from general considerations in Section 2, the space Z(a) 
will be a perfect complete countably normed space in this topology. 


2. By definition, the space Z consists of all entire functions ¥(x« + zy), 
satisfying the inequalities 


| ahp(x + ty)! < Cy(p) er"! (4) 


with some constant a(y) (dependent on 4). Hence, the space Z is, in its 
supply of functions, the union of all spaces Z(a) (a = 1, 2,...). For 
a <a’, the space Z(a) is imbedded in the space Z(a’) with convergence 
of the sequences retained. Hence, the space Z may be considered as the 
union of spaces Z(a) in the sense of Chapter I, Section 8. This means 
that the sequence ¢,(z) € Z is considered convergent to zero if and only 
if all the (2) belong to the same Z(a) and converge to zero in it according 
to its topology. 


3. Let us now give the general construction of the class of spaces 
of functions of complex argument, of which the space Z(a) is a 
particular case. 

Let there be given the continuous functions M,(z) > C(y) > 0 
(p = 0, 1, 2,...), which are defined for all z = (2, 22,..., Zn) E C”. By 
definition, the fundamental space Z{M,} consists of all entire analytic 
functions ¥(z), for which all the expressions 


| bly = sup, M,(z) | 4(2)| (5) 


are finite. 
Evidently these expressions satisfy- the customary axioms of a norm. 
We show in Section 2 that the space Z{M,} is a complete countably 
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normed space and is also a perfect space if the functions M,(2) satisfy 
certain additional conditions, 

In order to obtain the space Z(a) as a particular case of the space 
Z{M,}, we should put 


M,(2) = ei max | a* | (=exp[—a(| yi | +1 + | In |)] max | at 2," |) 


This system of norms may be replaced by an equivalent system defined 
by the functions 


M,(2) = em] (1 + |z}. 
j= 
Other important examples of spaces will be considered in Chapter IV. 


1.5. Definition of Generalized Functions 


Definition. A continuous linear functional (f,~) in some funda- 
mental space ® is called a generalized function. 

Hence, in contrast to the customary functions, generalized functions 
are not defined in themselves, but depend on a selected fundamental space ®. 

The set of all generalized functions on a certain fundamental space ®, 
evidently coincides with the conjugate space ©’. 

Many generalized functions may be given by a formula such as 


(fe) = | FE) ols) de, (1) 


where f(x) is a fixed function, integrable in each finite domain GC R 
(“locally integrable”). The continuous linear functional given by (1) is 
called a regular functional, or a functional of the function f(x) type. We 
shall simply identify such a functional with the corresponding function 
f). 

In general, the integral (1) is improper: It extends over an infinite 
domain; hence, it is necessary to agree on the method of summing it. 
We shall take a very simple condition, namely, we require that the integral 
(1) converge absolutely for every g(x) € ®. 

This condition is satisfied automatically for any locally integrable 
function in the space K, since the integral (1) extends over a bounded 
domain because the fundamental functions g(x) are of bounded support. 

For absolute convergence of the integral (1) in the space S for every 
fundamental function g(x), it is sufficient (and necessary) that the locally 
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integrable function f(x) have a growth not higher than a power type at 
infinity, i.e., that the inequality 


f(x)! < CA + | x |) 


be satisfied for some k > 0. If this condition is satisfied, the functional 
(1) will be continuous. 

For absolute convergence of the integral (1) for each fundamental 
function g(x) in the space K{M,}, it is sufficient that the locally integrable 
function f(x) have the following property: For some p, the ratio 


| f(x)! 


o = MG) 





is a summable function of x. Let us show that the equality (1) defines a 
continuous linear functional in the space @ in this case. 
Actually, by virtue of the estimate 


[Ae as | < iels f IO gp gy = Helle J re) a 


the integral converges absolutely for any o(x) e K{M,}. Furthermore, if 
the functions ¢,(x) tend to zero in the space K{M,}, then, in particular 
Il P Ip — 0, also, and thus 


(fe)! = || F) wl) de | < Ips lp fr) ade + 0; 


hence the linear functional (1) is continuous. 

Let us note that the values of the regular functional (f, p) in the space of 
fundamental functions determine the corresponding function f(x) uniquely 
(to within a set of measure zero); this holds for each fundamental space ® 
containing all infinitely-differentiable functions of bounded support.” 

It is sufficient to consider the regular functionals, identically null, 


(fe) = | FO) o@) dx = 0. 


Let us first consider the case of functions of one variable x. Let us show 
that the function f(x) equals zero almost everywhere in an arbitrarily 
assigned interval a < x < b. Let us take fundamental functions of 
support in this interval as g(x). Furthermore, let 


M(x) = [AO d 


2 And generally this does not hold in spaces consisting of analytic functions; apropos 
of this, see below (Chapter III, Section 2.3). 
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be the primitive of the function f (x); this is a continuous (even absolutely 
continuous) function, and the integration by parts formula 


[10 ele) ae = — f FCs) 9'@) de = 0 


holds. Since F(x) is continuous, the conventional reasoning of variational 
calculus may be used (the DuBois-Raymond lemma), which shows that 
F(x) = constant in [a,b]. But then f(x) = F'(x) = 0 (almost every- 
where), q.e.d. 

In the general case, when x = (x, , X,..., X,), it is possible to reason 
as follows. Let the equality 


CF) = fm [Fa pons) Cer ieee ae) my 2+ deg = 0 (2) 


hold for each infinitely differentiable function g(x) of bounded support. 
Let us consider first functions g(x) of the form (x) + Po(X2 +++) Xn). 
Furthermore, let 


A) = S FG sess a) Pala eve Xn) dg + din 5 


when integrated in a product with any fundamental function ,(%,) 
the function f(x) yields zero; according to what was proved, f(x) 
equals zero for almost all x, . Fixing some value of x, in (2), we arrive at 
an analogous equality in an n — 1 space, so that the proof is completed by 
simple induction. Thus for almost all x,, x2 ,..., %,, the function 
F(X y+) Xn) is zero, q.e.d. 

By virtue of what has been proved, we may identify regular functionals 
with their corresponding functions. Hence, the set of those customary 
functions which define regular functionals may be considered as a subset 
of the whole set of generalized functions, 

It is understood that generalized functions exist which cannot be 
written in the form 


p) = [E oe) de = (f p); 


they are called singular. 
For example, the delta function 


(8% — xo), o(*)) = Ho) (3) 


is a continuous linear functional (since, as we have assumed, convergence 
of the sequence of values of the fundamental functions p, € ® at any 
fixed point x) follows from the convergence of the sequence of these 
functions in the topology of the space ®). 
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Let us emphasize that the point xọ may even be complex in the spaces 
of analytic functions. 

In general, the functional (3) may not be written in the form (1). 3 
(See, e.g., Volume 1, Chapter I, Section 1.3.) 

Other examples of generalized functions which may not be written in 
the form (1) are given by formulas of the type 


(fo) = [A E ds 
or, more generally 
(6.9) = | folx) PID) p(x) dx, (4) 


where P(D) = 34-0 @,D% is a differential operator, and fọ(x) a locally 
integrable function. 

In reality, (4) defines a continuous linear functional in the space 
K{M,}, say, if all ratios 


res) = $"<) 





are summable functions of x. The proof of this fact is analogous to that 
presented above for the case p = 0. 

If the function f(x) is not differentiable in the conventional sense to 
order p (which would afford the possibility of being released from appli- 
cation of the operator P(D) to the fundamental function g(x) by inte- 
gration by parts), the functional (4) can then not be written as 


[ FE) ee) dx, (5) 


i.e., does not reduce to a customary function. 

Such is the situation with the delta function 6(x — x), say, which may 
not generally be written in the form (5), but may always be written in the 
form (4): 


(8(x — xo), p) = P219,- Fn?) 


=| Cees +) Xn) dx, + dx 


tj> x ox, °° OX, 





= fle) rE de, a, 


where f(x) equals | for x; > x; and equals zero elsewhere. 


3 Representation of the delta function in the form (1) is possible in some analytic- 
function spaces; see below (Chapter III, Section 2.3.). 
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Furthermore, we shall show (Section 4) that under broad assumptions, 
expressions of the form (4) yield the general form of a continuous linear 
functional. 


2. Topology in the Spaces K{M,} and Z{M,} 


2.1. Introductory Remarks 


We start this section with a brief exposition of the results which will 
be obtained therein. 

Let us recall that the space K{M,} is defined by assigning a sequence 
of functions M(x), satisfying the inequalities 1 < M,(x) < M,(x) < +, 
taking on finite or simultaneously infinite values, and continuous every- 
where where they are finite. By definition, the space K{M,,} consists of all 
infinitely differentiable functions g(x) = 9(x,,..., %,), for which the 
products M,(x) D%p(x)(|¢| <p) are everywhere continuous and 
bounded in the whole space. As we already know, the norms therein are 
defined by the formulas 


ll ellp = sup, M,(x) | D%q(x)| (p = 0,1, 2,...). (1) 


lqi<p 


We shall show that with these norms the space K{M,} is a complete 
countably normed space. 

Each sequence of functions {M,,(x)} satisfying the conditions listed 
above defines some space K{M,}. It is natural to pose the question of 
when two different sequences {M,,(x)} and {M,,(x)} define the same space 
(in store of elements and in topology); in this case we agree to call the 
systems {M,(x)} and {M,p(x)} equivalent. It can be proved that the 
following interesting fact holds: If the spaces K{M,} and K{Mp} agree 
in store of elements, then they also agree in topology, i.e., the topology of 
the space K{M,} is determined uniquely by the store of its functions. 
For equivalence of the systems of functions {M,(x)} and {M;(x)}, it is 
sufficient that there exist positive constants C(p) and C’(p), for which 


Cl) <A SCO) (P= OL), (2) 





if it is assumed that this inequality is satisfied even where 
M,(x) = M,(x) = ©. 

In different considerations, it is often convenient to be limited to 
functions of bounded support. We shall show that in the general case 
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infinitely differentiable functions of bounded support generate a dense 
set in the space K{M,}. 

As we know, among the countably normed spaces, the most important 
are the perfect, complete countably normed spaces in which all bounded 
sets are relatively compact. Compliance with the following condition, 
which we denote by* (P) is sufficient for a space K{M,} to be perfect: 


(P) For a given e > 0 and any p, ap’ > p, and an N can be found 
such that for all x, for which at least one of the inequalities 


|x| >N, M(x) >N, 
is satisfied, the following inequality is valid 
M(x) < eM,(x). 


In particular, if the M,(x) are finite in any bounded domain, the 
condition (P) may be written then as 


M(x) _ 
ee) 
p 





0. (3) 


Using this sufficient condition, it is easy to verify that, in particular, 
the spaces K(a) and S are perfect. 

Let us formulate the criterion for the convergence of the sequence 
{p,(x)} in the space K{M,}, which satisfies the condition (P). To do this, 
let us introduce the following convenient definition: We shall call a 
sequence of infinitely differentiable functions {p,(x)} regularly convergent 
if the sequence {D%p,(x)} converges uniformly in each bounded domain 
for any q. 

We shall see that the sequence {9,(x)} converges (in topology) in the 
space K{M,}, satisfying the condition (P), if and only if it is bounded in 
this space (i.e., || p, |p < Cp) and converges regularly. 

As we know, the space Z{M,} is defined by assigning a sequence of 
functions M,(x)(p = 0, 1,...), which are assumed to be continuous 
everywhere and not less than 1. It consists of all entire analytic functions 
ypz) = (2%, ,..., Zn), for which all the expressions 


Il |lp = sup, M,(z) | ¥(2)| (4) 


are finite. These expressions are taken as the norms in the space Z{M,}. 
We shall show below that with these norms, the space Z{M,,} is a com- 
plete, countably normed space. 


4(P) for perfect (parfait). 
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Furthermore, two systems of functions {M,(z)} and {M,(z)} are equiv- 
alent, i.e., define coincident spaces Z{M,} and Z{M,} (in store of ele- 
ments and in topology), if a condition analogous to (2), 


M,{2) 


mg SCO) (5) 





0 < Cp) < 


is satisfied. 
Finally, in order for the space Z{M,} to be perfect, it is sufficient that 


a condition analogous to (P) be satisfied, namely: 


For each pe N, a p’ exists such that 


i M2) __ 


im -—?—~ = 0. P’) 
\z|->00 M;(2) ( 





Utilizing this condition, we verify that Z(a) is a perfect space. 

Let us formulate the criterion for convergence in the space Z{ Mp}, 
which satisfies the condition (P’). 

Let us call a sequence of analytic functions {,(z)} regularly convergent 
if it converges uniformly in any bounded domain of the real-valued 
arguments (x, ,...,%,). As in the case of the spaces K{M,}, in order for 
the sequence {y,(z)} of elements of the space Z{M,} to converge (in its 
topology), it is necessary and sufficient that it converge regularly and be 
bounded (in the norms) in Z{M,}. 

(Let us note that regular convergence for a bounded sequence ¢,(z) 
follows from uniform convergence in a fixed domain.) 


2.2. The Space K{M,} as a Complete Countably Normed Space 


Let us turn to the proof of the results expounded in Section 2.1. We 
will show in this paragraph that with the norms 


| p llo = ieee M(x) | D%p(x)| (p = 0,1, 2,.++), (1) 


K{M,} is a complete countably normed space. 

Let , denote the set of all functions g(x), having continuous deriv- 
atives to order p, for which the functions M(x) D%(x«) are continuous 
and bounded in the whole space. Evidently ©, is a normed linear space if 
(1) defines the norm in it. The intersection of the spaces ©, over all p in 
N coincides, as is easy to see, with the space ® = K{M,}. 

Our immediate aim is to prove the completeness of the space ©, . The 
lemmas needed for this theorem will also be utilized later. 
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Let be given the sequence of functions 9,(x)¢@®, such that the 
functions p,(x) themselves and their derivatives to order p converge 
uniformly in each compact domain to some limit functions. If 


go(x) = lim (x), 


then by virtue of the classical theorem on differentiation of a uniformly 
convergent sequence, the function (x) also has derivatives to order p 
and for any q, |q | < p, 


Digo(x) = lim D%e,(2). 


Now, let (x) (v = 1, 2,...) be a fundamental sequence in the norm of 
the space ©, . Then, as follows from the definition of the norm (1), this 
sequence will converge uniformly, together with its derivatives to order p, 
in each compact domain. We will show that the limit function p(x) 
belongs to the space B, and is the limit of the sequence p,(x) in the norm ©, , 
Le., 


lpo — plp —>0 for v— œ 


Lemma 1. The limit function (x) of the sequence p,(x) € B, , which 
converges uniformly for v—> œ together with its derivatives to order p in 
each compact domain and is bounded in the norm (1) by a constant C, also 
belongs to the space ®, and has a norm not exceeding C therein. 


Proof. As has been mentioned, the function g(x) possesses deriv- 
atives of all orders q, | q | < p. Let us show that the expression (1) for 
p(x) is finite. 

Let x) be a point at which M,(xọ) < œ. Since the function M,(x) is 
continuous at such a point, there is a neighborhood of the point xp in 
which the function M,(x) deviates from M,(x») by not more than e/2, 
where «e is some previously assigned positive number. Hence, it is possible 
to find a number v for this neighborhood such that for v > vo 


M,(x) | D*po(x)| < M,(x) | D%p,(x)| + €. 
But by assumption 


sup, M,(x) | D¢p,(x)| = |l p, lp < C5 
lal<p 


hence, in this neighborhood 


M,{(x) | Digg(x) | < C + e 
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At points x), where M(x) = œ, the functions »,(x) vanish together 
with all derivatives of orders g,|q| < p. Hence, the function go(x) 
together with all the corresponding derivatives also equals zero at such 
points. 

We see that the expression (1) exists for the function p(x) and does not 
exceed C + e. Since e is arbitrary, || po ||, < C, q.e.d. 


Lemma 2. Every fundamental sequence p(x) € B, in the norm || ° |\y , 
which converges to zero at each point x, will converge in this norm to the 
function g(x) = 0. 


Proof. Since »,(x) is fundamental, then in conformity with the above, 
a function (x) exists which has continuous derivatives to order p and 
such that 


Drg (x) > D’pf(x) (lgl <P) 


uniformly in each compact domain for v — œ. From the assumption of 
the lemma, it follows that p(x) = 0. 

For a given « > 0, we can find a »(e) such that for every v > vo, 
u > v, we have || pe — gy ||) < «. The sequence of differences p, — p, 
converges uniformly for ~-—>» œ to a function 9,(x) in each compact 
domain, together with its derivatives to the order p. According to the 
preceding lemma, 


Ile ll Se, 


from which what is needed results. 


Theorem 1. The space ©, is complete relative to the norm || > ||» . 


Proof. Let p(x) Ee Ø, be a fundamental sequence in the norm || ¢ ||, . 
As we have already remarked, for v— œ this sequence converges 
uniformly, together with its derivatives to order p, to some function (x) 
in each compact domain. Since the norms || ¢,||, are bounded, then 
po(x) € Š, according to Lemma 1. Again the difference p, — pọ is a 
fundamental sequence which converges to zero at each point; 
|| pe — Poll» — 0, according to Lemma 2, from which it follows that 


Po = lim g, 
pow 
in the norm || ¢ ||, - The theorem is thus proved. 


Corollary. The completion ©, of the space ® = K{M,} in the norm 
|| ¢ |lp is a subspace of the space ©, . (This is a particular case of a well- 
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known fact: The completion of a metric space isomorphic to a part M’ 
of a complete space M, is isometric to the closure of M” in the space M.) 

In particular, we hence obtain that the intersection of the spaces ®, for 
all p = 0, 1, 2,... coincides with the space ® = K{M,}. 

In connection with the compatibility of the norm || ¢||,, which we 
verify at once, this result will yield completeness of the space K{M,}. 
In fact, as has been shown in Chapter I, Section 3.2 the condition of 
completeness of the countably normed space © is again compliance with 
the equality 


D8 


© = (\o,. 


1 


Pp 


Now, let us show that every two norms || ¢ || and || p ||’ of those which 
have been established in the space K{M,} are compatible in pairs, i.e., 
that every sequence p, € ®, which is fundamental in both norms and 
converges to zero in one of the norms, will also converge to zero in the 
other norm. 


Lemma 3. Let the two norms 
lel = sup, My(x) | D%p(*)|, ll elle = sup2 M(x) | D%¢(*)| 
lal<py lal< p2 
be given in the space ® of the functions p(x). Then, these norms are mutually 


compatible. 


Proof. Let the sequence ,(x) e Ø be fundamental in both norms, and 
tend to zero in one of them, in || ||, for definiteness: 


I Pv ll = sup, M(x) | D'gp(x)l>0 E 0, (2) 
lal<py 


| Po — Pu lle = ree M(x) | D*[y,(x) = Pallo => 0. (3) 


Setting q = 0 in (2), we obtain, in particular, that the functions @,(x) 
tend uniformly to zero at each point. Now, let us apply Lemma 2 to the 
norm || ° ||, ; we obtain that || p, ||, > 0, q.e.d. 

Hence, the following assertion has been proved. 


Theorem 2. The space K{M,} is a complete countably normed space. 


2.3. Condition for Perfection of the Space K{M,} 


Let us turn to an analysis of the question of the perfection of the space 
K{M,}. 


92 FUNDAMENTAL AND GENERALIZED FUNCTIONS Ch. II 


Let us prove that the space K{M,,} is perfect if the following condition 
is satisfied. 


(P) For a given e > 0 and any p, we can find a p’ > p and an 
N > 0, such that if x satisfies at least one of the inequalities 


|x| >N, M(x) >N, 
then 
M,(x) < «M,,(x). 


It may first be deduced from condition (P) that all products 
M,(x) D%p(x) (| q | < p) are not only bounded in the whole space, but also 
tend to zero as | x | — œ or M,(x) > œ. 

Indeed, assuming the opposite, for some subscripts q and p, |q | < P, 
we could find a sequence x, , going to infinity or such that M,(x,) > œ, 
for which 


M,(x,) | D'g(x,)] > C > 0. 


For the subscript p’, corresponding to the subscript p by the condition 
(P), we have 


M(x.) < e Mpx), 
where e, — 0. Hence 


M,(x,) | Dighs,)| > E> 0 
which contradicts the assumption that the function g(x) belongs to the 
space K{M,}. 
The following lemma is the basis of the proof of the perfection of the 
space K{M,}. 


Lemma. Every sequence p,(x) € K{M,}, bounded in each of the norms 
|| p |p and converging regularly to zero, also converges to zero in each of the 
norms || P lly’. 

Proof. Fixing p, we find the subscript p’ from the condition (P). 
Since the sequence 9, is bounded, the quantities || p, ||,’ do not exceed a 


constant C. 
For a given e > 0, we find a number N such that 


M(x) <G My(@). (1) 
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for both | x| > N, and M,(x) > N at those points where M,(x) and 
Mp (x) are finite. Then for the mentioned x and any q, | q | < p, we have 


M,(x) | Drp,(x)| < = My (x) | Dtp,(x)| < a Polly Se (2) 
At those points x, where M,(x) = M, (x) = œ, we have 


M(x) | D'g,(x)| = 0. 


For all the remaining x (forming a compact set) a vy exists such that for 
v > vand all q, |q | < p, we have 


M(x) | D'p (x)| < €. (3) 


Utilizing (2), we see that (3) is actually satisfied for v > vp and for all 
xe R. Hence, for v > v, 


|l P Ilo = sup, M(x) | Dg, (x)| ge 


Therefore, || p, ||, — 0, q.e.d. 


Corollary. If the sequence p, € K{M,,} ts bounded in each of the norms 
|| p ||p and converges regularly to some function p(x) as v—> œ, then this 
function po(x) belongs to the space K{M,}\ and is the limit function of the 
sequence p,(x) in the topology of the space K{M,}. 


In fact, by virtue of Lemmas | and 2, the function (x) belongs to 
each ®, and thereby, also to the space 


K{M,} = () Dp. 
pal 


The difference pọ — ¢, is bounded in each of the norms || ¢ ||,, and con- 
verges regularly to zero. Applying the lemma just proved, we obtain that 
for any pe N*, 


ll pe — Po llo > 9, 


that is, that p, is the limit of the sequence {,} in the topology of the space 
®, q.e.d. 


We are now prepared to prove the fundamental theorem on the per- 
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fection of the countably normed space K{M,} with a system of norms 
satisfying condition (P). 

Theorem. If the functions M,(x) (p = 0, 1, 2,...) satisfy condition 
(P), then the space K{M,} ts perfect. 

The condition of this theorem is satisfied in the spaces K(a) and S. 
This holds for the space K(a) because of the fact that the corresponding 
functions M,(«) become infinite outside some ball. For the space S, 
it is possible to set (see the next paragraph) 


Mx) = [IO + Las, 


and it is evidently sufficient to take p’ = p + | in order to satisfy con- 
dition (P). Hence, in particular, we obtain from this theorem that the 
spaces K(a) and Sare perfect. However, we had established the perfection 
of the space K(a) in Chapter I, Section 6; the perfection of the space S 
could also have been verified directly. 


Proof. We have already seen that K{M,} is a complete countably 
normed space. Let us prove that each bounded set A C K{M,} is compact. 

Let p, €A(v = 1, 2,...) be an arbitrary bounded sequence; it is 
sufficient to show that it contains a convergent sub-sequence. 

Because of the boundedness of the norm || q,||,, the functions 
| Op,(x)/Ox; | (J = 1, 2,... n) are uniformly bounded. Hence, by virtue of 
the Arzela theorem, a sub-sequence 9; , p12». exists which converges 
uniformly for | x| < 1. Because of the boundedness of the norm || ¢,, llo 
for | x | < 2, the values of | 0—,,(x)/0x,0x,; | are bounded. Hence, accord- 
ing to the same Arzela theorem, it contains a sub-sequence qo, 5 pogs- 
for which the values of the first derivatives Op,,(x)/8x; converge uniformly 
in the domain | x | < 2. From the convergence of the functions pa for 
|x| < land the uniform convergence of their derivatives for | x | < 2, 
there results the uniform convergence of these functions for | x| < 2 
also. Continuing further in this manner, and then applying a diagonal- 
ization process, we obtain a bounded sub-sequence p11 , P22,- which 
converges uniformly together with all its derivatives to some limit 
function p(x) in any bounded domain. Applying the corollary of Lemma 
4, we obtain that the sequence ¢,, converges to the element pọ in the 
topology of the space K{M,}, q.e.d. 


Later, speaking of the spaces K{M,}, we shall, as a rule, assume that 
the condition (P) is satisfied, without stating it explicitly.® 


5 There is no necessity for this in Section 2.4. 
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2.4. Equivalent Systems of Norms 
Let there be given two systems of functions M,(x) and M,(x«) 
(p = 0, 1, 2,...), satisfying the conditions 


M(x) 
M;(*) 





0<C(p) < < Cp), (1) 


where C(p) and C’(p) are some constants. We shall assume this in- 
equality to be satisfied even where M,(x) = M,(x) = œ. 

Let us show that the countably normed spaces K{M,} and K{M;}, 
constructed respectively by means of the functions M,(x) and M, (x), 
coincide (in store of elements and in topology). 

In fact, if the expression 


| p llo = sup, M,(x) | Dp(x)|, 


laixp 
is finite for some function g(x), then the expression 
Il ell, = sup, M(x) | D*g(x)| 
laixp 


l ee oe 
< Gp Suez M(x) | D¢g(x)| CH) Il ell (2) 


is also finite; the converse is also true since 


ello < C(P) le ll. (3) 


Therefore, the spaces K{M,} and K{M,} consist of the same functions. 
The inequalities (2), (3) show, moreover, that the systems of norms || 9 || 
and || @ ||’ are equivalent in the sense of Chapter I, Section 3.6, it hence 
follows that the spaces K{M,} and K{M,} coincide as topological spaces. 
As we have already stated in Section 2.1, we shall call the systems 
of functions M,(x) and M,(x), satisfying conditions (1), equivalent. 


Example. Let 


k k. 
M,(x) = Hest | xt ot x” 


and 


M(x) = (1 + ||)? (1 + | Xn |)? 


96 FUNDAMENTAL AND GENERALIZED FUNCTIONS Ch. II 


(the space S). Then evidently 
M(x) < Mx). 
On the other hand, since 


2 for | 
P+ 11S is | 


then 


Mix) < 2"”M (x). 


Therefore, the systems of functions {M,(x)} and {M,(x)} are equivalent. 


2.5. Functions of Bounded Support in the Space K{M,} 


Let us show that the set of all functions of bounded support is dense in 
any space K{M,}.® 

It is evident that if the functions M(x) are finite everywhere, the space 
K{M,} then contains all infinitely differentiable functions of bounded 
support. 

Let us construct an arbitrary infinitely differentiable function A(x), 
which equals | for | x | < 1 and zero for | x | > 2. Let us set 

m 


= Ds ; 
» = mak, | Deh(x)| 


It is evident that for any v = 1, 2,..., the inequality 


max, <m 


lai<p 





Deh (=) 


v 





p 


holds. Let us determine a sequence of infinitely differentiable functions 
of bounded support p(x) = (x) - A(x/v)(v = 1, 2,...) for a given 
p(x) = K{M,}. Let us show that these functions converge to the 
function g(x) in the topology of the space ® as v — œ. In conformity 
with the results of Section 2.7, it is sufficient to verify that the sequence 
of functions »,(x) converges regularly to g(x) and is bounded in each of 
the norms || ¢ ||, - 

The regular convergence of the sequence p,(x) results from the fact 
that, starting with some number v > vy, the functions ¢,(x) coincide 


€ We assume condition (P) to be satisfied. 
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with the function g(x) in any bounded domain. Let us now estimate the 


numbers || p, ||, - For | q | < p we have’ 


M,a) | D'ea)| = Mx) | E CDR (Z) Drg) 
< E Cim, Ma) | DOA) < Cyma |l pla» 


from whence it results that the numbers || p, ||p are bounded by a constant 
independent of v. Therefore, the sequence g,(x) is bounded in the space 
K{M,}. As we have seen, this is sufficient for the validity of our assertion. 


2.6. The Spaces Z{M,} 


Now, let us turn to the spaces ¥ = Z{M,}. 
We let W, denote the set of entire analytic functions for which 
| # ll, < œ for fixed p. 


Lemma 1. Jf the sequence 4,(z)¢ F, is bounded in the norm ||% |p 
by a constant C and converges regularly, then tts limit 5,(2) also belongs to 
the space P, and has therein a norm not exceeding C. 


Proof. The sequence %,(z) is bounded in modulus in each bounded 
domain. Since it converges to some limit function %(z) for real z = x, 
then by virtue of the fundamental theorem for analytic functions it 
converges to the limit y(z) in each bounded domain, where (2) is the 
analytic continuation of the function p(x). 

Furthermore, we may apply reasoning analogous to that used in the 
proof of Section 2.2, Lemma 1; it shows that the quantity || yo ||, is 
bounded by a number C, as is required. 

Now repeating the reasoning of Section 2.2, we find that the space Y, 
is complete relative to the norm || 4 ||, and, therefore, the completion P, 
of the space ¥ in the norm || ||, is some subspace of the space Y, . 
Hence, it furthermore follows that the intersection of all ¥, coincides 
with our Y. 

Exactly as in Section 2.2, we prove that the norms || ||, are pairwise 
compatible. Therefore, Z{M,} is a complete, countably normed space. Let 


7 In the n-dimensional case, 
Hey 


T= (hrga) k = (k pas kn), and Cè = Cto CR 


where C¥ are the customary binomial coefficients. 
t 
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us impose the additional condition on the functions M,(z): For any p, 
there exists a p' > p for which 





lie, Gy =o o 


Then exactly as in Section 2.3, we arrive at the following result: If a 
sequence 7¥,(z) € ¥ is bounded in each of the norms || +% ||p and hence 
converges regularly to some function p(z) (given initially only for real 
z = x), then %(z)e¢ ¥ is indeed the limit function of the sequence 
{yo(z)} in the topology of the space Y. 

Exactly as in Section 2.3, this result leads us to the concluding theorem. 


Theorem 1. The space Z{M,} is complete under the condition (1). 
Exactly as in Section 2.4, it may be established that two systems of 
functions M,(z) and M,(z), satisfying the inequalities 


0 < C) < HER < Cp), 2) 





determine coincident spaces Z{M,} and Z{M,} (in store of elements and 
topology); the corresponding systems of norms || 4 ||p and || + ||, and the 
systems of functions M,(z) and M;,(z) themselves are called equivalent. 

Condition (1) is known to be satisfied in the space Z(a). Indeed, because 
of the preceding theorem, in this case it is possible to put 


M2) = el T] (1 + | 2 |); 
j=l 


it is evidently sufficient to take p’ = p + 1 to comply with condition (1). 
Therefore, because of the last theorem, the space Z(a) is perfect. 


3. Operations with Generalized Functions 


3.1. Linear Operations and Passage to the Limit 


We have defined generalized functions as continuous linear functionals 
on some fundamental space ®. Therefore, the set of generalized functions 
on the space ® is the conjugate space ®’. 

Linear operations and the passage to the limit are defined naturally for 
generalized functions as elements of the conjugate space. 
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Linear operations in ®’—addition and multiplication by a number— 
are given by the formulas® 


(A +f, ¢) = fio P) + z p) 
(of, p) = of, ¢)- 


As regards the passage to the limit, in this chapter we shall use only 
“weak” convergence, namely, we shall say that the sequence f,c ®’ 
converges to the functional f € ©’, if for each g there holds the relation- 
ship 

(F P) —> (S; p). 


We have proved in Chapter I, Sections 5 and 8, that the conjugate 
space ®’ is complete relative to weak convergence of sequences. This 
means that the space of generalized functions has the following property: 
If for each p € ®, the numerical sequence (f, , p) has the limit f (p), then 
J (¢) is also a continuous linear functional. 

Let us indicate a simple sufficient condition for convergence of the 
sequence of functionals f,c ©’, corresponding to the functions f,(x) 
(v = 1, 2,...) (we call such functionals regular). 


Theorem. Let it be known that a sequence of functions {f,(x)} satisfies 
the following conditions: 


(a) | f(x) | < g(x), where g(x) is a locally integrable function also 
defining a functional on the space ®; 
(b) The limit relationship 
lim f(x) = fo(*) 
holds almost everywhere. 


Then the function f(x) also defines a continuous linear functional fọ on 
the space ® and lim f, = fo in the weak topology of the space ©’. 


Proof. Applying the Lebesgue theorem to the sequence f(x) (x), 
which is majorized by the integrable function g(x) | p(x) | in the domain 
| «| < a, we obtain the estimate 


e de = T (8) 


pow 


< Jaat | p(x)| dx < f | o(x)| dx, 


8 In the case of complex numbers, we have 


(of, p) = (F, àp) = af, p). 
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which guarantees absolute convergence of the integral 


| A) de = (fo o) 


As the (weak) limit of continuous functionals f, , the functional fọ is also 
continuous, q.e.d. 


Let us note that regular functionals may converge to singular func- 
tionals. Thus, in Volume 1, Chapter I, Section 2 we constructed various 
sequences of regular functionals, which converge to the delta function. 
Furthermore, we shall see in Section 4 that in a broad class of spaces 
regular functionals form a dense set among all the functionals. 

Further operations in the space ®’ may be defined in terms of the 
operations existing in the space ® as conjugate operations to the latter 
(see Chapter I, Sections 7 and 8). In the space ’, the designations of 
operations obtained by such means depend on which (classical) operations 
of analysis the given conjugate operation will correspond to if it is applied 
to functionals of the function type. 


3.2. Multiplication by a Function 


Let us assume that multiplication by some function g(x) is a continuous 
linear operation in the fundamental space ®. In conformity with 
Chapter I, Section 7, this means that for any  € ®, the product gp again 
belongs to ® and that gp, — 0 in the topology of ® results from p, — 0. 
Such a function g(x) is called a multiplier in the space ®. 

An operation in the space ©’, defined by the formula 


(gh p) = (S, 8p), (1) 


that is, an operation conjugate to the operation of multiplication by g(x) 
in the space 9, is called multiplication by the function g(x)? 

Let us confirm the soundness of this terminology. If f is a functional 
of the type of the function f (x), we then have 


(ef, p) = (F, gp) = | F(x) (x) @(x) de 


= | L 8a) a) dx = (8) F@), p), 


? In the complex case, multiplication by the function g(x) in the space ®’ is defined by 
the formula 


(sf, P) = (F, žo), 


under the assumption that Z is a multiplier in ®. 
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that is, gf is actually a functional of the function type—the product 


&(x) f (x). 


Examples. Any infinitely differentiable functions (in the domain 
|x| < aorin the whole space, respectively) are multipliers in the spaces 
K(a) and K. 

A multiplier in the space S may be any infinitely differentiable function 
g(x), each of whose derivatives has a growth not higher than a power type 
at infinity: 


| Dig(x)) < CL +e Da (gl = 0, 1, 25.) 
For the proof, it is necessary to estimate the expression 


x*D{e(x)p(x)} for |ql<p, |kI <p 


For simplicity, let us limit ourselves to the case of one independent 
variable. In this case, we have 


| **Dgp | < È | x* | | Dig | | Dip | C 
j 
<lat | CPC + |x [5 | Dg | 
I 
< È CIC(L + | x EAF | Do | 
3 
< 2 CdC; le let» = Cll lev - (2) 


Hence, the function | x«*D%gq | is bounded for | k | < p, |q | < p. This 
means that gp € S. Moreover, the inequality (2) shows that the operation 
of multiplication by the function g(x) transforms a bounded set in the 
space S again into a bounded set; it is therefore bounded, and therefore, 
also continuous. 

An analogous discussion may also be carried out in the space K{M,} 
under the following condition: For every two subscripts p and r, p > 1, 
a subscript s > p exists such that 


M,(x) * M(x) < CypM(2) 6) 
Then every infinitely differentiable function g(x) satisfying the inequalities 
| Deg(x)| < C, My (x) (for each q) 


is a multiplier in the space K{M,}. 
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The proof proceeds according to the scheme presented for the space S. 
Multipliers in the space Z(a) are polynomials in z; and in the space Z 
they are analytic functions g(z), satisfying inequalities of the form 


| g(2)| < CL + |2% |) ei! (4) 


for some b > O and m > 0. 

The first assertion is evident; let us prove the second. 

It is easy to see that the product of an entire function g(z), satisfying 
the inequality (4), and the function ¢(z) € Z is again a function of the 
space Z. More accurately, if p(z) belongs to Z(a), then the product gp 
belongs to Z(a + b). Hence, if || p ||{” denotes the p-th norm in the space 
Z(a), we then obtain 


ll gp [Iker = sup, | a8g(z) p(z) eter" 
kis 
< sup, | 2 |* C(L + | 2” |) 4! | g(z)| etivi 
RISP 
< Clea + Ip), 


and therefore, bounded sets in the space Z, when multiplied by g, go 
over again into bounded sets; hence, multiplication by g is a bounded, 
and consequently, continuous operation. 

Multiplication by functions of corresponding types is defined in the 
corresponding conjugate spaces K'(a), K’, S’, K'{M,}, Z'(a), Z'. 

The reader will encounter a number of other examples in Chapter IV. 


3.3. Division of Unity by a Polynomial in the Space Z’ 


In many questions, it turns out to be necessary to solve the equation 
P(z)f = 1, (1) 


in terms of generalized functions, where P(z) = P(2,, 22,..., ,) 18 a 
polynomial and f is the unknown functional. We show here that Eq. (1) 
ts always solvable in the space Z'. 
Let us assume first that P(z) has a rather special form 
m1 
P(2) = az + Y Pi(Bas0 Zn) 2", a #0. (2) 
K=0 
Let us consider a space of n + | (real) dimensions, defined by the 
n real components x,,...,x, and the imaginary component yı. We 
construct a discontinuous manifold T in this space, which we shall call 
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the “Hörmander staircase.” To do this, let us divide the (n — 1)-dimen- 
sional real space x, ,..., %, into a locally finite (i.e., finite in each strip) 
number of parts 4,,..., 4; ,... by means of (n — 2)-dimensional hyper- 
planes parallel to the coordinate hyperplanes, the parts 4; being limited 
by some value y, = y. We shall call the Hérmander staircase, the set 
of all points (x, ,..., Xn , Y1), where — œ < x, < œ, and such that if 
(Xa y+, Xn) E dj, then y, = yP (j = 1, 2,...). Shown in Fig. 1 is the 
staircase for the case of the coordinates x, , x, , y, . We shall prove below 
that for a given polynomial P(z), it is always possible to construct a 
staircase Tp , on which | P(z) | > |a |, all the| y | being bounded by an 
identical constant Cy . 







os a 


E.R 
AS a=. 






XS SD SISAL 4, LAH” 


3 
ee ae a ae 


Fic. 1. The Hérmander staircase for coordinates xı, x2, Yı. 


Having such a staircase, we set 





= AX + 11, Xese +} ce + dXn . 
(f P) TpP(% + 11, Xe 5. +) Xn) (3) 


This integral exists because the denominator exceeds |a| in absolute 
value, and the function y(«, + 2, , Xn), as a fundamental function in the 
space Z, tends to zero uniformly in y, (for | y, | < Cp) more rapidly than 
any power of 1/| x | (when | x | — œ) and is therefore integrable. It is 
also evident that the functional (3) is continuous in the space Z. 


104 FUNDAMENTAL AND GENERALIZED FUNCTIONS Ch. II 


Let us show that this functional transforms into | when multiplied by 
P(z). Indeed, we have 


(P(2)f, p) = (F, Pæ) o(2)) 
oe 


= fies A lie PAX, + tl), Xeo Xp) dx,| dx, ++: dx,- 


Because of the Cauchy formula, the inner integral, which is evaluated 
along a line in the z, = x, + zy, plane parallel to the real axis and a 
distance | y | removed from it, may be replaced by an integral on the 
real axis itself, without changing its value. We hence obtain 


P@fseo=r ff ie C8 ve Xn) di, == dy = f g(x) dx, 


Cee a,Ed; 


from which it follows that 


Pla)f = 1, 
q.e.d. 
Now let us show that the staircase on which | P(z) | > | a | exists. 
Let us consider the polynomial 


m-1 


P(a) = az" + YD) Pazo Zn) 2" 
b=0 





for tie fixed values 2, = X2,..., Zn = *, . It has not more than m 
roots 2{”’,..., 21? on the z,-plane and admits the expansion 
P(z) = a(z — 2M)(z — 2?) +. + (z — al), (4) 


A line y, = const, which is removed by not more than | from all the 
roots of the polynomial may always be drawn ina strip | y, | < m + | of 
width 2m + 2; it is seen from (4) that on this line, we have 


| P(z)| >| a]. 


Since the roots of a polynomial with constant highest coefficient depend 
continuously on the remaining coefficients, then for a sufficiently small 
neighborhood of the point (z, ,..., Zn) the corresponding roots 2{”,..., 2{”” 
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will be disposed in the z, plane in circles as small as desired around their 
initial positions. Hence, the inequality 


| P(z)| > || 
will hold along the line y, = const, in some neighborhood of the point 
By = Xa pees Zn = Hy 
Then we may associate with each point in the space (xz ,..., #,), some 


neighborhood which satisfies the above conditions. It may be considered 
that these neighborhoods are bounded by hyperplanes parallel to the 
coordinate hyperplanes. Applying the Heine-Borel Lemma, from all the 
coverings of the space (x, ,..., X„) by such neighborhoods, it is possible 
to select a locally finite covering 4, , A, ,..., 4; ,...; furthermore, replacing 
each A, by 4; = A, — 4, — ++: — 4; , we obtain a sequence of disjoint 
domains which together with the corresponding values y{? also deter- 
mine the corresponding staircase. 


We have proved the theorem on the existence of a functional f for a 
polynomial P(z) of the special form (2). 

Now let P(z) be an arbitrary polynomial. Let us show that there exists 
a nondegenerate linear real coordinate transformation 


n 


xj = Yi enée, det || ex || 4 0, (5) 


k=1 


which reduces the polynomial P(x) to 
m1 
P(x, yeee Xn) = ag,” + X Palé yere En) é", a F 0. (5°) 
K=0 


Proof. The linear transformation (5) with the still undetermined 
matrix C = || ¢;;, || transforms the polynomial P(x, ,... x,) into some new 
mth degree polynomial in the variables é ,..., &, . The coefficient of £,” 
is obtained from the highest degree terms of the polynomial P and is 
some polynomial of elements of the first column of the matrix C. More 
exactly, if 


Zip ywlar . « vine 
PEE st 
; 


is the set of terms of degree m, the coefficient of £,” has the form 


Gr plr aaa of 
Cii Coy ont (6) 


r 


The terms of this polynomial are all distinct; hence, it is not degenerate 
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and is capable of taking on nonzero values. A system of real numbers, 
not all equal to zero, which guarantee a nonzero value a for (6) may be 
taken as the ¢,, ,..., €,; - The remaining elements of the matrix are selected 
arbitrarily so that det || c» || is different from zero. 

The way to prove the existence of the functional f, satisfying the 
equation 


Plz)f = 1, (7) 


in the general case is now clear. 

Let us make the linear transformation of the arguments z = C2’, 
reducing the polynomial P(z) to the form (7). In this transformation, the 
space Z goes over into itself, and therefore, the space Z’ also remains 
invariant. 

We solve the equation 


P(Cz')g = 1 


for the transformed polynomial. The existence of the functional g = g(z’) 
has been proved above. Furthermore, we determine the functional f from 
the condition 


f(z) = (C2). 
We will then have 


P(z) f(z) = P(C2’) f(C2') = P(C2') ge’) = 1, 
qed. 


The existence of the functional f satisfying (7) has thereby been proved 
in the general case. 


3.4. Differentiation 


Let us assume that the operation @/0x; is defined and continuous in the 
fundamental space ®: For any function (x) € ®, the derivative ép/0x; 
also belongs to ®, and from 9,(«) — 0 it follows that dp,/@x; > 0 in the 
topology of ®. The operation defined by the formula 


cee ees) o 


Ox; 





that is, the operation conjugate to the operation — 0/0x,in the space ®, 
is called the operation 0/@x, in the space ©’. 
Let us verify the soundness of this definition. If fis a regular functional 


3.4 Operations with Generalized Functions 107 


of the type of a function continuously differentiable with respect to x, and 
finite, then by integration by parts we obtain 


(abe) = (4 =) [Ot 
FE pa) de = (ZE, a), 








that is, the operation 0/@x, transforms the function f(x) into its conven- 
tional derivative with respect to x; . 

The operation of differentiation in the space ®’, as the conjugate to a 
continuous operation, is itself a continuous operation; if f, — f in the 
(weak) topology of the space ®’, then 


af. , of 
ôx; Ox; 





also in the same sense. 

Since the differentiation process may be repeated, each generalized 
function has derivatives of all orders, and each differential operator of 
finite order (where a,(x) are multipliers in ®) 


out *t8n 
P(D) = } a(x) D? = } a, Gal) gaa Gxt * 
is a continuous operator in ®’, The formula by which the operator P(D) 


operates is the following: 


Rit iti, 


(PDS) = (Laue) ag a) 





gat Hing 
( Axe +++ Oxdn ? a(s) P) 
n 


= g (Ane ae al) 9) 
= (f PD) 9), (2) 


where P*(D) denotes the conjugate differential operator defined by 


PAD) @ = DODN eh (3) 
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If the coefficients a,(x) = a, are constants, then P*(D) = P(—D) and 
the formula simplifies 


(PP) Fe) = (f, P(—P) p). (4) 


In particular, (4) shows that for mixed derivatives in the space ®’, the 
result is independent of the order of differentiation. 


Examples. Evidently the operations 0/@x; are everywhere defined, and 
continuous for any j = 1, 2,..., n in the spaces K(a) and K. 
These operations are also everywhere defined and continuous in the 
space S. In fact 
| ap xD ay 
Ox; 


= sup, | x*D%p | < Illini, 


iki lg! <p+1 





= sup, 
p Ikl lal <p 














from which the boundedness results, and therefore, also the continuity 
of the operations 0/0x, in the space S. 

Corresponding conclusions turn out to be valid for the space K{M,} 
also, if the following condition is satisfied: For any subscript p, a subscript 
p > p exists such that the inequality 


M(x) < CoM, (x) (5) 


holds. The proof is analogous to that presented for the space S. 

Let us verify that the operation @/@z, is also continuous in the space 
Z(a). 

Applying the Cauchy formula in the plane of the complex variable z; , 
we obtain (| k | < p): 


k p(z) — Ël. okn p(z) 
F Oz; = aL Fn 02; 


BEGONIA 


kijla 
1 
02; 


art ainga) 





1 BEL vee EPI one naa, suey Erse Sn) 
2ri en (5; — z) ë; 


Fy... okj-1 aae ok, 
a k;zi' . z; Zn"G(8), 


from which 


é 
at EF | < Ma llo et + k | o lly 620910; 
$ 
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therefore 


| ap 
| êz; 








etl < ell + killo lla, 








ap 
= sup, | 2* => 
mee 02; 


which proves the boundedness, and thus the continuity of the operation 
0/02; in the space Z(a). Meanwhile, we also obtain continuity of the 
operation 0/02, in the space Z. 

The reader will find other examples in Chapter IV. 
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4.1. Structure of Generalized Functions in the Space K{M,} 


First, let us find the general form of linear continuous functionals in 
the space ® = K{M,}, defined by a system of functions M,(«) with the 
norms 


elle = sup. M(x) | D%(x)|. (1) 


Here, as above, we shall assume the condition (P) of Section 2 to be 
satisfied: For a given e > 0 and any number p, a p’ > p and an N exist 
such that if 


|x| >N or Mx) >N, 


then 
M (x) < «M,(2). 


As we have seen, there follows from this condition in particular, that for 
any natural integer q, 


M(x) D%p(x) — 0 


for | x | — 0 or M,(x) > o. 

By virtue of the theorem on the structure of the space conjugate to the 
countably normed space (Chapter I, Section 4), it is sufficient to find the 
general form of the linear functional on the normed space ©, , obtained 
by completion of the space ® in the norm ||ọ |lp. As we have seen in 
Section 2, ©, is a closed subspace of the space ®, of all functions g(x), 
having derivatives to order p, for which the norm (1) exists; hence, 
applying the Hahn—Banach theorem on the extension of a linear func- 
tional, every linear functional f€ ®, can be extended in the space ©, . 
Therefore, it is sufficient to describe functionals in the space ®, . 
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For each function g(x) e p, let us consider the set of all functions 


pals) = M,(x) D%y(x), (lall < p). 


We obtain thus a mapping of the space ©, into the direct sum ¥, of a 
finite number of spaces of continuous functions p(x) (| q | < p). Evid- 
ently the mapping p(x) <> {y,(x)} is one-to-one. Defining the norm of 
the element {y¥,(x)} as supy,| (x) |, we see that the norm is also 
conserved for this mapping. Hence, we may assume that ®, is a closed 
subspace of the space ¥, . 

Applying the Hahn—Banach theorem, the functional fe ©, may be 
extended into the whole space Y,,. Afterwards, by the Riesz~Radon 
theorem,!° we may write its general form: 


Gey | MaE) Digla) doaf”), (2) 


where og(x) is a measure in the space R,, , concentrated in the set of all 
points where the functions M,(x) are finite. 

The norm of this functional as a functional on the space Y, , equals 
the sum of the variations of the function o,(x). Let us note that the func- 
tions o,(x) are not generally uniquely defined by the values of the 
functional f on the space ©,. But since the Hahn—Banach theorem 
guarantees the possibility of extending the functional without changing 
its norm, the sum of the variations of these functions exactly equals the 
norm of the functional f in ©, . 

Thus, we have established the following theorem. 


Theorem. Every linear continuous functional (f,p) in the space 
= K{M,} may be written in the form 


(y= > | 1,2) Deo (x) dou(x), 


where the norm of the functional f (extended to the space Pp) equals the 
sum of the variations of the function o,(x). 


Let us note that the least value of p is none other than the order of the 
functional f (see Chapter I, Section 4). 


10See, for example, F. Riesz and B. Szekefalvy-Nagy. “Lectures on Functional Analysis,” 
p. 143. Gostekhizdat, Moscow, 1954, 
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4.2. Simplification of the Writing in Spaces with the Condition (N). 


With additional conditions on the functions M(x), the obtained result 
may be written in a rather different, more simple form in terms of the 
customary integrals in place of the Stieltjes integrals. 

This is the case, e.g., if the system {M,(x)} satisfies the following 
conditions: 


(M) In the limits of any n-eder, where the coordinates x, are of 
constant sign, the functions M,(x) are quasimonotonic with 
respect to each of the coordinates, i.e., in each n-eder 


(Lact, | < | 5) > Ma, neces Xi pees Xp) S M(H, pees HF yee 2p) 
for every fixed point (a, ,..., Xj s Xj41 7o Xn) 
(N) For each p a p’ > p, may be given such that the ratio 


MA) _ x 
M,(x) po'(*) (1) 





tends to zero for | x | — œ and is a summable function of x. 
(Where M(x) = Mp (x) = œ, we set this ratio equal to zero)." 


The condition (M) has a technical character (and can be weakened); 
the condition (N) is fundamental. 
If the condition (N) is satisfied, then for each p the expression 


lol, = sup | M,(x) | Dig(x)| dx. (2) 
lal <p 


has meaning. In fact, by virtue of the condition (N), we have: 
M(x) | Deg(x)| < myy(x) Myx) | Depla) < morla) Il o lla» 


from which results the existence of the integral (2) as well, in addition to 
the inequality 


lel = sup M(x) | D'g(x)| dx < By lle lly, 
gais 
where B, is an integral of the summable functions mpp' (x). 


Now let us estimate || ¢ ||, in terms of || ¢ |/p,1 - Let x) and gp be those 
values of x and q (| q | < p), for which the least upper bound is obtained 


u (N)—-Nucleaire (Fr.). We shall see in Chapter IV of Volume 3 that the condition 
(N) guarantees that the space K{M,} will belong to an important class of nuclear spaces. 
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in the expression’ M_(x) | D%p(x)|. Let us then denote by ie the 
integral taken over the n-eder of summit x in whose limits all the coor- 
dinates have their sign constant. In view of the condition (M), we have 


lg llo = Sup, M,(x9) | D*p(xo)| 


lai<p 


+00 
< sup, M,(x) f D*9(£) dé 


= C, sup, 1 M(E) | DEE) dé < C lle lya- 


lal <p 
Thus the inequalities 


lela <Bollells llel < Coll ellos 


hold. 

This means that the system of norms || ¢ ||, is equivalent to the system 
of norms || ¢ ||, . The space ® may be represented now as the intersection 
of a sequence of normed spaces Ø”, each of which is obtained by com- 
pleting the space ® in the corresponding norm || ¢ ||, . Each continuous 
linear functional in the space ® is a continuous linear functional, for 
some p, in the space ®?. Hence, it is sufficient for us to find the general 
form of a continuous linear functional in the space ©”. The space Ø” is 
the isometric part of the space ®?, formed by all functions y(x), for which 
the expression 

loll = sup | M,(x) | D%g(x)| dx 

lai <p 
has a meaning. Finally the space GP is a closed subspace of the direct 
sum Y of a finite number (equal to the number of subscripts q, | q| < p) 
of spaces of functions which are integrable with fixed weight M,(«). The 
continuous linear functional f may be extended into the whole of this 
space ¥ with the norm conserved. The general form of any continuous 
linear functional in the space ¥ is 


È | Ma) Dila) fx) ae, 
igi<p 
where f,(x) (| q | < p) is a bounded measurable function. It hence follows 


12 Such finite values of x and g always exist, since the functions M,(x) D(x) tend to 
zero for | x | — œ and are continuous. 
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that the general form of a continuous linear functional in the space ®©? is 


Ga= © | Mo) Digs) f(a) de. 
alan 
Also defined by this same expression for any p and f(x), ts the general 
form of a continuous linear functional in the space ® = K{M,} under 
the assumption of the validity of the condition (N). 

The norm of the functional fe ¥’ equals $, sup, | f,(«)| (under the 
condition that the values of the functions f,(«) in sets of measure zero 
are neglected).Since the Hahn—Banach theorem guarantees the possibility 
of extending the functional with the norm conserved, then for the given 
functional fe ©’, it is always possible to select these functions /,(x) so 
that the norm of this functional in the space ®? is equal to $, sup, | f,()| 
(l4! <p). 

Thus, we have obtained the second theorem on functionals in the space 
K{M,}. 


Theorem. In the countably normed space © = K{M,} with the con- 
dition (N), 


M(x) 
M,(*) 





= m,,(x) EL,(R,), 
each continuous linear functional has the form 
(fe)= Z |M) Dela) fx) dx, 
laj <P 
where the f(x) are bounded measurable functions. The norm of this functional, 


extended into the normed space ®.,, , is equal to 


X SUpg | fo(x)|. 


la <p 


4.3. Case of the Spaces K and S 


In the space K(a) of infinitely differentiable functions g(x), of support 
in the domain |x| < a, the functions M,(x) equal 1 in the domain 
{| «| < a} = G, and œ outside this domain; hence, the general form 
of the functional in the space K(a) is the following: 


(Le) = LY [AE Doe) dx, (1) 


laixp 
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where f,(x) are bounded measurable functions in the domain {| x | < a}. 
Integrating by parts, the derivative with respect to x, to any order may 
be taken, hence 





o= f _ SE Degls) de (D a) 


Jal<a Ox? Oxa? TS OX,” 


where f(x) is again a bounded measurable function. Finally, still another 
integration by parts reduces (1) to 


(Fo = fy EO Deol) dx, (2) 


where F(x) is a continuous function in the domain G, . Using the defi- 
nition of the derivative of a functional, the expression (2) may be written 
as 


(S; p) = £(D?F (a), (x); 


in other words, each generalized function in the space K(a) is the 
derivative of some continuous function. 

It is not easy to write the norm of the obtained functional as a general 
formula. In every case, on the basis of the results of Chapter I, Section 5, 
it may be stated that if a sequence of functionals {f,} tends to zero, they 
all have the same order, i.e., belong to the same normed space ®p , and 
tend to zero in the norm in this space; then the corresponding continuous 
functions F,(x) may be chosen so that they will tend uniformly to zero 
in the domain G, . The converse is evident: If the functions F,(x) tend 
uniformly to zero in the domain G, , then for any fundamental function 
p € ®, we have 


(f..9) = | epee Et) Doel) de> 0. 


In the space S of infinitely differentiable functions which decrease to 0 
more rapidly than any power of 1/| x | as |.« | — œ, the functions M(x) 
have the form []j_, (1 + | x; |)”. Hence, in conformity with the theorem 
of Section 2, the general form of the continuous linear functional is given 
by the formula 


(he= E fyf TL + |x D Digla) ae 


j=1 
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With the aid of integration by parts, this expression may also be re- 
duced to an integral of just derivatives of order p: 


(fe) = f f(x) Drpla) dx, (3) 


where the function f (x) is a linear combination of functions 


Fels) TL (1 + (5D? 


and their primitives (to order p) and, hence, in every case it is a meas- 
urable function which increases less rapidly than | x |?”. Still another 
integration by parts allows us to obtain a continuous integrand f(x) by 
raising the order of the derivative of the function (x) by 1. 

Formula (3) may also be written as 


(S p) = (f De) = D7, p); (4) 


in other words, each generalized function in the space S is the derivative 
of a continuous function of power growth. 


4.4. Structure of Functionals of Bounded Support 


In the case of any fundamental space ®, the formulas 


(fe) = Z | D(x) doda) 


lai <p 


or 


(fo) = E | Dox) folx) dx 


Igi<n 


do not already yield the general form of the continuous linear functional; 
in general, the functional f depends on the derivatives of all orders. But 
in a broad class of spaces it is possible to obtain an analogous represen- 
tation for the functionals of bounded support. 

In conformity with the definitions given in Volume 1 (Chapter I, 
Section 1.4), we agree to say that the functional fe ©’ has its support 
contained in the closed set F € R, tf for any function ẹ e ®, which vanishes 
in the neighborhood of the set F, the equality (f, p) = 0 holds. 

Thus, if a functional f is regular and generated by a function f (x) of 
support in F, then the functional f has evidently the same support. 
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The validity of the converse holds, in every case, in spaces containing 
all infinitely differentiable functions of bounded support. 

If a functional f of the type of (locally integrable) functions f (x), of support 
contained in the set F, ts given on the space ®D K, the function f (x) has 
the same support. 

For the proof, we take any point xy , interior to the complement of F, 
and we consider a neighborhood U of x , which has no points in common 
with F. Since for each g(x) € K, of support in U, we have by assumption 


(fe) = | fle) gle) dx = 0, 


the function f(x) is zero almost everywhere in the neighborhood U. 
Hence, f (x) vanishes at almost all the interior points of the complement 
of the set F. But then f(x) = 0 almost everywhere outside F, as has been 
stated. 

If there is a sequence of functionals f, € 6’, of support in the set F, 
which converges to the functional f e ©’, then the equality 


(f.p) = lim (f,, p) 


v>% 


shows that the functional f also has its support in the set F; hence, the set 
of all functionals f € ©’, of support in the set F, is closed in ©’. 

We call a functional of support contained in a bounded set, a functional 
of bounded support. In some spaces, the functionals of bounded support 
form a dense subset in the set of all functionals. For example, it is so in 
spaces of the type K{M,}. In fact, let us consider the general form of 
a linear functional on the space K{M,} 


(fe) = Z |, Male) Dol) doda), 


lal<p 


or, equivalently, 
(fie) = lim E f, Male) Dole) doda). 


TO 
lai <p 


Under the limit symbol is an expression defining a continuous linear 
functional on the space ®, evidently of bounded support (contained in a 
ball of radius r). Therefore, every functional fe K’{M,} is the limit of 
functionals of bounded support, as we have asserted. 


Theorem. Let us assume that a fundamental space ® contains all 
infinitely differentiable functions (x) of bounded support. Furthermore, let 
the functional f e D' be of support contained in the parallelepiped 


|x;| <a; (J= 1,2.,..., 2). 
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Then for any e > 0, there exist continuous functions f(x), q = (qi »---» In)» 
|q | < p, which go to Q for | x; | > a; + €, such that the functional f may 
be represented as 
f= X Dfa (1) 
lai< p 
Proof. Let G,,. denote the domain defined by the inequalities 
| x;| Sa; + «e an “e-extension of the domain G,.’’ Let hdx) be an 
infinitely differentiable function, equal to onein the domain G, + 6 and 
to zero in the complement of the domain Gp, (6 < €). The decompo- 
sition 


ate 


p(x) = g(x) A(x) + p) — Ax) 


permits each function p € Ø to be represented as a sum whose first 
member will vanish outside the domain G,,«, and the second outside 
the domain G,+s. By assumption, the functional f equals zero in the 
second member, so that for any p € ®, we have 


(S, p) = (f, ph.) 


But the function pk is an element of the space K(a + e€). The space 
K(a + e), is contained, by assumption, in the space ®. By virtue of the 
theorem of Chapter I, Section 1.3, convergence of the sequence con- 
vergent in K(a + e) is conserved in this imbedding; hence f is a con- 
tinuous linear functional on the space K(a + e) also. According to 
Section 4.3, the value of the functional f for the function ph, € K(a + €) 
may be written as 


(heh) = | fda) Dph) dx = (D'ho, phd), 


where f(x) is some continuous function in the domain G,,e- Expanding 
D?(ph.) by the Leibnitz rule, we find: 


(f. 9) = (f ph) = (fo, Dreh) = (for X. Cat Dip Dh.) 


l@i<p 
= } Cfo, Dep Dh.) 
lai< p 
= $}, C,%(fo Dh., D’g) 
lai< p 
= } C,(D*(—1) fo Dh], p) 
l@i<p 


oe ( X Dfa, p)» 


lai <p 
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where f(x) = (—1)*fo(x) D?-%h{x) is a continuous function which 
vanishes outside the domain G,,.. This result agrees with the required 
equality (1). 


Corollary. If the space ® contains all infinitely differentiable functions 
of bounded support then each generalized function of bounded support in the 
space ® is the limit (in the weak convergence sense) of ordinary infinitely- 
differentiable functions of bounded support. 


Proof. It follows from the theorem proved above that the generalized 
function f is represented as 


f= }, Dfds), 
lal <p 

where the f,(x) are continuous functions of bounded support. A sequence 
of infinitely differentiable functions g,,(«), of support contained in the 
same ball in R” and which converge uniformly to f,(«) for each q may 
be formed. The convergence g(x) — f(x) holds in this case, even in the 
topology of the generalized functions space. But then the infinitely 
differentiable functions of bounded support 


glx) = }, Dg) 


la| <P 


converge also in the sense of generalized functions to 


2 DY¥(*), 


lsp 
q.e.d. 


Moreover, if the set of all generalized functions of bounded support, is 
everywhere dense in the set of all generalized functions on the space ®, 
this latter condition is satisfied, e.g., in the spaces K{M,} (Section 2), 
then the statement of the corollary may be strengthened: In this case, 
every generalized function on the space Dis the limit of infinitely differentiable 
functions of bounded support. 


Remark. Let there be a sequence of functionals {f,} having their 
supports contained in the same bounded set F, which tend to zero 
in the sense of generalized functions. Then for a given «e > 0, the 
representation 


f= DY, 


el< p 
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may be obtained, where the functions f}(x) are continuous, vanish out- 
side an e-extension of the set F, and tend uniformly to zero for v > œ, 
and p fixed. 

For the proof, let us note that the functionals f, converge weakly to 
zero in the space conjugate to the space K(a + e); hence, as has been 
mentioned in Section 4.3, appropriate functions F,(x) may be selected 
which converge uniformly to zero; in addition to these, the functions 


Jade) = (~I F(x) D?~h (x) 


will also converge uniformly to zero; q.e.d. 


4.5. Structure of a Functional Having a Point Support 


A functional having a point support has a particularly simple structure. 


Theorem. If the fundamental space ® contains all infinitely differen- 
tiable functions of bounded support at least in some neighborhood of a given 
point xo, then every generalized function having the point x as support 
has the form 

f= Yo a D(x — xo). (1) 


el< p 


Proof. According to Theorem 4 of Section 4.4 the functional f may be 
represented as 


o= E fo _ fal) Deglx) dx, (2) 


lal<n” leso] 


where the fy(x) are continuous functions in the domain 
G = {| x — xo | < e}, where e is an arbitrary positive number. 

Formula (2) permits extension of the functional f into the space K?(G) 
of all functions having continuous derivatives to order p, in G; evidently 
the functional f hence extended remains a continuous functional. 

By assumption, the functional f equals zero on every function ọ € K, 
equal to zero in a neighborhood of the point x) . By continuity, the func- 
tional f will also be zero in every function » € K?(G), equal to zero in the 
neighborhood of the point x). The closure J of this set of functions 
g € KG) in the topology of the space K?(G) contains, as is easy to 
verify, all functions p € K*(G) equal to zero, together with their deriv- 
atives to the order p, at x = x9; by continuity, the functional f also 
equals zero on all the functions 9 € J. 
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Every function g(x) € K?(G) may be represented as 


P(x) = P(x) + Q(x), 
where Q(x) has derivatives to order p equal to zero at x = x» and 
Pee) = Z CHM pea) 
a< p 


Multiplying this decomposition by the function A(x) € K?(G), which 
equals | in the neighborhood of the point xọ, we obtain a new decom- 
position whose members belong to the class K?(G): 


h(x) p(x) = A(x) P(x) + A(x) Q(x); 
here 


(f, he) = (S, p), 


since the difference Ag — g equals zero in the neighborhood of the point 
xo- By what has been proved, (f, AQ) = 0 and therefore 


(J, p) = (J, AP) 
Let us put 


bg = (s h i e—a), 


Then (f, Ph) takes the form 
a= P= L PA) Dewees) = E c Dele) 


which agrees with (1) if we use the notation a, = (— 1)? c . The theorem 
is thus proved. 


4.6. Example: Solution of the Laplace Equation with a Power Singularity 
The example pertains to the following well-known theorem. 
Theorem. Let it be known that a function f(x) satisfies the Laplace 


equation everywhere except at the origin, where it has a singularity of order 
not higher than a certain power: 


Fœ) < << (p fixed). 


4.6 Structure of Generalized Functions 121 


Then, to the accuracy of a harmonic member, f (x) ts the result of applying 
some differential polynomial operator P(D) to the fundamental solution of 
the Laplace equation. 


Proof. Let us consider the generalized function f € K’, which agrees 
with the function f (x) everywhere except at the origin. Such a generalized 
function f may be constructed by means of the formula 


p) = [F — P(e) €(x)] dx, 


where P(x) is the Taylor polynomial for the function (x): 


P= g PRO a 


[k[<p-1 





and e(x) € K is a function equal to one in the ball | «| <1 and equal 
to zero, say, outside the ball | x | > 2. 

Applying the Laplace operator to the functional f, we obtain a func- 
tional which is zero everywhere outside the origin. It hence follows that 
Af is a functional having for support the origin 0 of R”; by virtue of the 
theorem in Section 4.5 Af may be written as 


Af = Y. a, D%8(z). 


Furthermore, let us consider the functional g = > a, D%E, where E is 
a fundamental solution of the Laplace equation. Since AE = ô(x), then 


Ag = } a, DAE = YẸ a, D%8(x) = Af. 


Hence A(f — g) = 0, i.e., the functionals f and g differ by a harmonic 
function, q.e.d. 


More accurately, the difference f — g is a generalized function which is 
a solution of the Laplace equation. But we shall soon see (Ch. III, 
Section 3.6) that every solution of the equation Au = 0 in generalized 
functions is an ordinary harmonic function. 

This theorem remains valid for any partial differential equation with 
constant coefficients, since for any such equation there exists a fun- 
damental solution (Volume |, Chapter I, Section 5; Volume 2, Chapter II, 
Section 3.3, and Chapter III, Section 2.4). It is understood that the har- 
monic function in the formulation of this theorem should now be replaced 
by the solution (in generalized functions) of the appropriate homogeneous 
equation. 


CHAPTER III 


FOURIER TRANSFORMATIONS 
OF FUNDAMENTAL 
AND GENERALIZED FUNCTIONS 


1. Fourier Transformations of Fundamental Functions 


In Volume 1, we considered Fourier transformations of generalized 
functions on the fundamental space K of infinitely differentiable functions 
of bounded support. Now we shall consider Fourier transformations of 
generalized functions on any fundamental space. In Volume 1,a functional 
on the space Z composed of some entire analytic functions, Fourier 
transforms of fundamental functions of the space K, was the Fourier 
transformation of the generalized function on the space K. In the general 
case also, a functional in the space ® of Fourier transforms of functions 
of the space ® will be the Fourier transform of a generalized function 
in the space ®. Hence, we should first consider Fourier transforms of 
the fundamental functions of the space ®; Section | is devoted to 
this. Fourier transforms of generalized functions are considered in 
Section 2, and some applications of Fourier transforms to differential 
equations are mentioned. The convolution operation is studied in Section 
3; the results are used to obtain new theorems on Fourier transforms of 
generalized functions. Finally, Fourier transforms of entire analytic 
functions, the generalization of the classical Wiener—Paley type theorems, 
etc., are considered in Section 4. 

Chapter IV, devoted to the special fundamental spaces of the type S 
(and W), is a continuation of this chapter. As already mentioned in the 
introduction, within these spaces the Fourier-transform apparatus 
becomes extremely flexible, because the Fourier transforms carry these 
spaces into each other, and permit important general theorems to be 
obtained on the Cauchy problem (uniqueness of the solutions and 
correctness of the statement of the problem; see ChaptersII and III of 
Volume 3). 

In this chapter we shall consider complex spaces of fundamental and 
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generalized functions. In particular, let us recall that a functional oper- 
ating according to the formula 


(9) = | FO) pla) dx 


is called a functional of the type of the function f(x), and that multi- 
plication of the functional f by the number « or the function a(x) is 
given by the formula 


(of, p) = (J, ap) = af, p). 


The theorems from the previous chapter which we shall use are proved 
for real spaces, but as it is easy to verify, they also remain valid in the 
complex case. 


1.1. Fourier Operators in the Space $ 


Let us consider the Fourier transform of the function g(x) of the 
complex space S, i.e., of the differentiable, complex-valued function 
all of whose derivatives approach zero more rapidly than any power of 
l/l x | as | «|— œ. We will show that the Fourier transform of the 
function p(x) 


n 


Fle] = Wo) = 9a) = f eega) de ((x,0) = moi), 0 


i=l 








also belongs, as a function of c, to the space S (a function of a), i.e., ¥(c) 
is infinitely differentiable, and each of its derivatives approaches zero 
more rapidly than any power of 1/| o | as | o | — œ. 

The integral in (1) admits of differentiation with respect to the param- 
eter o; , since the integral obtained after formal differentiation remains 
absolutely convergent: 


O(a . 
oe) = I, ix,e@ q(x) dx. 


The properties of the function g(x) permit this differentiation to be 
continued without limit. This means that the function p(o) is infinitely 
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differentiable. Hence, the following formula holds! 
P(D) Flp(x)] = P(D) (e) 
= f P(ix) p(x) dx = F[P(ix) p(x)] (2) 
R 


for any differential operator P(D). 
Now, let us consider the Fourier transform of the partial derivative 


(@p/0x;): 





PE ~ [, an an 


Integration by parts, taking into account that g(x) tends to zero as 
| x | — œ, leads to the expression 


PERE = in f rete de i 


Repeating this operation we obtain 
F{P(D) 9(x)] = P(—t0;) F[¢(x)]. (3) 


As a Fourier transform of an integrable function, the function 
P(—to;) F[p(x)] is bounded. Since P is any polynomial, we see that 
F[e(x)] = p(o) tends to zero more rapidly than any power of 1/| o | as 
| o | — œ. The same is true also for any derivative of ¥(c) since, as we 
have seen, the expression @/0c; say, is the Fourier transform of the 
function ixg(x), which also belongs to S. 

Therefore, any derivative of (o) tends to zero more rapidly than any 
power of 1/| o | as | o | > ©, q.e.d. 

Thus, ¿f a function (x) belongs to the space S (a function of x), then 
p(o) = F[p(x)] also belongs to the space S (a function of o). 

An analogous statement is proved in exactly the same manner for the 
inverse Fourier transform F-!, which, as is known, is defined by the 
formula 


pla) = FAME) = are | Eo) do; (4) 


1 Let us recall that 
gite ty 
P(D) = D* = —_— 
(D) La È ar.. ky ax, Fi ae aan 
analogously 


Pix) = Balie D ap ve, (1)? o (ixn). 
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tf p(o) belongs to the space S (a function of o), then p(x) = F-[b(c)] also 
belongs to the space S (a function of x). 

Let us note that by applying the operator F-' to (2) and (3), and re- 
placing F[p] everywhere by %, and » by F-"[%], we obtain the following 
formulas for the operator F-': 


F-P(D) Y(e)] = PGx) Figo); (5) 
P(D) F[yp(o)] = F[P(—io) (e)]. (6) 


From the proved assumptions, it follows that the operators F and F-* 
map the space S conformally one-to-one into itself. These operators are 
evidently linear. 

Let us show that convergence in S, defined as convergence in a dual 
space, hence agrees with the original convergence in S. It is sufficient 
to prove that the operators F and F-' are bounded. Let us verify this for 
the operator F. For k, + ©- + k, + q + °° + qn <p, we have 


(io): Diy(o) = f DIE) o(x)] et) de 
=} C/i |: Dix? Dig(x) 2-2 dx, 
from whence 
| o Dop(o)| < ¥ Ax f | x4- Dř-ip(x)| dx 


xi Dk-ip(x ; 
= Dn | ere < È Axe ll ¢ ilove - 
i=1 i 
Hence 

| x lla < A, Il p llp--2 , 


which also proves boundedness of the Fourier operator in the case under 
consideration. 

An analogous calculation may be carried out for the operator F—' but 
there is no need, since we may refer to the theorem on the inverse oper- 
ator (Chapter I, Section 7.2). 

Let us summarize: the Fourier operators F and F— are continuous linear 
operators in the space S which map this space into itself. 

More precisely we have: 


Theorem. The Fourier operators F and F~ establish two reciprocal 
isomorphisms between the topological spaces (S), and (S), , i.e., two auto- 
morphisms on S, uf we identify the variables x and o. 
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1.2. Fourier Operators on the Spaces K and Z 


Let us now recall the connection between the spaces K and Z con- 
sidered in Volume 1. 
The Fourier transform of the function g(x) € K(a), 


Ho) = Fiela) = fox) ete de 


may be continued into the complex domain s = o + ir by means of the 
formula 


p(s) = I. p(x) e2- dx = f p(x) eito dy, 


Hence, a differentiable, and therefore, also entire analytic function of s 
is obtained; for any k, it satisfies the inequality 


SH =| f Dros) een de| < eei [| Dig(s)) ae 


= Clp) ef" (=C.(#) etiltilt ee +anlraly, 


The functions ẹ(s) satisfying this inequality belong to the space Z(a). 
Evidently, any bounded manifold in the space K(a) (the | D*p | are 
bounded) goes over into a bounded manifold in the space Z(a) (the Cy(ẹ4) 
are bounded). Therefore, the Fourier operator is a bounded, and hence, a 
continuous operator transforming K(a) one-to-one into Z(a). As has been 
shown in Volume 1, this mapping is realized in the whole space Z(a). 

Thus, the space K of infinitely-differentiable functions of bounded 
support is mapped by a Fourier transform into the space Z of entire 
analytic functions ¢(s) (s = o + ir), satisfying the conditions 


| p(s + ir) < Ceti". 


By virtue of the general theorems on the inverse operator (Chapter I, 
Section 7.2), the operator F-' is a continuous operator mapping Z(a) 
into K(a). Therefore, we have 


F{K(a)] = Z(a),  F"[Z(a)] = K(a), (1) 


where the Fourier operators are linear and continuous in both cases. Further- 
more, since 


K = K(a), Z= U Za), 
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we have 
F[K]= Z, FIZ] =K, (2) 


where the Fourier operators are also linear and continuous here. 


1.3. General Case 


Now, let us consider any fundamental space ® contained in the com- 
plex space S. (In particular, the spaces K(a), K, Z(a), and Z are contained 
in S.) 

The set of all Fourier transforms of the function ọ(x)e will be 
designated a dual space with respect to ® and will be denoted by 
ð = F[d] = Y. Evidently, ¥ is a linear space, linearly isomorphic to 
the space ©. Let us introduce a topology in ¥ in conformity with this 
isomorphism; in particular, let us consider the sequence p(o) = F[9,(x)] 
to approach zero in the space ¥, if the sequence »,(x) tends to zero in Ø. 
The space ¥ = F[®] thereby also turns out to be a fundamental space. 
The Fourier operator y = F[ọ] is a continuous operator, mapping ® 
one-to-one (and linearly isomorphically) into ¥; by virtue of the same 
Theorem | of Chapter I, Section 7.2, the inverse operator is also con- 
tinuous. Let us note that formulas (2)-(3) and (5)-(6) of Section 1.1 are 
understandably retained. 

In concluding this section, let us make the following general remark: 
If a function ọ¢(— x) is contained together with each function g(x) in the 
spaces ® and Y, then together with the relationship 


F[®] = ¥, 
there also holds 


FiS] = Y. 


In fact, if the function (c) is the direct Fourier transform of the function 
g(x) e ®, then the inverse Fourier transform of the same function ¢(x) 
is the function [1/(27)"] ¢(—¢). 

For example, it is possible to write 


F'LK(@)] = Za), F{Z(a)] = K(a), 
F-K] = Z, FIZ] = K, 


together with relations (1) and (2) of the preceding paragraph. 
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2. Fourier Transforms of Generalized Functions 


2.1. Fundamental Definition 


Let us consider some fundamental space © of functions (x) and its 
dual space ¥ of Fourier transforms ¢(c) of the function g(x). 

The Fourier transform F( f) of the generalized function f e ©’ is defined 
by the formula 


(FF), Fe) = (27) (f, p). (1) 


We always introduce operations on generalized functions as conjugates 
to the corresponding operations on the fundamental functions.? 

In this case, putting F(p) = 4, p = F” (4), we see that the constructed 
operator is the conjugate to the inverse Fourier transform operator? in the 
space ¥ and is linear and continuous together with it. 

Hence, the Fourier transform of a generalized function on the space ® 
is a generalized function in the space ¥. For example, the Fourier 
transform of a generalized function on the space K is a generalized 
function on the space Z. In the latter case, the definition of the Fourier 
transform of a generalized function given here understandably agrees 
literally with the definition of the Fourier transform given in Chapter II 
of Volume 1. 

Just as there, the definition (1) is justified as follows. Let f be a func- 
tional of the type of the absolutely integrable function f (x). Furthermore, 
let g(c) be the customary Fourier transform of the function f(x), and (c) 
the Fourier transform of the fundamental function g(x). Then the 
Parseval equality* 


(Ae) = [FG g(x) dx = TF IRO if (a) eieo do! dx 
= TF Í He) f Tor da! do 
= y | ZA Ke) do = y (8V) 


2 With some kind of slight distortion, say, the operation djdx on the generalized 
functions is conjugate to the operation —d/dx, but not to d/dx on the fundamental 
functions. 

3 This is the distortion in this case. 

4 The change in the order of integration, made in the fourth step, is valid in this case 
by virtue of the absolute convergence of the double integral 


fS IF orl ae do = | | feo de - f 1o) ao. 
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holds. Hence, using our definition of the Fourier transform for the 
functional f, we obtain 


(FCS), F(e)) = (27)" (f, p) = (8, Y), 


from which F(f) = g; therefore, the Fourier transform of the function 
f(x) as a functional agrees with its customary Fourier transform. 

The definition of the inverse operator F-'(f), may be obtained if F(/) 
is replaced by g and F(ọ) by ¢ in (1): 


(85) = (27)” (F8), FM); 


hence, 
—1 v1 z 1 
(F8), Fp) = (ny (g, 4). (2) 


If differentiation and multiplication by x are defined in the space ® (and, 
hence, also in Y), then the following formulas hold: 


P(D)F( f) = F{P(ix) f], (3) 
FPD) f] = P(—2) Ff], (4) 


which are analogous to (2) and (3) from Section 1.1. 


Proof. In view of (1), and utilizing (2) and (3) of Section 1, we have 


(F[P(ix) f], F(p)) = (27) (PG) f, p) 
= (27)” (f, P(—ix) p) 
= (F(f), F[P(—ix) ¢]) 
= (F{ f], P(—D) F(p)) 
= (P(D)F( f), P(e), 


which yields (3). Analogously, furthermore, 


(FIP(D) f], Fe) = (27)" (P(D) f, p) 
= (27)” (f, P(—D) 9) 
= (F( f ), F[P(—D) ¢)) 
= (F(f), Pio) F(p)) 
= (P(—10) F( f) F(@)), 
from which (4) follows. 
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Applying the operator F—! to (3) and (4) and replacing F(f) by g, we 
obtain the formulas 


F-P(D) g] = Px) F8), (5) 
P(D) F-(g) = F[P(—10) g], (6) 


which are analogous to (5) and (6) of Section 1.1. 


Example 1. Let us find F(8). If y = F(p), then by definition 


(F(6), 4) = (277)" (8, p) = (27)” 9(0) = | He) do = (1, #), 
from which 
F(8) = 1. (7) 
Analogously 


1 


FX) = Gwin) F(L) = PML) = 8(a). 


Example 2. By means of (3) and (7), we find 
F[P(x)] = FLP(x) < 1] = P(—iD) -F(1) = P(—iD) 8(c). 


In particular 
F(x*) = (—iD)* (0). (8) 


We indicated many other examples in Chapter II of Volume 1. 


2.2. Fourier Transform of Generalized Functions of Bounded Support 


As is known, the Fourier transform of the function f(x), of support in 
the compact domain G, = {| xı | S a, | x2 | S azp |", | S an) is 
an entire analytic function of the variable s = o + ir. More accurately, 
this entire function of s has an order of growth < | and a type < a; this 
means that for complex values of s = o + ir the function f(x) satisfies 
the inequality 


f(e + ir)| < C.exp[(@ + ©) |7 |] 
(=C. exp[(a +e) |i | +++ (an +e) | Ta 1) 
for any « > 0. 
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It turns out that an analogous theorem is valid also for generalized 
functions of bounded support. 


Theorem. Ifa generalized function f on K has its support contained in 
the domain G, = {| *1| S i e, | xn | < an}, its Fourier transform f is 
then a generalized function of the type of the functions g(c), which can be 
continued analytically into the complex domain s = o + ir as an entire 
function of the first order of growth with type a and will grow no more 
rapidly than | o |2 with some q for | o | — œ and fixed r.* 


Proof. By the theorem of Chapter II, Section 4.4, for any e > 0 it is 
possible to find continuous functions f,.(x) (k = 1, 2,..., m), of support 
in the domain G,,. = {| x1 | <a, + &..., | Xn | <a, + e}and such that 


f= 2 Pr D) fil) 


The Fourier transform of the functions f,.(x) is a functional of the type 
of the functions 


Sue) = I. feda) eilt.c) dy. 
GE 


The function g;.(c) is continued analytically into the complex domain 
by means of the formula 


gido tir) = | fida) emer dx, 


ate 


and we evidently have 


| Seo + tr)| < Cexpl(a + €) | mi| +17 + (an +6) | 7n l]. 


Hence, g;,(s) is an entire function of order of growth < 1 and of type 
<a + efor any e > 0, or equivalently, of type < a. Application of the 
differential operator P,,(D) to the function fye is equivalent to multipli- 
cation of the function gt? by the polynomial P,,(is). But it is well known 
that multiplication of an entire function by a polynomial does not change 
its order and type. Hence, the expressions P,,(is) g,.(s) are also entire 
functions of order < | and of the type < a; therefore, their sum 


g(s) = 2 Pelis) Bne($) 


4 Or on any other space of generalized functions where all infinitely differentiable 
functions of compact support are fundamental functions. 
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is also an entire function of order < 1 and of type < a. Furthermore, 
the function g;,.(¢ + ir) is bounded for fixed 7 as the Fourier transform 
of the integrable functions /,,(x) e77 of bounded support; hence, the 
product P,.(tc) g,.<(c) and their sum g(c) grow no more rapidly than some 
power of | o | as | o | — oo. Our theorem is thereby proved completely. 

Let us note that, as has been shown in Volume 1, the following Fourier 
transform formula 


f= (her), (1) 


holds for any generalized function f of bounded support, where eto) 
should be understood to be any of the fundamental functions (of the 
space K), which agree with the functions e“?-”) in the neighborhood of 
the support of f. 

Formula (1) could also underlie the proof of our theorem. 

The converse also holds. 

Every entire function of order < | and of finite type, which has a growth 
not higher than a power for real s = o, is the Fourier transform of some 
generalized function of bounded support on K if it is considered as a gener- 
alized function on Z. 

The proof of this theorem will be given in Section 4. 


2.3. Structure of Generalized Functions on the Space Z(a) 


By using the Fourier transform, let us find the general form of a contin- 
uous linear functional in the space Z(a). Each linear continuous functional 
g € Z'(a) indeed defines a continuous linear functional f in K(a), oper- 
ating according to the formula 


(S p) = (27) (8,4) (fb = $)- 
But the general form of a continuous linear functional on the space K(a) 
is known (Chapter II, Section 4.3). We hence obtain that 
(g4) = | () Drg(a) dx, 
Ga 


where f (x) is a continuous function. Substituting 


D™9(x) z I, (—io)" p(o) eeo do 


2.4 Generalized Functions 133 


in this formula, and inverting the order of integration, we find 


(g, 4) = ie (io) p(o) [so ete) da! do. 
The function 
g(c) = [fe eile) dx 


can be continued into the complex plane as an entire analytic function of 
order of growth < | and type < 4; for real c, it is bounded. Multiplying 
it by (—ic)”, we obtain the function G(c), which can also be continued 
into the complex plane as an entire analytic function of not higher 
than order of growth < | and type < a; for real c, it grows not more 
rapidly than C | o |”. 

Thus, the general form of a continuous linear functional in the space Z(a) 
ts given by the formula 


C H) = J Gl) Me) do, 


where G(s) is an entire function of order of growth < | and type < a, 
which increases not more rapidly than some power of | o | for real s = o. 

Let us note that the function G(s) is not determined uniquely. For 
example, a functional of the type of the function e*(°-”) coincides with the 
null functional in the space Z(a) if | b; | > | a; | for any j. Indeed, the 
inverse Fourier transform of the function e% is 5(x — b), the null 
functional on the space K(a). 


2.4. Fourier Transforms and Differential Equations 


Let us consider two examples of applying the Fourier transform to 
problems of differential equations. 


Example 1. Fundamental Solutions of Differential Equations. Let us 
recall that the fundamental solution of the differential equation 


P(D) u = g, (1) 
is the solution E = E(x) of the equation 
P(D) E = 8(x). (2) 


Explicit expressions for the fundamental solutions of several kinds of 
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differential equations were given in Volume | (Chapter I, Section 4; 
Chapter III, Section 2; Chapter IV, Section 2). Here we shall consider 
the general problem of the existence of fundamental solutions and we 
shall prove that a fundamental solution exists in the class of functionals in 
the space K, for any linear differential equation with constant coefficients. 
Equation (2) in functionals on the space K is equivalent to an equation 
in functionals on the space Z, obtained from the Fourier transformation 
of (2): 
P(ic) Ë = 1. (3) 


The question of the solvability of (3) in the space Z’ is a question of 
the existence of the functional 1/P(éc) in this space. This question was 
solved affirmatively in Chapter II, Section 3.3. But the question of the 
existence of the solution of (2) is thereby also solved affirmatively; the 
desired solution ts the inverse Fourier transform of the functional |/P(ic) € Z’. 


Example 2. Let us call the differential operator 
. V8 
PD) = F a (i 5) 


quasi-elliptic if the polynomial P(c) = $ a,c% does not vanish at any 
point outside the sphere | o | < a. Let us show that every solution of the 
equation 

P(D) u(x) = 0, (4) 


which grows no more rapidly than a polynomial for real x is an entire 
function of z = x + ty of order of growth < | and of type < a. (This is 
true for P(D) = 4 + 1.) 

For the proof, let us construct a functional in the space S by using the 
mentioned solution u(x) of (4): 


(u, p) = |; u(x) p(x) dx. 


Let us show that the functional u satisfies the equation P(D)u = 0. 
Indeed, for any function g(x) € S of bounded support 





(P(D) u, p) = (u, P(—D) p) = i u(x) P(—D) p(x) dx. 


Integration by parts is possible here, where the boundary terms vanish 
because the function (x) is of bounded support. Hence 


(P(D) u, p) = | P(D) u(x) g(x) dx = 0, 
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that is, the functional P(D)u vanishes for each function p(x) of bounded 
support. Since this functional is continuous on S, and the functions of 
bounded support generate a dense set in S (Chapter II, Section 2), then 
P(D)yu is the null functional on the whole S; therefore, the equation 
P(D)u = 0 is satisfied even in the sense of the theory of generalized 
functions. 

Let v = ñe S’ be the Fourier transform of the functional u. Applying 
the Fourier transformation to (4), we obtain the new equation 


P(o) v = 0. (5) 


Since, by assumption the polynomial P(c) does not vanish outside the 
sphere |o | < a, the support of the functional v is contained in this 
sphere. But then, by what has been proved, the functional u(x) is an 
ordinary function, and moreover an entire analytic function of order of 
growth < | with type < a, as has been asserted. 


Remark. If the polynomial P(e) = > a,c% vanishes only at the one 
point o = Q (in this case the operator P(D) is called elliptic), the result 
may be refined. In this case the support of the functional v is equal to 
the one point e = 0. Applying the theorem of Chapter II, Section 4.5, 
we conclude that v may be written as 


v=P, (2) 8(0), 


where Py is a polynomial; hence u = P(x), by means of formula (8) 
of Section 2.1, i.e., uis a polynomial in x. We have arrived at the following 
result: If P(D) is an elliptic operator, then every solution of the equation 
P(D)u = 0, which grows not more rapidly than some power of |x| as 
| x | — 00 ts a polynomial in x. 

If the polynomial P(c) does not vanish for any real o (in this case the 
operator P(D) is called hypo-elliptic), the functional v should evidently 
equal zero. Hence, ¿if P(D) is a hypo-elliptic operator, then all solutions of 
the equation P(D)u = 0 different from the solution identically null, will 
grow more rapidly than any power of | x | as | x | > œ. Analogous results 
are valid also for Eq. (4) written in vector form; the determinant of the 
appropriate matrix will play the part of the polynomial P(o). 


3. Convolution of Generalized Functions and Its Connection to 
Fourier Transforms 


We introduced the convolution operation in Volume | for the gener- 
alized functions on the fundamental space K (of infinitely differentiable 
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functions of compact support). This operation played an important part 
in applications of the theory to differential equations. In this section, we 
introduce the convolution operation for generalized functions on any 
fundamental space Ø with the single condition that the space ® contains 
together with each function (x) all its translations. 


3.1. Translation Operation 
Let us assume that the translation operation 
Trp(x) = g(x + h) 


has been defined in the fundamental space © for all real A. Let us also 
assume that T, is a bounded operator in the space © uniformly for all A in 
any bounded domain’ | A | < hy. 

Hence, it follows first that the operator T, is continuous for each fixed 
h: If p, — 0 in the topology of the space ®, then T,p, — 0 also in the 
topology of the space ®. 

Furthermore, it may be asserted that the operator T, is continuous in h 
in a perfect space or in the union of such spaces, i.e., for each p € ® and 
h — h, , the relationship Tap —> T),,¢ holds in the topology of the space 
®©. In fact, the family p(x + h,) (h, — h) is bounded in &, and therefore, 
is compact; but since convergence in the topology of © implies conver- 
gence of the function at each point x, the single limiting point of the 
family g(x + h,) is p(x + h,). It hence follows that 


px + hy) = lim g(x + h,) 
in this topology, q.e.d. 


Example 1. There is no translation operation in the space K(a) of 
infinitely differentiable functions of support contained in the compact 
domain | x | < a. It exists in the space K of all infinitely differentiable 
functions of compact support and evidently possesses all the required 
properties. 


Example 2. Let us show that the translation operation is defined and 
bounded in the space S. To do this, let us estimate the quantity 
| Dig(x +h) for [hl <ho, R<P, 9 <P: 
sup, | x* D%@(x« + h)| = sup, |(x — h)! D%p(x)| 
< sups }, Cx’ | xh Dt9()| 
< 2hg? sup, | x* D'g(x)| = 2”ho” || ply - 


5 That is, the union of the images TA of any bounded manifold A for all k, | h] < ko, 
is a bounded manifold. 
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It hence follows that the function p(x + h) belongs to the space S 
together with the function g(x), and that the translation operator is 
bounded uniformly in A for | h| < Ay, as is required. 


Example 3. A similar discussion may be made in the space K{M,} 
also under the following conditions: For any p, there exists a p’ > p, 
such that for | A| < hy, 


M(x — h) < Con Mp (x). (1) 


Example 4. Let us show that the translation operator is defined and 
bounded in the space Z(a). Let (z) € Z(a); the function p(z + h) is an 
analytic function together with ¢(2), and 


sup, | 2*p(z + A)| etl”! < sup, |(z — h)* p(z) etl”! 


< È Cx | h | sup, | g'g(z)| esi 
< VCH Ih E l | o 


Hence, it follows that g(x + h) € Z(a) and || g(x + A, < Clloeli,, 
so that the translation operator in Z(a) is bounded uniformly in k for 
Ih] < hy. 

The reader will meet other examples in Chapter IV. 


3.2. Definition of the Convolution 


Since the function g(x + €) is continuous in x in the sense of the 
topology of © by the assumptions of Section 3.1, the expression 


(FCE), e(* + £) 


is then a continuous function of x for any fe Ø. 
Let us introduce the following definition. 
For some generalized function fọ € ®’, let us have 


fo* œ = (JAE), p(x + £) = Hx) E®, (1) 


for any function ọ € ®, and from the relationship p, — 0 imply that 
Jo * Pe —> 0 in the topology of ®; then the functional fọ is called a ”con- 
volute” in the space ®, 
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For example, ô(x — a) and its derivatives can be translated in any 
space in which a translation is defined: 


(x — a) * (x) = (E — a), ox + £) = oe + a), 
8 (x — a) x g(a) = (EE — a), g(x + 8) = —9'(e + a), 


etc. 
Now, let us consider the conjugate operation in the space ©’, defined 
by the equality 
(fo xf, p) = (f fo * p). 


Let us clarify what the operation f, * f is, if f and fo are functionals of 
the type of functions of compact support.’ In this case we will have 


(fof, 0) = Gho) = [FC || HE oe + E) del dx 
= S FE) |S Fo — +) on) dol ds 
= | \[ FOR = A axl om) an, 


where the change in order of integration is valid, since all the integrals 
are actually taken between finite limits. 
Hence, fy * f is a functional of the function type 


[AONE £) 48. (2) 


In analysis this function is called the convolution of the functions fọ and f. 
Hence, we shall designate the operation fọ x in the space ®’ as a convo- 
lution with the functional fy. Thus, we have defined a new linear and 
continuous operation in the space ©’, the convolution with the convolute fy 
operating according to the formula 


(fo * f p) = (S fo * p). 


We shall designate the operation fọ * p in the fundamental space © as 
a convolution of the functional fy with the fundamental function œ. Let us 
emphasize that if fọ is a functional of the type of the function f(x), then 
in contrast to (2) 


fo* p = | IKE — 5) pé) dë. (3) 


8 A rather more exact analysis using the Fubini theorem permits us to establish the 
validity of an analogous result even for the case of functions f(x) and fo(x), which are 
integrable in all space. 
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Numerous examples of convolutions were given in Volume | in the 
space of generalized functions on the fundamental space K (Chapter I, 
Section 4). Even there, in the general case 


& xf =f. 
Indeed 
(ê = f, p) = (f, ê * p) = (f, p). 
Analogously 
Bp 
Ox; Ox; ’ 
since, 








(She) = (65+) = (6- ae) — Gh 


xj Ox; 


3.3. Differentiation of Convolutions 


We shall derive the formula for differentiation of convolutions. Let us 
assume here that the translation operation is not only continuous but also 
differentiable in the space 9, i.e., the limit relation 


h;) — a 
wea) a (h; = (0,..., hy „e, 0) —> 0) 


j 
is satisfied for any fundamental function g(x) in the sense of convergence 
in the space ®. 


The following lemma yields a conception of the spaces in which this 
requirement is satisfied. 


Lemma. In a perfect space ® with continuous translation and differen- 
tiation operations, the limit relation 


ol + h) — ox), p 
h; Ox; 





is satisfied for each fundamental function (x) tn the sense of convergence in 
in the space ©. 


It is sufficient to show that the ratios [p(x + h,;) — »(x)]/h; remain 
bounded (in the topology of ®) as k; — 0. Indeed, under this assumption, 
a convergent sequence [p(x + h; ) — p(x)]/h;, may be selected; it is clear 
that it can converge only to Gp(x)/@x,. Since the limit is defined in a 
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unique manner, the mentioned ratio has this same limit as k; >0 
according to any law. 


Let us show that the ratio [p(x + h;) — o(x)]/A; is actually bounded as 
h;—>0 in spaces with the mentioned properties. This ratio may be 
represented as 








p(x + h;) — (x) _ 1 (™ p(x + 4;) 
i: h; I, Ox; db; . 


According to the assumption, the function [@p(x + 8;)]/3x; depends con- 
tinuously on the parameter 0; . By virtue of the theorem of the mean 
(Appendix to Chapter I, Section 4), the integral on the right side has the 
limit @p(x)/Ox; in the topology of the space as h; > 0; it hence follows 
that this integral is bounded for small A; , q.e.d. 

In particular, the assumptions of the lemma are satisfied in the spaces 
K, S, K{M,} (under the conditions (5) of Chapter II, Section 3.4, and (1) 
of Section 3.1); therefore, the result on convergence 





P(x + hy) — (x) Op 
h; Ox; 


in the topology of the appropriate space also holds in these spaces. 

The expression (f(x), p(x + &)) is not only a continuous function in a 
space with differentiable translation for any functional f, but is also 
(infinitely) differentiable; it is a fundamental function if f is a convolute. 

The following theorem on differentiation of a convolution holds. 


Theorem. Ifa functional fy is a convolute in the fundamental space ® 
with differentiable translation, then any functional P(D) fy is also a convolute 
in D and the equality 


P(DX fo * f) = P(D) fo * f = fo * P(D) f (1) 
holds. 


Proof. Let us first consider the case of the operator P(D) = 0/ 0x; . 
Since 
oe +h) — 9x) ap 
h; Ox; 





by assumption, then we have by virtue of the continuity of the operator 


So * 


g(x Ht = P(x) 


fo * fox GE 
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Hence, the function fọ * ọ is differentiable and 
ə ə 
I (ox) = fox ae (2) 


Now, let us show that the functional 0f,/0x, is also a convolute. We 
have 


of 


Ox; 


“9 = (Ge Lo -ol + 8) 


= —(fae), PEF 2) — 4 





m 


according to (2), this latter expression coincides with —(@/0x,)(fo * p) 
and is therefore a fundamental function. 
Furthermore 





(ge Uo #) = (fo G2) 
= (hes a5) = Aa +8) = Gee) 


from which the first of the equalities (1) results for P(D) = 0/0x,;. On 
the other hand, according to (2), 





i 


(+10) = -(tox 2) 


i 


—(f. ge fo 9)) 


= (Lee) = (hee), 


from which the second of the equalities (1) is obtained for P(D) = 0/0x;. 

Therefore, formula (1) has been proved completely for the case 
P(D) = 0/0x,; . Iterating the obtained result, we arrive at the validity of 
(1) in the general case also. 


3.4. Convolutions of Generalized Functions of Bounded Support 


By using the theorem on the differentiability of convolutions, we 
determine a broad class of functionals-convolutes. 
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Theorem. Jf © is a perfect space with differentiable translation 
operation, then every functional f e ®' of compact support is a convolute. 


Proof. Let us first consider the case when the functional f corresponds 
to some ordinary continuous function f(x) of compact support: 


U. p) = | fC) ox) dx. 


In this case 


f* p = (fee + E) = f FO oe + E dE (1) 


may be interpreted as the integral of the abstract function f (£) p(x + £) 
of the parameter € with values in © (see the Appendix to Chapter I, 
Section 4.4). 

This function is continuous as the product of a continuous (by 
assumption) abstract function g(x + €) and a continuous numerical 
function f (£). Hence, it may be integrated with respect to the parameter £ 
within the limits of the bounded domain, where f (£) 4 0; an element of 
the space ® will again be the result. Comparing the values at each point, 
it is easy to see the agreement between the result of integrating 
f(E) p(x + £) as an abstract function and the function represented by 
the integral (1). 

By the theorem of Chapter II, Section 4.4, the functional fis represented 
in the general case as the sum of derivatives of certain orders of finite 
continuous functions f,(«). According to what has been proved, each of 
these functions is a convolute. Since derivatives of convolutes are also 
convolutes in a space with differentiable translation, each of the deriv- 
atives of the functions f}(x) will be a convolute in ®; their linear com- 
bination, the functional f, will be a convolute together with them. 

At the same time, we also obtain a formula for the convolution of the 
functional f = > P,(D) f, of bounded support with any fundamental 
function g(x); 


fp = } PAD) fixe = } fr * PAD) p 
= È | fE) PAD) ox + £) dé. (2) 


Let us note yet another important property of a convolution with a 
generalized function of bounded support. 

If the generalized function of bounded support fo corresponds to an 
infinitely differentiable function f(x), then its convolution with any gener- 
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alized function f is a generalized function of the type of an infinitely differen- 
tiable function. 
Indeed, for any fundamental function of compact support p, we have 


SoS P) = (ffo*#) = (F, [IE ox + E) a8) 
= (F(2), [AO — 0) &) 


= | FY ~ *)) (9) ay. 


The function (f(x), f(y — x)) is the convolution of the functional f(x) 
with the function f(— x) and is hence infinitely differentiable. Therefore, 
the convolution fọ x f operates on the fundamental function p(x) as an 
infinitely differentiable function, q.e.d. 


3.5. Theorem on the Continuity of a Convolution 


Let us now establish a useful theorem on the continuity of the convo- 
lution operation. 


Theorem. If ®© is a fundamental space with differentiable translation 
operation, which contains all infinitely differentiable functions of compact 
support and the sequence of generalized functions f, (v = 1, 2,...), of support 
in a fixed bounded set F, converges to the generalized function f (whose 
support is also contained in the set F), then for any generalized function g 


fxg >f xg. (1) 


Let us first note that by virtue of the theorem of Section 3.4, f, and f 
are convolutes, and the expressions in (1) have meaning. 
To prove (1), let us show first that the relation 


frp >f*e 


holds for any fundamental function g(x) of compact support. 

It is sufficient to verify this for f = 0. 

First, let ® be a countably normed space. The functionals f, , concen- 
trated in the fixed bounded set F and converging to zero may be written, 
according to the remark at the end of Chapter II, Section 4.4, as 


f= > Df’, 


lal< p 
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where the functions f(x) are continuous, vanish outside a fixed set F, , 
and tend uniformly to zero as v — œ. According to (2) of the preceding 
paragraph, we have 


fxo= X [fe Dole + 6 dé. 


I@l<p 


Hence, we obtain the estimate 


If. * P llm < 2, max | fa (E) max || D’p(x + £)lim* mes F, , 
which shows that for any m, the norm of the elements f, x p in the space 
Öm tends to zero when v + œ. This means that f, x » tends to zero in 
the countably normed space ©. 

Now let © be the union of countably normed spaces. Convergence in 
the union reduces to convergence in the countably normed spaces them- 
selves; it hence follows that our statement is true even in this case. 

Now the assertion in the general case is easily proved. For any funda- 
mental function ¢(x), 


(fo * 8) p) = (& fo * p) > (8f * p) = (f *8, p) 


according to what has been proved, and because of the continuity of the 
functional g, q.e.d. 


Example. Let us consider the sequence of infinitely differentiable 
functions f,(x), of support in the interval (—1, 1) which tend to (x) in 
the sense of generalized functions (the ‘delta-transformed sequence,” 
see Chapter I, Section 2 of Volume 1). According to the theorem on the 
continuity of convolutions, for any functional g, 


SA) * g > (x) * g = g. 


As has been mentioned above, the convolution f,(x) x g is an infinitely 
differentiable function. Hence, we have again obtained a proof of the 
possibility of approximating any generalized function by using infinitely 
differentiable functions (Chapter II, Section 4.4); we hence also obtain 
the explicit form of the corresponding approximate infinitely differen- 
tiable functions. 


3.6. Harmonic Generalized Functions 


In this paragraph, we will consider generalized functions on the space K 
of infinitely differentiable functions of compact support. A generalized 
function f is called harmonic if it satisfies the equation Af = 0 (4 is the 
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Laplace operator). It is known that the theorem of the mean is valid for 
classical harmonic functions: The value of a harmonic function at the 
center of any sphere equals the arithmetic mean of the values on the 
sphere itself. The theorem of the mean may be written thus with the 
aid of convolutions: For any R > 0, 


f= def, (1) 


where 6, denotes the generalized function corresponding to a uniform 
distribution of mass | on a sphere of radius R, i.e., 


ôr 8(r — R) 


s i 
= pRa 


(see Vol. 1, Chapter III, Section 1). Let us show that the equality (1) is 
valid for any harmonic function f, and moreover, that it ts characteristic of 
harmonic generalized functions, i,e., every generalized function satisfying 
equation (1) is a harmonic generalized function. 

Let us first consider the equation 


Ag = ôr — ô, (2) 


where g is the unknown generalized function. 

Since the generalized function 6, — 6 is of compact support, and 
therefore, is a convolute in the space K, Eq. (2) may then be solved by 
using the fundamental solution E of the Laplace equation: 


g = (Sr — ô) * E. 


Since the fundamental solution E is known to be a harmonic function 
outside the origin, its average over a sphere of radius R with center at a 
distance greater than R from the origin, will equal its value at the center 
of the sphere. It hence follows that the generalized function g is zero 
outside a sphere of radius R with center at the origin, and is thereby 
finite. But then for any given harmonic generalized function f, we have 


(êr — 8) *f = Ag * f = g x Af = 0, 


êr*f=8*f= f, 
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Conversely, let the theorem of the mean (1) be satisfied. Then evidently 
the equation 


one af = 0 (3) 





is also satisfied. 

Let us find the limit of the functional (6, — 6)/R? as R — 0. Using the 
Pizzeti formula (see Volume 1, Chapter I, Section 3.9), we have for the 
given fundamental function ¢(x), 





Ôr — ô S(r) — p(0 
( a so) = cue (0) _ a Ag(0) =, 


where the dots replace terms containing the positive powers of R?. 
Passing to the limit, we find 


tim È 9) = + Apo) = (4. 486), ¢(x)); 





and therefore 


dp 8 


lim R? 





1 


Passing to the limit in the equality (3) (which is admissible by virtue of 
the theorem in Section 3.5), we obtain 
l As x f = l aA =0 
m E E 
q.e.d. 
As a corollary we easily obtain that there are actually no other harmonic 
generalized functions except those which correspond to the customary harmonic 
functions. 


Theorem. Each harmonic generalized function is a generalized function 
of the type of infinitely differentiable functions, harmonic in the conventional 
sense. 


Proof. Let us a(R) denote a non-negative infinitely differentiable 
function of R, of support in the interval (1, 2) and which has an integral 
equal to 1. Let us construct the functional 


2 
h = f a(R) ôr dR. 
1 
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By definition, it operates on the fundamental function p(x) (of compact 
support) according to the formula 


(hs) = (J a(R) Sx dR, g(a) 
= f? a(R) Gx, (2) AR 
= f a(R) lR Jaon p(x) dx] dR 
= Í. pe g(x) dx. 


We see that the functional # is regular; it corresponds to an infinitely 
differentiable, spherically symmetric function a,(|x |) of compact 
support. Furthermore, because of the continuity of the convolution 
operator, we have for the harmonic functional f 


he f= [ a(R) bx dR xf 
= f * @(R)(Sp * f) dR 
= f a(R) faR =f [ a(R) dR = f. 


Hence, the generalized function f is the result of a convolution of two 
generalized functions # and f, the former of which is an infinitely differen- 
tiable function of compact support. But then, by virtue of the result 
obtained at the end of Section 3.4, the generalized function f is itself 
infinitely differentiable in any bounded domain; the operator 4 is applied 
to such a function in the conventional sense. Since f is a harmonic 
functional, i.e., Af = Oin the sense of generalized functions, then Af = 0 
also in the conventional sense. 


3.7. Fourier Transformation and Convolutions 


It is proved in analysis that the Fourier transform of the con- 
volution of two integrable functions f(x) and g(x) (which is also an 
integrable function) equals the product of the Fourier transforms of the 
functions’ f(x) and g(x). 


7 For example, see E. Titchmarsh, “Introduction to the Theory of Fourier Integrals,” 
New York, 1939. 
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It turns out that an analogous assertion may be formulated for gener- 
alized functions also under certain conditions. 


Theorem 1. Let us consider the fundamental space ® with continuous 
translation, and the dual space ¥ = F[®]. If the functional g of the type of 
the functions g(c) is a multiplier in the space W’, then the functional 
J = F-‘(g) is a convolute in the space ©’ and the following formula holds: 


Ff * fi) = Ff) ER). (1) 


Proof. By assumption, the translation operation is defined and con- 
tinuous in the space ®. We assert that the equality 


F(p(x — h)) = ef F(p(x)) (2) 


holds. In fact, replacing x — h by y, we find 
Folz =h) = | o — ete de = f gly) eoo dy 
R R 
= feeds] p(y) #0 dy = ei F(p(x)). 
R 


Hence, the existence of a (bounded) translation in the space ® leads to the 
existence of a multiplier e*”-”) in the space F[®]. 

We now prove that the functional f = F—'( g) is a convolute in the 
space Ø. Applying f to the translated function p(x + A) and using the 
definition of the Fourier transformation of a functional and formula (2), 
we obtain 


f*e = (KE, p + 4) 


= Gap (EO) =o) 
= Gaye | Me oyo) do = FEB 


and since gy € ¥, the result belongs to the space 3.8 

Furthermore, if p, > 0 in ®, then F[p,] = 4, > 0 in ¥, and since the 
operation of multiplication by # in ¥ is continuous, then gy, > 0 in Y, 
from which in turn follows F-1[g},] = f * p, > 0 in ®. 

Hence, the functional f is a convolute in the space ® and the formula 


Ff * p] = &. 
holds. 


8 See the remark of Chapter II, Section 3.2. p. 100. 
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According to the definition of the convolution of generalized functions 
(Section 5.2), the expression f x fı has meaning for any f, € Ø’. 
Let us now find F(f x fi). According to the fundamental formula (1) 


(FF * fi), Fe) = (27) (f * fi p) 
= (20)" (ff * 9) 
= (FA), FF * p)) 
= (F(A), &) = (ge) F(A), Fe), 
from which formula (1) also results. 


We prove the converse under more restrictive assumptions. 

Theorem 2. Jf @ is a space with a differentiable translation, which 
contains all infinitely differentiable functions of compact support, where these 
functions generate a dense set in ©, and if f is a generalized function of 


compact support (and therefore, a convolute according to the Theorem of 
Section 3.4), then f = gis a multiplier in the space P’ = G' and the formula 


F(f*fl) =8-& 
holds for any generalized functions f, and g, = f, . 
Proof. Let us first consider the Fourier transform of the convolution 


J * p, where p(x) is a fundamental function of compact support. We have 


F(f x p) = FE), 92 + £) = | (AO, oe + 8) dx, 


since f x p = (f(E), p(x + €)) is a fundamental function by assumption. 
The obtained integral may be represented as 


(AQ, | eega + £) da), 


since the function e=) g(x + €) may be considered a continuous 
abstract function of € (with values in ®) and integration is over the 
(compact) support of f x p. 

Furthermore 


(KE), | ee o(x + E) dx) = (FE), eY(o)), 


where (cc) = p(x) is the Fourier transform of the function ¢(x). But 
here the numerical factor (e) may be taken out, and the remaining 


150 FOURIER TRANSFORMATIONS Ch. III 


expression is the function flo) (according to formula (1) of Section 2.2). 
Thus 


fxp =f xG 


for every function of compact support p € ®. 

Now, if ẹ(x) is any fundamental function, then by assumption there 
exists a sequence of functions of compact support 9,(x), convergent to 
p(x) in the topology of the space ©. According to what has been proved, 
we have 


—_— = 


fxn = f e. 


Furthermore, as v > ©, the functions ¢,(c) converge to the function ¢(c) 
in the topology of the space ¥; in particular, this convergence holds at 
each point o. It hence follows that at each point 


Flo) o) > Flo) ` Blo); 
on the other hand, by virtue of the continuity of the convolution 
t*p,—>f *¢@, hence fry * p, +> fxg xp; summarizing, the function fre *@ 
agrees everywhere with the function f(c)-¢(c) and, therefore, the 
relationship 
fxp=f-@ 


is valid for all fundamental functions œ e ®. In particular, the function f (€) 
may be multiplied by any fundamental function ¢ e Õ; hence f(c) is a 
multiplier in the space È. 

Now, let fı e ©’ be an arbitrary functional. According to what has been 
proved, we have for any fundamental function 9 € ®, 


FEH, P) = (20 (fA. p) = 2m" (Af * 9) 
= (Afio) = CERAR 


from which 


è 
è 


qe.d. 


Example. The functional 
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corresponding to a uniformly distributed mass 1 on a sphere of radius R, 
has the function 


J ete ds = 2, RP} o [Jog ay aR |o |) 
lal=R 


as its own Fourier transform, as has been shown in Vol. 1 (Chapter II, 
Section 3.4). 

By virtue of the theorem proved, the functional Ôp * Ôp * *' * Sp 
(m times) has the Fourier transform 


am Rm (Lecanto i)” 


Fo [D 


For n >2 and sufficiently large m, this function vanishes at infinity with 
any power order of decrease. Hence, it follows in particular that the 
functional ôg * -*: x Ôg (m times) is a functional of the type of continuous 
functions with arbitrarily high order of smoothness for sufficiently large 
m. 


3.8. Hilbert Transformation 
It is known? that the Hilbert transformation 


Wasif a (1) 


(the integral is understood in the sense of the Cauchy principal value) 
with the inversion formula 

_ 1? As) a 

g(x) = = 


-o x — E 





(2) 


has meaning for functions g(x), defined for —œo < x < œ and tending 
to zero together with the first derivative not more slowly than 1/| æ | as 
| x | — œ. 

In the present paragraph, we obtain formulas (1)-(2) in the natural 
domain of their definition, and we extend them to a certain class of 
generalized functions. 

Let us consider the set ¥ of all functions ẹ(s)(—œ < s < œ), 
possessing the following properties: 

(a) The function s*(s) is absolutely continuous on the line 

—0o <s < o for any k. 


? E. Titchmarsh, “Introduction to the Theory of Fourier Integrals,” New York, 
1939, Chapter V. 
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(b) (s) is continuous and has a continuous derivative ¢’(s) on each of 
the half-lines — œ < s <0,0 < s < œ; the function ẹ(s) (and 
Ą\'(s)) may have a discontinuity of the first kind at the point s = 0. 


(c) s*’(s) is absolutely integrable on the line — œ < s < œ for any k. 


A topology may be introduced in the space ¥ by defining the countable 
set of norms 


L= f Od f Od 


+ mar MOH max, WO © 
With this topology, it is easy to verify that ¥ is a complete countably 
normed space. The operator A, consisting of the multiplication of each 
function ¢(s) €e ¥ by the factor 


—1 for s <0, 
B(s) = 1 for s>0. 


is defined, and evidently bounded, in the space ¥. 

Let us seek the functions of the space ® dual to ¥. To do this, let us 
note that each function (s) may be transformed into the continuous 
function ¥)(s) with a continuous derivative absolutely integrable (together 
with the derivative) under multiplication by any power of |s|, if we 
substract from (s) the function 


_ (CFO) e* (6 >0) 
tals) = 0 (s <0) 


with suitably selected C and C, . 

Let Y denote the class of functions g(x), which are obtained by a 
Fourier transformation of continuous, absolutely integrable functions; 
in each case the class Y consists of continuous bounded functions. Then 
the class Y, of functions which are obtained by a Fourier transformation 
of absolutely integrable functions with a continuous and absolutely 
integrable derivative, consists of functions y(«) belonging to Y and re- 
maining within Y upon multiplication by x. Functions with a continuous 
derivative, which are absolutely integrable (together with the derivative) 
upon multiplication by any power | s |, transform into infinitely differen- 
tiable functions, under Fourier transformation, for which all the deriv- 
atives belong to the class Y,. Hence, the Fourier transform of the 
function %,(s) belongs to the class Y, ; this is an infinitely differentiable 
function (x), which decreases more slowly than 1/| x | at infinity. 


3.8 Convolution of Generalized Functions 153 


The Fourier transform of the function %,(s) is easily evaluated com- 
pletely: 


a) = Cf g e=eizs ds + C, Í sented 


c C, 
—] ix (—1 + ix)?" 








This is also an infinitely differentiable function which decreases more 
slowly than 1/| x | at infinity. 

Hence, the Fourier transformation of any function ¢(s) e ¥ is also an 
infinitely differentiable function which decreases more slowly than 1/| x | 
at infinity. 

For each function p(x) = (s), the operator 





Hols) = 2 f POO ae = me) (4) 
is defined, where the integral at the point x = £ is taken in the sense of 
the Cauchy principal value, and is evidently absolutely convergent at 
infinity. 

The operator H is evidently a convolution operator with the gener- 
alized function —1/x, defined on the space ®. The Fourier transform 
of —l/mx is the generalized function g(s), which equals +1 for s <0 
and —1 for s > 0, and the convolution operation with —l/rx in 
® goes over into the operation of multiplication by A(s) in ¥. Since 
this latter operation transforms the space ¥ into itself, the operator H 
then transforms the space @ into itself; therefore the function A(€) also 
belongs to the space ©. 

Applying the operation of multiplication by f(s) twice to the function 
p(s) € F, we will evidently return to the original function (s). Hence, by 
applying the operator H to the function h(€) which has been obtained, 
we shall return to the original function (x): 


yoy Lp Mose 


Thus, formulas (1)-(2) are valid in the space ®. 

It is now clear how these formulas may be generalized. The conjugate 
operation l/mx *, which agrees with the conventional convolution with 
the function 1/7x in the case of ordinary, good enough functions, is 
defined for generalized functions on the space ®. Since the original 
operation — l/r% * is its own inverse in the space ®, the conjugate 
operation is also its own inverse in the space @’; taking into account that 
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® together with each function p(x) contains p(—x), we may conclude 
that (1)-(2) are also retained for the generalized functions on the space ® 
(with the appropriate interpretation of the integrals). Let us note that 
any function f (x), which is locally integrable and grows no more rapidly 
than | x |'-*,« > 0 as | x| — œ, defines a functional on the space ®; 
formula (1) (which again reduces to a functional on the space ®, although 
possibly not regular) and the inversion formula (2) have meaning for 
such a function. 


4. Fourier Transformation of Entire Analytic Functions 


Fourier transformations of entire analytic functions of the first order of 
growth will be considered in this section. In the conventional sense, it is 
understood, these entire functions do not generally have Fourier trans- 
forms. But if these functions are considered as generalized functions, 
i.e., functionals on the space K of all infinitely differentiable functions of 
compact support, say, then Fourier transform will exist in conformity 
with the general theory, as functionals in the space Z, dual to K. The 
assumption on the order of growth permits a simple characterization to 
be given of these functionals. 


4.1. Fundamental Theorem on the Fourier Transformation of First Order 
Entire Functions 


Let f(z) = f(21,..., Zn) be an entire analytic function of not greater 
than first order of growth with type < b = (6,, bz ,---, bn); this means 
that the inequality 


f(z)! < Cc exp[(by + €) | 21| + + (bn +e) | znl] (1) 


is satisfied for any e > 0. 
By means of the formula 


(fe) = | FE a) dx, 


the function f(z) defines a continuous linear functional in the space K. 
The Fourier transform of the functional f will be some functional in the 
space Z; let us find it explicitly. 
The Taylor series for the function f (2) 


œ 


fE) = È a = F droni R (2) 


v=0 
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converges uniformly in each bounded domain, and therefore, converges 
in the topology of the space K’. Since the Fourier-transformation operator 
is continuous, the result of its application to the functional f may be 
calculated by applying this operation to each member of the series (2) 
and combining the results. Utilizing formula (8) of Section 2.1, we 
obtain”? 


F) = È aP) = È a(—aDy 8o) 


Applying this result to any function %(c) € Z, we find 


(FCS), y) = È a,((—iDy’ 8(e), Hc) 


v 


= }, a(è(0), (—iDY W(e)) = X}, (—i} a, Dep(0). (3) 


The series is known to converge for any function % € Z. But it may be 
asserted that it even converges for any function ẹ(s), analytic in the 
domains |s,| < b1,- |Sn| <6,. In fact, as follows from the n- 
dimensional Cauchy formula," for any such function the inequalities 


sE @ 


are satisfied, where 6, > b; are parameters of the domain in which the 
function (s) still remains analytic, and 


aly) 


Osta +++ Osen 





C= max s)|. 5 
eS) (5) 
10 Let us recall the notation 
grite tin 
V o yy cee yl, e V — (pate +¥,, mamas 
x xt on, (—iD) (—1)'1 n eoa 
1 n 
1 We speak of the formula (| 5; | < Pise | Snl < pn), 
Ky teeeth, 
o Ki "b( sy peep Sn) 
Asti +++ Askn 
1 n 





.. f pé peses En) dé, nie dé, 


1 
= ooh a f ; 
(2ni lex! lenlon (Ér — SPHE + (En — Sy)? 


“PL 
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On the other hand, the Taylor coefficients of the function f(s) satisfy 
the inequalities!” 





cy (Bae. (Buta) 6) 


ri Vn 


IN 


la 


ei 
VL Un 


for any 0, > | as is easy to obtain from (1) by application of the same 
Cauchy formula. Substituting the estimates (4) and (5) into (3), we 
obtain the majorizing series 


xi 





which converges for 0, < (b;/b;) by virtue of the simplest convergence 
criteria. 

Hence, formula (3) permits extension of the functional F(f) over all 
functions (s), analytic in the domains |s;| < b; (È = 1,..., n). For 
brevity, we shall sometimes write just one |s| < b instead of all these 
inequalities. We have thus established the following theorem. 


Theorem. The Fourier transform of the first order entire function 
f(x) of type < b = (bı ,.., bn) is a functional in the space Z, 
which may be extended to all functions (s), analytic in the domains 
[s| S biso | Sn | Sbn- 

The functional f in the set of functions ẹ(s), analytic in the mentioned 
domains, will also be continuous in the following sense: If the sequence 
of functions %,(s) converges uniformly to zero in the domain | s| < b + «e, 
then the numbers (F(f), %,) tend to zero. In fact, in this case the constant 
C = C, in inequality (4), written for y = y, , will tend to zero as v > a, 
which leads to the desired result upon being substituted into the 
series (3). 


12 By virtue of the n-dimensional Cauchy formula 


1 grit ten W0) 

















å Lees Asti «+ Oshn 
ao ll -f FE dé, dé, 
(riJ. J lejer enler, EPET css Gent? : 
from which 
lai< 1 C exp[(bı t €) Tost (bn t €n) Ta] 
Pi S (2ri}” Patia rnt! S 


Passing to the minimum in 7, ,..., 7, in the right side, we obtain the estimate (6). 
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4.2. Explicit Expression of the Fourier Transform of a First Order Entire 
Function 


An explicit formula may be given for the Fourier transform of a 
function f(z), satisfying the inequality (1) of the preceding paragraph, 
namely, by writing f(z) as 


F(z) = | e du(s), (1) 


where p(s) is a complex measure of support in the domain | s; | < b; + «; 
(dependent on « = (e,,..., €,)). To prove (1), we reason as follows: 
Let 3 be the linear space of all entire functions. Let us introduce a 
family of norms in 3 by means of the formulas 
[8 lim = max | g(s)l. 
These norms are the limiting values of the norms in the spaces Z{M,} 
(Chapter II, Section 1), wherein it is necessary to put 


_ jl for |s| <p, 
MAD 0 for |s| >p. 


It is easy to verify that these norms agree, that the space 3 is complete, 
and finally, that it is perfect. 

Let us find the general form of a linear continuous functional in the 
space 3. It is sufficient to find a general linear functional (f, g) in the 
normed space 3,, , the completion of the space 3 in the norm || g ||, . The 
space 3,, consists of some continuous functions g(s), defined in the 
domain |s| < m; it is closed relative to uniform convergence. Con- 
tinuing the functional f into the space of all continuous functions in the 
domain | s | < m according to the Hahn-Banach theorem, and applying 
the Riesz—Radon theorem, we obtain 


(Fa J a) dus, (2) 


where y(s) is a complex, completely additive measure in the domain 
|s| < m. By virtue of the theorem in Chapter I, Section 4.3 on the 
structure of a space conjugate to a countably normed space, formula (2) 
yields the general form of a linear continuous functional in the space 3 
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for all possible m. The Taylor series g(s) = > a,” converges in the 
topology of the space 3; hence 


(£8) = Lat. (3) 


where f, = (f, 5”) is a fixed sequence of constants. Conversely, every 
sequence of constants f,, such that the series (3) converges for any 
entire function g(s) € 3 and defines a continuous linear functional in the 
space 3 by means of (3), may be represented as 


f= f gen dale 


which is obtained from the general formula (2) for g(s) = s. 

Let f(z) = > c,” be an entire function of order < | and of type < b, 
i.e., one satisfying an inequality of the form (1) of Section 4.1. Let us 
show that the numbers f, = (—7)’ c! satisfy the imposed conditions. 

Indeed, we have according to inequality (6) of Section 4.1 





ebb y, (4) 


lei <c(= 
where 0 > | is a constant. On the other hand, if > as” = g(s) is any 
entire function, then by applying the Cauchy formula in the domain 
|s] < 0,06, 8, > 1, we will have 
M 


|a, | < (0,06) 3 





where M = max,,)-6.6 | 8(s)|. Hence”? 


vV 


v 
0 





varie riana y = const. (5) 
v=0 


i.e., the series (3) converges. At the same time, we obtain boundedness 
of the functional (3) in the norm || - ||,, with m > 0,0b, which also means 
boundedness of the functional (3) in the whole space 3. 

According to what has been proved, there exists a measure p(s), such 
that 


f= (~ ew! = | s dys); 
13 According to the well-known Stirling formula 


vle $ (Qnv)'?? E,, 


where E, > 1. 
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hence 
c= [E au. 


Multiplying by z” and adding, we obtain convergent series on the left and 
right, and therefore 








f(a) = Yea = Lf EY aus) = | es duo), 


q.e.d. 

Formula (2) which we have proved independently of the previous 
constructions, might itself be the basis for the proof of the theorem of 
Section 2.1. The value of the first proof is that it may be carried over even 
to the case of entire functions of higher order of growth. 


4.3. Converse Theorem 


Let 3(G) denote the linear space of all analytic functions in a closed 
domain G (analytic within and on the boundary of the domain). Let us 
introduce the following concept of the passage to the limit in this space: 
A sequence g,(s) € 3(G) is called convergent to zero if there exists a domain 
G’ CG, in which all the functions g,(s) remain analytic and tend uni- 
formly to zero. 

We shall designate every continuous linear functional in the space 
3(G) “as belonging to the domain G.” 

The result obtained in Section 4.1 may be formulated as follows. 


Theorem. The Fourier transform of an entire function of order of 
growth < | and of type < ais a functional on the space Z, which may be 
extended to a functional belonging to the domain 


G, = {|s| Kaye, | Sn | < a,}. 


It turns out that the converse is also valid. 


Theorem. If the functional ge Z' may be extended to a functional 
belonging to the domain G, , then its Fourter transform is a functional on 
the space K of the type of the analytic entire function f (z) of first order of 
growth and of type < b. 


Proof. Let the function ẹ(s) be analytic in the domain |s| < b. It 
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can then be expanded in a Taylor series which converges uniformly in 
a broader domain: 


Ws) = Yas”; 
aicci) (=eG-) ~Ge)) 
where 0 < 1. 


If the functional g € Z’ may be extended in 3(G,), then because of its 
continuity, we have: 


(2, 4) = DValg,s*) = Vag, (1) 


where g, is some fixed numerical sequence (v = (¥,..-, %))- 
The condition of convergence of the series (1) for all ẹ(s) € 3 (Ga) 
imposes definite constraints on the order of growth of the sequence a, . 
For example, if we set 


a= af) (GE) 





where œ; < 1, then 
(3) = Das” € 3(G); 
from the convergence of the series (1), it follows that 


ei < e (2 e e (2) 


The dual functional F-1(g) = f, defined on the space K, operates 
according to the formula 


(Fg), FY) = 2n)-(e, p) 
= (j PHO) 


v 


= (2n)-" | F $ (éxy g(a) dx. 
The function 


f(z) =i 
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is an entire function of order of growth < | and of type < b. Indeed, 
by virtue of (2), we have 


ysl apc os (AY (Se) at 


n! 


sE a a) a a 


n! vo ! H 








< C oxp (Ż lalt + lanl} 


Since a; < 1 may be selected arbitrarily, the function f(z) is of type 
< b, q.e.d. 


4.4. Case of an Entire Square Integrable Function 


Theorem (Paley-Wiener). Jf an entire analytic function f(z) = 
F (415.5 Zn) of order of growth < 1 and of type < b is square-integrable in 
the domain R = {— © < x; < ©}, then its Fourier transform is a function 
&(c) square-integrable in the domain R = {— œ < o; < œ} which vanishes 
almost everywhere outside the domain G, . 


Proof. According to this formula, a functional on the space K 


(f, 9) = [F (2) dx, 


may be extended to all functions g(x) € La(R). The dual functional F(f) 
operates according to the formula 


(FF), F) = (2n)" (f, p) = (2m) | FR) pla) dx = | ee) Wo) do, 


where g(c) and (co) are, respectively, the Fourier transforms of the 
functions f (x) and (x). The latter is the Parseval equality, which holds 
for functions belonging to L,(R).14 The function g(c) belongs to the space 
La(R); hence, the last expression permits extension of the functional 
(F(f), 4) to all functions in L,(R). Let us show that the function g(c) 
equals zero almost everywhere for | o; | > b; . For fixed j, let us set 


(si/(bs + £)” F 
T+ (6, + yer 





p(s) cam 


14 For example, see E. Titchmarsh ‘Introduction to the Theory of Fourier Integrals,” 
New York, 1939, Chapter 3. 
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where o(s) € La(R) is some entire function and e > 0. As v — œ, the 
sequence of functions ¢ (s) 


(a) converges uniformly to zero in the domain | s; | < b; + €/2; 


(b) converges in the mean for real s = o to a function equal to zero for 
|o; | < b; + «€ and equal to %,(c) for | o; | > 6; +. 


According to the theorem of Section 4.1, the functional F(f) can be 
extended to the space 3 (G,). Since it hence remains continuous, and 
since the sequence (s) tends to zero in this space by virtue of (a), we 
then have (F(/), %,) + 0. On the other hand, by virtue of (b) 


ES) p) = J ele) Yule) do— | a0) hlo) do. 


los >b 
Hence 
f &(2) holo) do = 0 
lo jl >bj+e 
for any entire function Y)(c) € La(R). The set of all such functions con- 
tains all the Hermite functions P(c;) exp(—o,?), for example, and hence 


is complete in the space L,(R) as well as in the space L,{| c; | > b; + e} 
It follows that 


go) = 0 


almost everywhere for |o; | > b; + €; since e >Q is arbitrary, the 
function g(c) = 0 almost everywhere for | o; | > b; , q.e.d. 


4.5. Case of an Entire Function of Power Growth 


Theorem (Paley-Wiener-Schwartz). Jf an entire analytic function 
J (2) = f (21 ,--, Zn) Of first order of growth and of type < b does not grow 
more rapidly than | x |% as | x | — 00 for some q, thereby defining a functional 
in the space Z 


U. p) = [FE (2) dx, 


then the Fourier transform F(f ) € K’ of the functional f has its support in 
the domain G, = {| o; | < b;}. Furthermore, for any « > 0, the functional 
F(f) may be represented as the sum of a finite number (dependent only on q 
and n) of components, each of which is the result of applying a differential 

18 For example, see E. Titchmarsh, ‘Introduction to the Theory of the Fourier 


Integral,” New York, 1939. 
16 Let us recall that K = F[Z] = F-1[Z]. 
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operator of order < q + (1) = (qı + 1+) Gx + 1) to some function e(o), 
integrable in the domain G,,,., but vanishing outside this domain." 


Proof. Let %(c) be an infinitely differentiable function of support in 
the domain G, = {|o | < e}; its inverse Fourier transform (x) is an 
entire analytic function of first order of growth and of type < «e, which 
tends to zero more rapidly than any power of 1/| x | as | x | > œ. The 
product ».(x)f (x) is again an entire function of first order of growth and 
of type < b + «e, which tends to zero more rapidly than any power of 
1/| «|. The Fourier transform of this product is, according to the 
theorem of Section 3.7, the convolution 


Flex) f(*)] = Fip] * Ff] = ydo) * FP) 


and, moreover, according to the theorem of Section 4.4, it is a function 
which vanishes outside the domain G,,,. . 

A sequence converging to 8(c) in the topology of the space K’ may be 
extracted from the family %(c). By virtue of the theorem on the con- 
tinuity of the convolution (Section 3.5), we have 


po) * Ff) > 80) * Ff) = F(f). 


Since the functions F[p.(x)f(x)] have their supports in the domain 
Gy.e, their limit F(f) also has its support in this domain. Finally, since 
€ > 0 is arbitrarily small, the support of the functional F(/) is actually 
contained in the domain G, . 

It is also possible to find the Fourier transform of the function f(z) by 
other means. Let us introduce the function 


f(x) is 


AO = GR & T 


This function belongs to the space L,(R) by virtue of the condition on 
the growth of f (x) for real x. Let g)(c) € La(R) be the Fourier transform 
of the function f(x). From (1), we have 


ao) = F(F(x)) = PED) go(0), 
(P(x) a (x, mig 1)" wake (Xn 2 1)***4), 


17 As the authors have shown later, in this variant, the proof contains gaps, namely: 
It is not shown that by the extension of the functional F( f ) to the space Z(G») and by the 
extension of this functional to L,(R), we obtain for the functions g(s) one and only one 
result, For a proof of this identification, see G. E. Shilov, Mathematical Analysis (Special 
Course), 1961, pp. 396-398. 
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Hence, the functional F(f) is the result of applying a differential 
operator P(iD) of order q + (1) = (qu + l,- qn + 1) to the square- 
integrable function g)(c). If the function g)(c) has its support in the 
domain G, , the theorem is proved. If go(c) has a nonzero value outside 
the domain G, , in general it is possible that g9(c) will be nonzero even in 
an unbounded domain, then we reason as follows. 

Since it is known that the functional P(zD) g)(c) has its support in the 
domain G, , we have 


(PED) g0(2), 4) = (PED) g0(2), A) H(2)), 


where A(c) € K is an arbitrary function equal to | in the domain G, . 
For given e > 0, we shall select the function A(c) so that it would equal | 
in the domain G, and zero outside the domain G,,.. Then by the 
Leibnitz formula 


(PGD) & » p) = (PD) go, he) = (2o , PGD) he) 
= (20, Pa(iD) h ` Paa(iD) p), 
jk 
where P, and P} are some new differential operators, the sum of whose 


orders does not exceed g + (1). Furthermore, this expression is trans- 
formed as follows: 


(P(iD) £0, p) = 2 (£0, PaliD) h Pr(iD) p) 
F 2 (Pa(iD) hgo , Pro(tD) p) 


= 2 (Pia(@D)[Pi@D) A ` 80), p). 


Since A(c) is infinitely differentiable and of support in the domain Gye, 
the product f; = P;,(iD) k - g, also has its support in the domain G,,. . 
Since g) € La(R), then f; € La(R) also, where it may be asserted, since 
everything is now limited to bounded domains, that the function f,(c) 
is integrable even in the first power. Finally, we have 


(PGD) go(2), #0) = (E PrelD) fs» $), 
ike 
where the functions f,(c) and the operators P,.(zD) possess all the 


requisite properties. 
The theorem is thereby proved. 
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The converse theorem, that a functional of support in the domain 
|x] < a has an entire analytic function of first order of growth and of 
type a as its Fourier transform, is much more elementary; it is proved 
in Section 2.2. 

Combination of the results of these two theorems leads to some new 
assertions relative to functions of first order of growth. Namely, let an 
entire function g(s) satisfy the conditions of the theorem just proved, i.e., 
be of order of growth < 1, of type < a, and increase not more rapidly 
than | o |2 for some g at s = o. Applying the theorem, we obtain that the 
Fourier transform of the function g(s) is the functional f € K’ of 
support in the domain G,, which is representable as © P,(D) f(x), 
where P,(D) is a differential operator of the order of < q + 1, and f,(x) 
is a continuous function. 

Using the converse theorem, we Shiai an estimate of the form 


| eo + in)] < CQ + Is ett eteron 
for the function g(s). Furthermore, since 
(+ [set s G + iot a + r 
and the inequality 
| r jt elialteiri < Cellal+2e)r 


also holds for any e > 0, we arrive at the following result: Every entire 
analytic function g(s) = g(s,.., Sn) of order of growth < 1, and of type 
< a, which increases not more rapidly than |o |2 for s = ø, | o | => œ 
admits a majorization given by: 


| go + ir) < CA1 + Jo [ett etater] (2) 


for any e > 0. 


CHAPTER IV 


SPACES OF TYPE S 


1. Introduction 


New types of fundamental spaces will be introduced and investigated 
in this chapter; they will be used in Volume 3, particularly, for a study 
of the Cauchy problem. 

In defining these spaces, we shall impose conditions not only on the 
decrease of the fundamental functions at infinity, but also on the growth 
of their derivatives as the order of the derivative increases. 

All these conditions are formulated most naturally by using inequalities 
which the expression sup,| x“p'2(x)| must satisfy for all k and q; these 
inequalities have the form 


sup | xp (x)| < Mra (k, q = 0, 1, 2,...), 


where m,, is some double sequence of numbers. 

If no special conditions are imposed on this sequence, i.e., the numbers 
of this sequence may vary arbitrarily together with the function g(x), 
we will then obtain the set of all infinitely differentiable functions which 
will decrease at infinity, together with all their derivatives, more rapidly 
than any power of 1/| x]. This is indeed the space S, introduced in 
Volume | (Chapter I, Section 1.10) and encountered repeatedly in 
preceding chapters. 

We impose some special constraints on the sequence Myg , in particular, 
we shall consider this sequence to depend on k, or on q, or on both 
subscripts, in a specific manner, and we thereby obtain different concrete 
spaces. All these spaces have many common properties. It is very im- 
portant that the Fourier transformation may be used freely in these 
spaces: The operators 6/@x and multiplication by x exchange roles under 
the Fourier transformation, and these spaces transform into each 
other. It hence follows that the Fourier transforms of generalized 
functions defined on a space of fixed type will be generalized functions 
on another space of the same fixed type. Let us recall, in particular, 
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that the Fourier transformation transforms the space S into itself 
(Chapter III, Section 1). 

Furthermore, various operators, functions of the differentiation 
operator, may be constructed in these spaces (and therefore, in their 
conjugates as well), where the quantity of such admissible functions de- 
pends on the nature of the space. The importance of examining functions 
of the differentiation operator is clarified by the following simple example. 
Let us consider the Cauchy problem for the heat conduction equation 

Cu(x,t) _ u(x, t) 


at aaa ’ u(x, 0) = U(x). 


The solution is written formally as 
2 
u(x,t) = exp (: a0) u(x). 


The well-known Poisson formula is obtained by evaluating the right side. 

These two methods, the method of Fourier transformations and the 
method of constructing (entire) functions of the differentiation operator, 
will be our principal weapons in constructing uniqueness classes and 
correctness classes for the solution of the Cauchy problem (Volume 3, 
Chapters II and III). 

Although our study of type S spaces is subordinated to the study 
of the Cauchy problem, the results obtained below are also of 
independent interest. However, the reader not interested in the Cauchy 
problem may omit this chapter and read Chapter IV of Volume 3. 

Let us turn to the definition of those kinds of fundamental spaces which 
we shall examine later. At the beginning we shall limit ourselves to the 
case of one independent variable, leaving the general case for Section 9. 

We shall designate all the spaces described below as ‘“‘spaces of type S.” 


1. The Space S, (« > 0) consists of all infinitely differentiable func- 
tions g(x) (—0 < x < ©), satisfying the inequalities! 


| p(x) < CAR (k, q = 0, 1, 2,...), (1) 
where the constants A and C, depend on the function g. 


2. The Space Se (B > 0) consists of all infinitely differentiable 
functions p(x) (—0% < x < 00), satisfying the inequalities 


| xkgl(x)| < C,B%g® (k, q = 0, 1, 2,...), (2) 
where the constants B and C, depend on the function o. 


1 For k = 0, the expression k** is considered to equal 1. Also g* for g = 0 is considered 
to equal 1. 
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3. The Space S£} (a > 0, 8 > 0) consists of all infinitely differentiable 
functions g(x) (—%0 < x < œ), satisfying the inequalities 


| p O(x)| < CA*BaR G28, (3) 


where the constants A, B, C depend on the function 9. 


Let us compare the definitions of these spaces. In substance, the defi- 
nition of the space S, imposes a constraint on the decrease of the funda- 
mental functions as | x| —> œ. This easily seen if both sides of the 
inequality (1) are divided by | x |* and we pass to the minimum in k on 
the right side; as a result, a function of x is obtained on the right side 
which decreases more rapidly than any function of the form 1/| x |* as 
| x |—> 00, and the more rapidly, the smaller the number a. We shall 
evaluate this function somewhat later. 

The definition of the space Sê imposes a constraint on the growth of 
the derivatives of the function g(x). These restrictions are the stronger, 
the smaller the value of the 8. Later we shall show that the function g(x) 
may be continued analytically from the real axis to some strip on the 
complex plane when 8 = 1. For 8 < 1, the function (x) is continued 
analytically into the complex plane as an entire analytic function; we 
shall compute its order of growth as a function of the number f somewhat 
later. 

The definition of the space S} imposes a constraint on both the 
decrease of the fundamental functions, and on the growth of their 
derivatives. 

The fundamental functions in the space S£ decrease at infinity exactly 
as do the fundamental functions in the space S, , and their derivatives 
may grow no more rapidly as q — oo than for the functions in the space 
SP. All these constraints will be the stronger, the smaller the numbers « 
and £. 

For sufficiently small œ and £, we shall see below for precisely which 
values, the spaee S, degenerates into the single function (x) = 0. 
Naturally, we shall be interested only in nontrivial spaces. 

From the topological viewpoint, each of the spaces S, , SP, S£ is the 
union of countably normed spaces. For example, the space S, is a union 
of the countably normed spaces S,,(A = 1, 2,...); the space S, 4, 
consists of functions satisfying the inequalities (1), where any constant 
greater than A, is suitable for the constant A. The norms in the space 
S,,4 and in the other countably normed spaces will be indicated in 
Section 3; it will be shown there that all these spaces are perfect. 
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The spaces S, , S£, S may be considered limiting cases of the space S., 
namely 


S, = Sa, S=S~, S= S. 


Many of the subsequent results referring to the spaces S.f, go over 
into corresponding results for the spaces S, , Sf or S when the passage 
to the limit «a> 00, 8 — oo is interpreted correctly. 

Undoubtedly even the more general types of spaces whose definitions 
are obtained by replacing the sequences k* and q% in the definitions of 
Su, SÊ, S£ by the arbitrary sequences a, and b, (k, q = 0, 1, 2,...), are 
of interest. Such, for example, is the space Sa», » which consists of all 
infinitely differentiable functions (x), for which the inequalities 


| x¥*p2)(x)| < CA*Ba,b, (k, q = 0,1, 2,...). 


are satisfied. In the appendices, we shall indicate which of the properties 
of spaces of type S will be retained for such more general spaces. 


2. Various Modes of Defining Spaces of Type S$ 


2.1. The Space S, 


As has already been said, the space S, (a > 0) consists of infinitely 
differentiable functions g(x) (— œ < x < œ), satisfying the inequalities 


| fp (x)| < C, AEk", (1) 


where the constants C, and A depend on the function g(x). 

As we already know, this definition subjects the function p(x) to some 
conditions for decreasing at infinity. Let us elucidate what these con- 
ditions are. 

Let us divide both sides of the inequality (1) by | x |* and let us take 
the lower bound for & on the right side; we obtain that 


Ark» 
IPE) < Cy inf = Cony (=): 


where we have put 


BE) = inf iE | s oe (2) 
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Let us find the expression for the function y,(£) explicitly. For a = 0, 
we have 


o. 1 jl fo [E1<1, 
volt) = inf ee = to for | é1 > i, 


Hence, it follows that the function po(x/A) equals 1 for | «| < A and 0 
for | «| > A. Hence, the function g(x) vanishes for | «| > A. 

Conversely, if g(x) is an infinitely differentiable function which 
vanishes for | x | > A, then evidently 


| xpt (x)] < CAF, 


i.e., p(x) belongs to the space Sọ. 

Since the constant A may be chosen arbitrarily, the space S, therefore, 
consists of all infinitely-differentiable functions of compact support, i.e., 
coincides with the space K introduced in Volume 1. 

Now, let a > 0. In this case it turns out that the function (£) has 
the order of decrease of exp(—a | é |1/*). More exactly, the inequality 


exp (~ 2 E Ie) < p£) < C exp (— 21 £ 1) (3) 


holds, where C is some constant. 

For the proof, temporarily considering k to be a continuously changing 
variable, we find the minimum of the function k*«/€* = f (k) by the 
customary means of differential calculus. Taking the logarithm, differen- 
tiating, and equating the result to zero, we obtain 





(In fe = Gee = tn € + ata by +a = 0, (4) 


where kọ is the value of k at which the minimum of the function f (k) 
is realized. From (4) we find ky = (1/e) 1 and therefore 


min In f(k) = — - eta, 
min f(k) = exp (- = ge). 


Since & in reality only varies over the natural numbers, then min, f (R) 
is actually somewhat higher than what has been found. We have 


[In f(k)]" = ajk; 


2.1 Various Modes of Defining Spaces of Type S 171 


hence, at an integer point k , closest to the right of kọ , 


In f(y) = In fh) + 5p (Fa — Ro)? < In fR) + ag (ho < ke < Ri) 
and, therefore, 
min In f(k) < In f(y) < In f(y) + op = — 26" +S EM, 
from which 
min f(k) < exp (Z gte) exp (— 7 gv). 


For € > 1, the first term is bounded by the quantity C, = exp(ae/2). 
TfFo <é <1, 


min T< <1 < exp (= =.) exp (-= z gv), 
Thus, for any £,0 < € < œ, 
exp (— = gue) < uÉ) < C exp (- - gue), 


where C may be set equal to exp(ae/2), say. 
For the function g(x), we now obtain the estimate 





) r A EA 
| p(x)| < C; exp ( I 3 
or utilizing the notation 
a 
a=, (5) 
we finally find 
| p(x)| < Ch exp(—al x |1), (6) 


This result may be formulated thus: All functions p(x) € S, together with 
all their derivatives decrease exponentially at infinity, with an order? > lja 
and a type > a, dependent on the function ọ. 


2 If it is known that the function g(x) satisfies the inequality | g(x)| < C exp(—a | x |”), 
a > 0, when then say that g(x) decreases exponentially with an order >p and a type >a. 
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Let us show that each function (x), satisfying this condition of 
decrease at infinity, belongs to the space S, . Indeed, let be satisfied the 
conditions 


| p(x)| < C, exp(—al x |1) (q = 0,1, 2,...). 


Having determined the number A from (5), we may write these con- 


ditions as 
" 


IF 





Lpa) < Cy exp (~2] 4 


furthermore, applying the fundamental inequality (3), we find 


Atke AERES 
PAD] < Ce ta (Fp) = Ce min Z [eS Thx iF? 





from which 
| xkgyl(x)| < C Atk, 
q-e.d. 

Thus, we have obtained the second definition of the space S, (x 4 0): 
it consists of those and only those functions (x), which satisfy inequalities 
of the form 

| p(x) < Cg exp(—al x |1) 


with constants C, and a, dependent on the function g. 


2.2. The Space S£ 


As already mentioned, the space S? (8 > 0) consists of infinitely 
differentiable functions g(x) (— 0 < x < œ), satisfying the inequalities 


| atp (x)| <C, Bg (q= 0,1, 2,...). (1) 


The constraints imposed on the growth of the derivatives of the 
fundamental functions (x) in this definition are stricter, the smaller the 
number £. If 8 > 1, then there are still functions of bounded support 
among the fundamental functions g(x) (see Section 8, below). If 8 < 1, 
then all the functions (x) € SP are already analytic and there are, thereby, 
no functions of bounded support among them. Indeed, the remainder 
term of the Taylor formula 


he 
yl p(x + 6h) 
he1 


= g(x + h) — g(x) — hp'(x) — > Gop (2) 
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admits the following estimate in this case: 


[hie 


q 
arenes + 6h) <= “gl CoB%q?. 


From the Stirling formula 
q! = gt") e Vr E, (E> 1), 


it follows that this remainder term tends to zero for | h| < 1/Be. Hence, 
in the appropriate neighborhood of the point x, the function (x) is 
represented by the Taylor series 


2 he 
oe +h) = YT Pa). 3) 
a=0 f: 
Since the Taylor series remains convergent even for complex values of A, 
which satisfy the inequality | A | < 1/Be, it then follows that the function 
p(x) may be extended analytically in the strip | y | < 1/Be of the complex 
plane z = x + iy. In general, the width of this strip depends on the 
function 9(x). 
But if 8 < 1, it then follows from the estimate 


[h]? 
q! 
by virtue of the Stirling formula presented above, that the remainder term 


in (2) tends to zero for any h and the function g(x) turns out to be an 
entire analytic function. The inequality 


Q 
Zo poa + ar) | < ŽE cege, 





2 (iy) 2 q 
| x'q(x + iy)| = | X (OF pola) <GF Pal Bog (4) 
q=0 q: g=0 q: 
is hence satisfied for the function g(z) = g(x + iy). 
Let us put 
L nf 
M=} g (1 > 0). (5) 
a=0 4° 


It is then possible to write that 
| x¥e(x + ty)| < C,M,(B |y |). 


Let us estimate the growth of the function M,(n) as n — oo. By virtue 
of the Stirling formula q! > Cq%e-%; hence 


1 


Mey a 6 
B 7) = C n pT * ( ) 
g= 
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The quantity 





niet A git?) -1 
sp gaa = (inf Seer) 


is called the maximum term of the series (6). We already estimated this 
quantity in Section 2.1 (formula (3), where « must be replaced by 1 — B 
and é by ye). By virtue of this estimate, we have 








A j= 


e 


n exp G all == exp(by/1-6), 


where 





b= =F exp (=). 


Since the terms of the series (6) tend to zero more rapidly than the 
terms of any geometric progression, then starting with some number, the 
qth term of the series becomes less than 1/22. In order to find this number, 
it is necessary to solve the inequality 


niet 1 


gate) < 2a 


for q. Taking the logarithm, it is easy to obtain the solution of this 
inequality; namely, it is 


q > qo = (2en)" "=P. 


The sum of all the terms of the series of rank q > q does not exceed 
one. The sum of the rest of the terms does not, in turn, exceed 


(2en)'/1-8 exp bn! < C” exp bnt, 


where 6’ is any number greater than b. 
Hence, the estimate 


Men) < C- + C' exp BP < C" exp bight 0) 
is obtained for the function M,(n). In turn, the estimate 


| o(x + ty)| < C,M BI y |) < Ch exp b | y |? 


is obtained for the function x(x + zy), where b’ is any constant greater 
than 





bB- = 1-8 (Be) 1-8. 
e 
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We have obtained the following important result: 
Every function p(x), satisfying the inequalities 


| p(x), < CyB (B <1, k, q = 0,1,2,...), (8) 


may be continued analytically in the z = x + iy plane as an entire function 
of order of growth 1/1 — B; more accurately, the obtained function satisfies 
the inequalities 


| xto(x + ty)| < C, exp b | y [1-8 (9) 


where b’ is any constant greater than [(1 — B)/e](Be)!1-*. 

We shall see later (Section 7) that functions of the space SP (b < 1), 
which satisfy the inequalities (8) with a given value for B, are characterized 
completely by the estimate (9). 


2.3. The Space S$, 


As has been said, the space S, consists of infinitely differentiable 
functions g(x) (—% <x < œ), satisfying the inequalities 


| atp (x)| < CA*B¢RMg (k, q = 0, 1, 2,...). (1) 


In this definition, constraints are imposed as well on the decrease of the 
fundamental functions as | x | +00, as on the growth of their derivatives 
as q — œ. Evidently the space S, is contained in the intersection of the 
spaces S, and S*.3 Hence, every function g(x) € S} satisfies the estimate 
of the decrease at infinity 


| p(x) < CBag?? exp(—a| x |/*). (1) 


If 8 < 1, then every function g(x) € S is continued in the z = x + ty 
plane, in all of this plane for 8 < 1; the estimate 


| xžp(x + iy)| < CAPR exp(b | y [1/1-) (2) 


is hence satisfied. Dividing both sides of this inequality by | x |*, passing 
to the lower bound of k, and utilizing the inequality (3) of Section 2.1, 
we find 

| p(x + ty)| < C exp(—al x |" + b| y |MO-P)), (3) 


where the coefficients a and b are expressed in a known manner in terms 
of A and B. 


3 It is not known whether the converse is true: Will every function lying simultaneously 
in S, and SÊ be an element of the space Sf? 
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Later (Section 7), we shall show that every entire function g(x + ty), 
satisfying the inequality (3) belongs to the space S,°.4 

As will be shown later (Section 8), the inequality (3) imposes such 
strong constraints on the function g(x) that for sufficiently small « and £, 
more exactly for a + 8 < 1, the space S, contains only the single 
function p(x) = 0. 


3. Topological Structure of Fundamental Spaces 


3.1. The Space S, as the Union of Countably Normed Spaces 


Let S, denote the set of functions p(x) of the space S,, for which 
the inequalities 
| xpd (x)| < Cog Ak" 


are valid, where any constant greater than a given number Æ may be 
taken as A. In other words, S, 4 consists of those functions (x) which 
satisfy the inequalities 


| xëptd (x)| < Cya(A + 8)! A (1) 


for any ô < 0. If we pass to the second definition of the space S, (Section 
2.1), this definition may be formulated thus: The space S, 4 consists of 
those functions g(x), which satisfy the inequalities 


| p(x)| < Cj, exp[—(@ — 8) | x |], 


for ò > 0, where as before 
a= afeAle, 


This definition corresponds to the case a > 0. For a = 0, the space Sp , 
consists of infinitely differentiable functions of support in the segment 
|x| <A. As we see, it agrees with the space K(A), which we have 
often considered earlier; in particular, we know that it is perfect (Chapter 
II, Section 2). 

Let us assume 


1 
M,(x) = exp [a (1 = [eM] (p= 2, 3,0) (2) 
4 More exactly, p(x) belongs to SP. However, in order not to present this stipulation 


each time, we agree always to understand an imbedding of the type p(x + iy) € R (R some 
space of functions of the real argument x) in the sense of ¢(x) € R. 
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The functions M,,(x) generate an increasing sequence (M (x) < M,,,(x)), 
and the functions g(x) € S,,4 may be characterized as infinitely differen- 
tiable functions for which the expression 


suPs M(x) | p(x) = |i lip (3) 


is finite for any p = 2, 3,.... We introduced the space of functions subject 
to this kind of conditions in Section 1 of Chapter II under the name of 
K{M,} spaces. Hence, the space S, 4 belongs to the class of spaces 
K{M,}. 

In particular, as is every K{M,} space, the space S, 4 is a complete 
countably normed space. Let us verify that even the condition (P) of Section 
2 in Chapter II, assuring perfection of the space K{M,}, is satisfied in 
this case. This condition is that for each subscript p, there exists a 
subscript p’ > p, such that 

M(x) _ 


pes M,(x) 9: 





Indeed, in our case 
M(x) = exp [2 (1 = 3) | x ve] 
and therefore, for any p’ > p, 
w- exp la(ı — 5) ise a(ı —) i=] 


a 5) bene] 0. 





= exp [a( 


q.e.d. 

For this cases let us also write down the criterion we obtained in 
Chapter II, Section 2 for the convergence of a sequence of fundamental 
functions. This criterion states: A sequence p, E S, 4 converges to zero if 
and only if the sequence p,(x) converges correctly to zero (i.e., for any q the 
functions (x) converge uniformly to zero in any segment 
|x] < xX < ©) and the norms || p, ||, are bounded for any p. 

It will be more convenient for us to consider another system of norms 
in the space S,,, which is directly associated with the original definition 
of this space. Namely, let us put® 


kyt) 
lp las = sup 7 “fe aaa (4) 





5 The symbol sup,,, means the upper bound of the last expression in all x and 
k,—-o<x< 00k < mw. 
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Let us show that this system of norms is equivalent to the system (3) of 
norms || @ ||, . If we first find the sup with respect to the index k in (4), 
we will obtain 


| x | E 1 _ 1 
Su? (A + SFR inf, (A +5) Rx (lx A+) 





where (£) = inf, k*/| é |* is the function defined in Section 2.1. By 
virtue of the inequality (3) of Section 2.1, we have 


æ ix] 


Te see cE ( A45 yy < M(x) 


for some p. Therefore 





iI P lles < sup M,(x) | p(x)i < Ilp Ilp ; 


and the reverse inequality is proved analogously. 

In particular, the space S, 4 with the norms (4) is also a perfect space. 

For A, < Az, the space S, 4, is contained in the space S,,4,, 1€., 
every sequence p,(x) convergent in the space S, 4, , will also converge in 
the space S, ,,. We may construct the union of the countably normed 
spaces S, 4 over all subscripts A = 1, 2,.... Since each function p(x) € S, 
enters into some S, 4, the union of the spaces S,,4 coincides with the 
space S,. Thus, the space S, is a union of the countably normed spaces 
S.,4- This permits introduction of the definition of convergence of the 
sequence ¢,(x) € S,, as is done in such unions (Chapter I, Section 8): 
a sequence p, E€ S, converges to zero if all the functions ¢,(x) belong to 
some space S, ,, where they converge to zero in the topology of S,_, ; 
this means that the sequence ¢,(x) converges correctly to zero (i.e., for 
any q, the functions »{%(«) converge uniformly to zero in any segment 
|x| < xo < ©) and for some A and C,, not dependent on v, the 
inequalities 

| w(x) < CAB 
are satisfied. 

It is possible to give a definition of the convergence of the sequence 
p(x) E S, in terms of the second definition of this space also. Namely, 
the sequence ¢,(x) converges to zero if it converges correctly to zero, and 
for some a > 0 the inequalities 


| pP (x)| < C, exp(—a | x |/*) 


are satisfied. 
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For « = 0, our definitions go over into the definition of the space K of 
all infinitely-differentiable functions of compact support as the union of 
countably normed spaces K(A) of functions of compact support con- 
tained in| x| < A. 


3.2. The Space S? as the Union of Countably Normed Spaces 


As has already been stated, the space S* (8 > 0) consists of infinitely 
differentiable functions (x) (— 0 < x < œ), satisfying the inequalities 


| ëp (x)| < C,Bg? (k, q = 0,1, 2,...), 


where the constants C, and B depend on the function p. Let Sè? denote 
the set of functions p(x) € SP, for which the inequalities 


| xkp'(x)| < Cy, pB2q%? (k, gq = 0, 1, 2,...), 


are valid, in which any constant greater than a given number B may be 
taken as B. In other words, S*-? consists of those functions g(x) which 
satisfy, for any p > 0, the inequalities 


| *p(x)| <C, (B+ peg? (k, q = 0, 1, 2,...). (1) 


The space S*-* does not already belong to the class of spaces K{M,}, 
as does the space S, 4 ; hence, the topological configuration of the space 
S.8 must be considered independently. In the space S#%, let us introduce 
a system of norms by means of the formulas 


| x¥p'o'(x)| 





k = 0, 1, 25.0} p = 1, dye.) (2) 


Let us show that here the space SÈ? becomes a complete countably 
normed perfect space. 

The proof is broken up into several steps. 

First, let us call a sequence of infinitely differentiable functions ¢,(x) 
correctly convergent to the function p(x), if for any q, the functions p% (x) 
converge uniformly to p(x) in any bounded interval. 


(a) If the sequence p,(x) converges correctly to some function g(x) and for 
some k and p the norms || p, ||, are bounded, || p, llko < C, then the norm 
Il © llko exists even for the function g(x) and here || ¢ |Ik, < C. 


Indeed, in any bounded interval -a <x <a 


| x*p"'(x)| = xt rel < i 
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hence, passing to the limit as a — oo and p > œ, we find 


_ | x¥p(x)| 
le leo = ae (B+ pyb, gC, 


q.e.d. 


(b) If the sequence ¢,(x) converges to zero at each point and is funda- 
mental in the norm || ` ||x, , then || Pe llko > 0. 


In fact, since the sequence ¢,(«) is fundamental, it converges correctly 
to zero. Hence, the sequence of differences »,(x) — p(x) converges 
correctly to p,(x) as u — oo. According to the above, 


I Pov Ilzo < sup |l Po — Pu lite <e 
uV 


for sufficiently large v, q.e.d. 
(c) The space SP? is complete. 


Indeed, if the sequence ¢,(x) e Se? is fundamental in each of the 
norms || * ||,. , then according to (a) each of the norms || * ||,. exists for the 
limit function (x); hence, p(x) e S&#. The difference p — p, converges 
correctly to zero and is bounded in each of the norms; by virtue of (b) 
we have ||~ — p llko > 0 for any k and p, which indeed denotes com- 
pleteness of the space S?. 


(d) The norms || - ||;,, are pairwise consistent. 


Let p, € S*®? be fundamental in the norms || * Ilk and || * llk, and tend 
to zero in the former. Then the functions ¢,(x) are known to tend to 
zero at each point, and || p, lz, 0, according to (b), q.e.d. 


(e) If the sequence ox) is bounded in each of the norms || -||,, and 
converges correctly to zero, it tends to zero in the topology of the space S?® 
(i.e., in each of the norms). 


Actually, let k, p, and an arbitrary n > 0 be given. Let us take p’ < p. 
By assumption, the numbers || p, ||,.” are bounded by the constant Cy . 
For sufficiently large q, say q = qo , the inequality 


Bte n 
(B + p)? Crp’ 





holds; hence, for q © gy), we have 


| xp(x)| < C,,(B +p’) gP < N(B + p)! q. 
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For q < q and | x| > C,.1,,/n we obtain 





xp (x)| = pae (x)| 


<J x at Il p» Inet. B + p) gP < (B+ p) q”. 


Finally, if q < qo and |x| < Ck+1.p/M, then by virtue of the uniform 
convergence of the sequence (x) to zero for |x] < C,,,,,/n, the 
inequality 


| x*p (x)| < (B + p) g” (3) 


will also hold for sufficiently large v, say v > vy. Thus, for v > v, the 
inequality (3) holds for all x and q. For v > vo , thereby 


| x%qp (2x) 
(B + p) g 





Il p lle. = sup <1 


from whence it follows that the sequence ¢,(«) tends to zero in the norm 
Il- lleo 3 Since k and p are arbitrary, ¢,(x)—> 0 in the topology of the 
space S?-8, q.e.d. 


(£) If the sequence p,(x) is bounded in each of the norms || > ||}, and con- 
verges correctly to some function p(x), then g(x) belongs to S?-® and is the 
limit of the sequence g,(x) in the topology of the space S&P. 


In fact, p(x) € Se? by virtue of (a). The difference g(x) — p(x) is 
bounded in all norms, and converges correctly to zero; according to (b) 
this difference converges to zero in the topology of the space S*4, q.e.d. 

By the same method as in Section 2 of Chapter II for spaces of K{M,} 
type, it is easy to deduce from (f) that the space S?-? is perfect. 

Thus, the space S*- is a complete countably normed perfect space. 


For B, < B, the space S*1 is contained in the space S*-2 and every 
sequence »,(x), which converges in the space S*-#:, will also converge in 
the space S32, Hence, we may construct the union of countably normed 
spaces S* for all the superscripts B = 1, 2,.... Since each function 
p(x) € S? belongs to some S*-, then the union of the spaces S? coincides 
with the space S}, Thus, the space SÈ is the union of the countably normed 
spaces S*:8_ In conformity with this, the sequence »,(x) € SÈ is considered 
convergent to zero if all functions p,(x) belong to some space Sè? and 
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converge to zero in its topology; this means that the sequence 9,(x) 
converges correctly to zero and the inequalities 


| xpe (x)| < C B® 


are satisfied, where C, and B are independent of v. 


3.3. The Space S,? as the Union of Countably Normed Spaces 


As has already been stated, the space S(x > 0, 8 = 0) consists of 
infinitely differentiable functions g(x)(— 0 < x < œ), satisfying the 
inequalities 

| x*p(x)| < CAEBkog (k, q = 0, 1, 2,...), 


where the constants A, B, C depend on the function g. 
Let SSF denote the set of functions g(x)¢S,*, for which the 
inequalities 
xtp] < CA*BeRImG? (k, g = 0, 1, 2...) 


are valid for any A > A, B > B, where A and B are given numbers. 
In other words, the space S®:7 consists of those functions g(x), which for 
any 6 > 0, p > 0 satisfy fhe. inequalities 


| x*p(x)| < CoA + 8)" (B + pi kg? (k,g = 0,1,2,..). (1) 
In the space S*:#, let us introduce the system of norms® 


| x*p®(x)] 


lelap = ne > (A+ 8) BC + p) Re (6, p = I, 4,...). (2) 


We assert that with this system of norms, the space S®4 becomes a 
complete countably normed perfect space. 

The proof may be carried out analogously to that performed for the 
space S?- (Section 3.2), There will be a certain difference in the proof of 
the assertions analogous to (a) and (d). Let us present this somewhat 
modified reasoning here. 

In (a) we start now from the inequalities 


i | xp (x)| 
ace” (B + py (A + 8)" kage 
kel 
xp (2) 
= Tim sup (*)| <lple <C (|x| <a) 


iy TEE Le $ 
€ The symbol sup,,;,, means the upper bound in all x,k, and q (—œ© <x < 0, 
0O<k<w,0<q< ~). 
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and perform the passage to the limit for a— œ, p— œ, l—> w; we 
hence obtain 
| xtl2(x)| 
<C, 
ata (A F 8) (B + p) ag? 





q-e.d. 

To prove the assertion analogous to (d), let us reason as follows. Let 
be given ņn > 0,6 > 0, and p > 0; let us take 6’ < ô, p’ < p arbitrarily. 
Since p,(x) is a bounded sequence, then in particular, the inequality 


|i Pr llo.8” < Cı 
holds, or equivalently, for any k, q, x, 
| xp (x)| < C(A + 8)" (B + p)? kq. 
For sufficiently large k, k > kp, the inequality 
(A+ spe < 7 (4 + 8) 
1 
holds; consequently, for any q, x and k > kọ 
| xp (x)| < (A + 8)* (B + p)? k=ge. (3) 


Analogously, utilizing the boundedness of the norm || p, ||,” 5 , we arrive 
at the validity of the inequality (3) for any k, x and q => q. 

There remains to examine the case when k < ky, g < go- 

For k < kọ, |x| > 1, we have for any q and x by virtue of (3) 


| x |*o 


[xpa] = aF 





| pP(x)] < Tal L A + 8)*o(B + p) Rkongi®. 


For sufficiently large | x |, | «| > x9, we obtain 


(A + 8)* kog 
| x | 
(k = 0, l,a., ko — 1,9 = 0, l,e qo — 1), 


< (4 + B) Reg? 


and therefore, for q < qo, k < ko, | x| > xo the inequality (3) is also 
satisfied. 

Finally, if k < ko, q < qo, then for fixed p and 6, the constants 
(A + 8)*(B + p)? k*q%? are bounded by some number C, . Since the 
sequence g/”(x) tends uniformly to zero in the segment |x| < x, 
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then for any 7 > 0, for sufficiently large v (v > v9), the inequality (3) 
is known to be satisfied in this segment. Thus, for v > vọ the inequality 
(3) is satisfied for all x, k, and q. But this means that for v > v, 


I Py llo.8 < Ns 


from which there also one that the sequence g, tends to zero in the 
topology of the spaces BE as v —> 00. 

Therefore, S?:? is a complete, countably normed perfect space. 

If A, < A, B, < B,, then the space S?# is contained in the space 
Si? and every sequence ¢,(x), convergent in ne space S?7, will converge 
also in the space S$:32 . Hence, we may construct the union of countably 
normed spaces S$: for all the indices A, B = 1, 2,.... This union coincides 
with the original space S£. We see that the space S£ is the union of the 
countably normed spaces S$. In conformity with this, a sequence 
g(x) E S£ is considered convergent to zero if all the functions 9,(«) 
belong to some space S$% and converge to zero in its topology; this means 
that the sequence p,(x) converges correctly to zero, and the inequality 


| xpd (x)| < CA*Bakingae 


is satisfied, where A, B, C are independent of v. 


3.4. The Spaces S£ , and S$? 


A union in just one of the indices A or B (and not in both at once) may 
be constructed from the space S#:7. Naturally, the spaces which are thus 
obtained are denoted by S£? and S$ , . We leave it to the reader to for- 
mulate which functions belong to such spaces and what is the conver- 
gence in these spaces. 


4. Simplest Bounded Operations in Spaces of Type S$ 


Many linear operators of importance to analysis are defined and 
bounded (and therefore also continuous) in spaces of type S. Primarily, 
this is the operator of multiplication by x (and by all polynomials). 

It turns out that the operators of multiplication even by some infinitely 
differentiable functions f (x) are also defined and continuous in spaces of 
type S; the solution of the question in this case depends only on the 
relation between the rapidity of growth of the function f (x) as | x | — œ 
and the growth of its derivatives f (x) as g > 00, on the one hand, and 
the numbers «, 8, defining the space itself, on the other. 
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In particular, it turns out that fundamental functions may be multiplied 
by each other in spaces of type S so that these spaces are actually 
topological algebras; however, we shall not go deeply into this aspect in 
studying them. Moreover, we shall also consider the operations of 
translation and dilation of the argument x. 


4.1. Operation of Multiplication by x 


Let us show that the operation of multiplication by x is defined and 
bounded in the spaces S., S, S£. Moreover, we shall show that this 
operation is defined and bounded even in the countably normed spaces 
Saa, SPP, SEF (Section 3). 

Let the function g(x) run through the bounded set F in the space S, , . 
This means that for all admissible g(x), the inequalities 


| xp (x)| < Cy(A + d)PR (k, q = 0,1, 2,...) 


are satisfied for any 6 > 0 with a constant C,;, independent of the 
function o. Let us put f(x) = x(x). Then 


| xE (xe) | = | x [xex] | < | xtti (x)| + ql xk pl@-D(x)| 
< Cal A + SR + IY + gCyg ofA + 8) HE 


kL 1) 
= (4+ 8 R [Ca (A +8) FED cl. 
But for any e > 0, 
k (k+1)a 1 ka 
GEDI L (144) @+ I eH < CU + oF 


hence 
1)(F+be 


k 
Cala + 8) SEE + arse S Chall HF, 
and therefore 


|px) < C 


(1+ (A + 8) R™ < C(A + 28) kën 
for sufficiently small e. Since 26 is an arbitrarily small quantity together 
with 5, we then obtain that the image of the bounded set F, when mul- 
tiplied by x, is again a bounded set in the space S, 4 , q.e.d. 

An analogous computation is carried out in the spaces S> and S#? . 
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Let g(x) run through the bounded set F in the space S*8. This means 
that for all admissible p(x), the inequality 


| xp (x)| < Cy (B + p) q’ 


is satisfied for any p > O with a constant C}, independent of the function 
p. We then have for p(x) = x(x) 


| xP M(x)] < | xk +p M(x] +g] tpa) 
< Chir (B+ p) qP + Qu (B+ p) Hg — 1)'e-ve 
< (B+ p)? PPC ra1,0 + qCy,(B + pey]. 


But for any « > 0, 





q t 
Bop SES 
hence 
Crate + qC;,(B + p) < Choel l + e}, 


and therefore 
| p(x) < Croll + (B + p) gq < Cp (B + 2p) g#? 


for sufficiently small e. Since 2p is an arbitrarily small quantity together 
with p, we then obtain that the image of the bounded set F C S*3, when 
multiplied by x, is again a bounded set in S®2, 

We leave to the reader the corresponding computation for the space 
SEA. 


4.2. Multiplication by an Infinitely Differentiable Function 


1. THE Space S, 


If « = 0, then all functions g(x), in the space S, 4, are of compact 
support. Any infinitely differentiable function f(x) defines a bounded 
(and continuous) operator of multiplication by f(x) in this space. 

Now, let a > 0. In this case we show that the multiplier in the space S, 
is the function f (x), which for any e > O satisfies inequalities of the form 


| f(x) < Cae expel x [*/*). 


A more exact result, with which we indeed begin, will be needed later. 
Let us consider the function f (x), satisfying the inequalities 


If V(x) < C, expla] x |°). (1) 
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We assert that multiplication by this function is a bounded operation 
transforming the space S, 4 for certain values of A (which will be given 
below) into a space S, x with certain other values A’. In order to refine 
this formulation, let us recall that the space S, 4 may be defined as the 
set of all functions satisfying the inequalities 


| pP (x)| < Cos exp[—(a — 8)| x |°] 


for any 6 > 0; hence, the constants A and a are connected by means of 
the relation (5) of Section 2.1: 
E a 
a= zj: 
Theorem. Multiplication by a function f (x), satisfying the inequalities 
(1) ts a bounded operation in the space S, 4, where the constant A is such 
that for an appropriate constant a, the inequality a > a ts satisfied; hence, 


the result of multiplication by f (x) lies in the (broader) space S, y , where A’ 
corresponds to the constant a — a. 


If the space S, 4 is denoted, for convenience, by K, a, our assertion 
then reduces to the fact that multiplication by a function f (x), satisfying 
the inequalities (1) is defined in the space K, a with a > a, and trans- 


forms this space into the space K, a-a, - 


Proof. The estimate 


| EA) oF l < 2 Cif x) | pe (*)| 
j-0 


Me 


S, 
1 
© 


SLY ChC;Ca-s,s XP(G | x |" — (a — 8) | x |1) 


= C, exp[— (a — a, — ô) | x [1/3], 


is valid for the product fp, which also shows that the function fp belongs 
to the space K, a-a, - Furthermore, the operator of multiplication by f(x) 
transforms a bounded set in the space K, „ (with fixed constants Cs) 
into a bounded set in the space K, a-a, (with fixed constants Cg), q.e.d. 

In the considered case, the function f(x) was not a multiplier in the 
whole space S, , since it was impossible to multiply the function f (x) by 
any function g(x) € S, (under the condition that the result should lie in 
the same space). The conditions imposed on the function f(x) should 
be strengthened somewhat in order that it might become a multiplier in 
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S,. Namely, the result with whose formulation we started, holds: {f 

for any e > 0, the function f (x) satisfies an inequality of the form 
ISO) < Cae expel x I1), (2) 


then multiplication by the function f (x) is a bounded operation in the whole 
space S, , which transforms each of the spaces S, 4 into itself. 
Indeed, in this case we have for g(x) € Sa 4, 


| p(x) < Cys exp[—(a — 8) | x |*/*], 


where a = a/eA1/*, Since e may be chosen arbitrarily, let us put € = ô; 
then, exactly as above, we arrive at the result 


| EA) of) | < Cy, exp[—(a@ — 28)| x 1°]; 


since 26 is arbitrarily small together with 5, we see that the product fp 
again belongs to S, , under the conditions (2). It is also evident that the 
operator of multiplication by f (x) is bounded in this case, q.e.d. 

2. THE Space S$ 


Let us consider the function f(x), satisfying the inequalities 
| f(x) < CBPP + | x |"). (3) 


It is asserted that multiplication by this function ts a bounded operation tn 
the space SP. 

Later we shall need the following refinement of this proposition: This 
operation transforms any countably normed space S’8 into the space S*8+%0, 


Proof. For pe Se8, we have 
| x*¥p(x)| < Ci (B+ p) 4°; 
hence 
| aL f(x) p(w) |< aE CASO p?) 
q 


<S È, C + CBPP x |F + | x || p(x) 
j-0 


q 
SCY CHB PCr + Cran (B + pla — jy’. 
j=0 


But 
PG — HOP < gP? = qe, 
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and therefore 


q 
lIR) AL | < C(Cip + Crin) 8 2 C BAB + p 
j=0 


= C, "(Bo + B +p). 


We see that the result belongs to the space S2:8+80, Hence, a bounded 
set in S*- (the constants Cp, are fixed) goes over into a bounded set in the 
space S?8+0 (the constants Ci, = C(Cko + Crin p) are fixed), q.e.d. 


By strengthening the condition on the function f (x) somewhat, it may 
be achieved that multiplication by this function would transform each 
space S® into itself. Namely, we demand that for any e > 0, the 
inequality 


SPx) < Ceg + | x |") (4) 


be satisfied. Then, putting Bọ = e = p in the computation just per- 
formed, we arrive at the estimate 


| x*[ f(x) o(x)] | < Ci (B + 2p)?, 


and since 2p is arbitrarily small together with p, we obtain that the result 
belongs to the space S?-%, 
As an example, let us consider multiplication by the function 


fs) = e, 


where o is a real constant. We have 


| f(x)| = | o |? 
and for any 8 > 0, 
| F(x)| < Ceetg?; 


therefore, multiplication by the function f(x) = e°” transforms any 
space S®8 (8 > 0) into itself, It is impossible to assert this for 8 = 0. 
Because of the general theorem, multiplication by this function trans- 
forms the space S®- into the space S®+'e!, But the union 


so — U SOB 
B 


is transformed into itself by multiplication by the function e?*, 
Other kinds of multiplication operators in the spaces S?-? are described 
in Section 7. 
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3. THE Space S,? 


Let us consider the function f(x), satisfying for any e > 0, the in- 
equalities 


| f'P%(x)| < Ceg? expfe| x|] (a > 0). (5) 


We assert that multiplication by this penn transforms the space S} into 
itself. Moreover, it transforms each S*® into itself and is hence a bounded 
operator. 

If f (x) satisfies the inequalities 


|f(x)| < CB’ exp(ao | x |") (a > 0), (6) 


then multiplication by this function is a bounded operation defined in those 
spaces SÈ: , for which ay < a = a/eA!/*, and transforming such a S®® 
into SEZ, , where aje AI = a — a, B' = B + B,. 

If the function J (x) satisfies the condition 


|f(x)| < C.Botq*? exp(e | x |") (7) 


for any e > 0, then multiplication by this function transforms the space SEX 
into SÈ. 

For « = 0, a simpler theorem holds. 

Every function f (x), satisfying for | x | < A the inequality 


| f° (x)| < CBog, (8) 


defines a (bounded) multiplication operator in the space S$:5 which transforms 
this space into So:%** (and in particular, transforms the space S} 4 into 
itself). If By in the inequality (8) may be taken as anal a desired, then 
miuitiplication by the function f (x) transforms the space S8:* into itself. 

The proofs of these propositions proceed along the scheme of Sections 
4.2, 1.2 and we can leave them to the reader, 

In particular, the function 


f(x) = ee 


satisfies condition (8) for any B >0. Hence, the function f(x) is a 
multiplier in any space S$ with 8 > 0, which transforms this space 
into itself. 

For 8 = 0, the function f(x) = e”* does not satisfy condition (8), 
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but satisfies condition (7) with B, = |o |. Hence, multiplication by the 
function eè? transform the space S°:? into S°-3+'"|, and the union 


Sou = U S22 
B 
into itself. 
Other kinds of multipliers in the spaces S*? are described in Section 7. 
4.3. Translation Operation 
For « > 0, the translation operation 
g(x) > p(x — h) 
is defined and bounded in any space S, 4 and transforms this space into itself. 


Proof, Let o(x)e S,,, such that 
| xp (x)| < Cys(A + 8)*R*. 
Furthermore, we have 


sup | x*g((x — A)| = sup |(x + A) p(x). 


The expression on the right under the symbol sup may be estimated 
as follows: 


(xx + h} p(x) < | X Cr xih -ip (ax) | < È, Ch- sup | xip (x) | 


< F ChIC aA + 8Y j < Cas ¥ CYA + 8Y kihi- 
j j 
= Cys((A + 8) k“ + h) 
h k 
== kbka 
= Cy + 8k (1 + aan): 


For « > 0, the quantity 4/(A + 6)k* tends to zero when k — œ; hence, 
for sufficiently large k, 


h 
(A +8) (1 +47 5F) <4 + 28; 
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therefore, for all k, 
Ke + A) pO(2)] < Cyl + 28) BO 


and hence, p(x — h) belongs to the space S, 4, q-e.d.7 

For « = 0, the space Sọ, 4 consists of functions of compact support 
contained in a fixed segment, and hence, the translation operator does 
not transform this space into itself. However, it is evident that in this 
case the translation operator transforms Sọ 4 into So 4+] and, con- 
sequently, the space Sọ remains unchanged. 

An analogous computation shows that the translation operation 
p(x)—>p(x— h) is defined and bounded also in any spaces S?®, S&3 
(a > 0), S8? and also transforms these spaces into themselves. 


4.4, Dilatation Operation 


Let us show that for A > 0, the dilatation operation 


P(x) > P(Ax) (1) 


is defined and bounded in any space S, 4 and transforms this space into 


Saaja , 
Actually, if p(x) € S,,4 , so that 


| ëp (x)| < Cys(A + 8)* ks, 
then for p(x) = (àx), we have 


| xy (x)| — | xto (Àx)| — | [xp (E)] lil 


= | See | sa (tHe, 


from which (x) E€ Saa» .€-d. 

Furthermore, the operation (1) is defined and bounded in the space S* 
and transforms this space into S#., 

In fact, if p(x) € S2 so that 


| xE (x)| < C,,(B + p) q”, 


7 In place of the computations carried out, it would be possible to use the fact that the 
space S„.4 is the space K{M,} for « > 0, for which the functions M,(x) satisfy condition 
(1) of Chapter III, Section 3.1, which guarantees the existence of a bounded translation. 
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then for y(x) = (Ax), we have exactly as above 
ét 
| FLO (x)| = |$ Atp (é) | < Cpl A(B + p) gP, 


from which (x) € Sg ag, q.e-d. 

Finally, the operation (1) is defined and bounded in the space S®-4 and 
transforms this space into S®47, . The proof is analogous to the preceding 
one and may be left to the reader. 

As a corollary, we obtain: The dilatation operation (1) is defined and 
bounded in all spaces S, , SÈ, SL and transforms each into itself. 


5. Differential Operators 


5.1. The Operator d/dx 


Let us show that the differentiation operator is defined and bounded tn the 
spaces S, , SP, SL. Moreover, we shall show that thts operator is defined 
and bounded in the countably normed spaces S, 4 , SEP, SEŽ 

Let the function g(x) run through a bounded set in the space S, , . As 
we remember, this space consists of all functions g(«), satisfying, for 
any 6 > 0, the inequalities 


| xtp (x)| < Cal A HEE k (kg = 0,1, 2p). 


In conformity with the definition of a norm in S, 4 (Section 3), a 
bounded set in this space consists of functions g(x), satisfying these 
inequalities with constants C,s independent of the selection of the 


functions ¢(x), 
Let us put f(x) = g'(x). Then 


O(a) = | xtp Dha) < Corr a(A + 8)* RM, 


i.e., the function ¥(x) belongs to a bounded set of the space S, 4, q.e.d. 
Let us verify an analogous property that holds in the space S?-4. 
Let the function p(x) run through a bounded set in the space SEB; ; this 

means that the inequalities 


| xtp (x)] < Cy (B+ p)? q’ 
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are satisfied for any 6 > 0 with a constant Cp, independent of (x), 
Let us set y(x) = g'(x); then 


|Ha) = | xp Dax) < Cy,(B + pg + 1) eve 
1\2 
< Caf B + p) q [(B + og + D (1 +2)"] < CB + 2oy g, 


and therefore, the image of the bounded set in the space S®2 is again a 
bounded set in this space. 
We leave a corresponding computation for the space S*? to the reader, 
By virtue of the results of Section 4.1, we conclude that all linear 
differential operators of finite order with constant or polynomial coefficients 
are bounded (and continuous) in spaces of type S. 


5.2. Infinite Order Differential Operators 
Let 


f(s) = Sar 
0 


be some entire function, We will say that the differential operator 
f (d/dx) = Xf c, @/dx’ is defined in some fundamental space ®, if for 
any fundamental function ¢(x) € ®, the series 


shg) A) = Lave) (1) 


is again a fundamental function (in the space ® or in another space ¥). 
It turns out that for some constraints on the growth of the function f, the 
operators f (d/dx) are defined and bounded (and therefore continuous) 
in spaces of type S; the situation depends only on the relationship 
between the numbers « and £, which define spaces of type S, and the 
order of growth of the function f (s). We shall say that the entire function 
f(s), has an order of growth < À and a type < b, if the inequality 


i f(s)| < C exp(by |s |’), 


is satisfied, where b} < b is some constant, 
As is proved in the theory of entire functions, the Taylor coefficients c, 
of such a function f(s) satisfy the inequalities 


lel <c(aAy” (2) 


v 
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Let us present the proof of (2). According to the Cauchy formula 





1 f(s) 
J. 


” Qari ap seth? 


from which 


b A 
apo. 3) 


Let us find the minimum of the right side with respect to r. Taking 
the logarithm, differentiating, and equating to zero, we find for the 
desired minimum ro 

a v 
bay ==, 


from which 


n= G5)” 


substituting the obtained value in the right side of (3), we find 


la| <c (A 


v 


dyed i 


q.e.d. 

The next theorem states that in spaces S° and S£ with given 8 > 0, 
entire functions f(d/dx) of order 1/8 are defined under compliance with 
some additional condition connecting characteristics of type B (for the 
fundamental function ¢(x)) and b (for the entire function f(s)). More 
precisely, we have: 


Theorem. Jf f(s) = Xc” is an entire analytic function of order of 
growth < 1/B and type < B/B‘/*e®, then the operator f (d/dx) is defined and 
bounded in the space S*-®, and transforms this space into the space SB» BeP 


Proof. Let o(«) € S*, such that 
| xp (x)| < Cr(B + p) q”. 


Furthermore, let us set 


w% 


(x) = $ cp” (a); 


v=0 
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we show that #(x) € SBE We have 
EAEN £ | exp +2 (x)| 
v=0 
< ChB +p)? È |e (B+ p} + gyro? 


(o+) 
<CifB + p) qP F. | c, (B + py Cigi 


IN 


CofB +p) S| 6 B + ove + oy (1+ 2)" 


vB 
CoB +p)? PE |c, (B + py et? (1 +3) 


IN 


<Ci(B +p) E eY, | c, (B + p) ev. (4) 


The assumption on the order of growth and type of the function f (s) 
leads to the following inequality for the coefficients c, [see(2)]: 


@v 
lal<c Bese’ 
where @ is some positive constant less than one. 

By virtue of this inequality, the series (4) converges if 1 + (p/B) < 1/8, 
which is known to take place for sufficiently small p. Denoting the sum of 
this series by C, , we obtain the estimate 


| x¥Yy(2(x2)| < Crp . C (Be + py gP, 


where p’ = pe. 

The obtained estimate shows that the function y(x) belongs to the 
space S®2® and that the operator f(d/dx), transforming S*? into S*¥*, 
is bounded. 


Remark. In general, the operator f(d/dx) is not bounded in the 
whole space S? for the mentioned constraints on the function f(s); it is 
not even defined in S”: for B, > B. 

By strengthening the constraints imposed on the function f (s) some- 
what, it may be achieved that the operator f(d/dx) be defined and 
bounded in all Sf. Namely, this will hold if the function f(s) has the 
order of growth 1/8 with a minimum type, i.e., satisfies the inequality 


| f(s)| < Ce exp(e | s |1) 


for any « > 0, 
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In fact, in this case the estimate of the coefficients c, may be taken in 
the form (5) with any value of B. Hence, the operator f (d/dx) is defined 
in any space S*”, As above, the space S*” is transformed by the operator 
f (d/dx) into S*-2 

The theorem and the subsequent remark remain valid upon repla- 
cement of the spaces S* by SBZ and S*" by S82. The computations 
for this case are completely analogous, and we leave them to the reader. 


6. Fourier Transformations 


If some fundamental space © is given, we may construct a dual space 
W = @, consisting of the Fourier transforms 


Wo) = [ ga) et de = ox) = Fle] 


-%0 


of the fundamental functions (x) € ®. 


As we have already said, spaces of type S are closely interrelated by 
means of the Fourier transformation; namely, the formulas 


S. = Ss S=S,, SP = Sy 


hold. A derivation of these (and more exact) formulas is given below.8 

Underlying this proof is the following idea. We know that the oper- 
ations of differentiation and multiplication by an independent variable 
change roles in the transition from the fundamental space to its dual, 
Hence, if the operations of differentiation and multiplication by an 
independent variable could be interchanged in the definition of the 
fundamental spaces, i,e., in inequalities such as 


| xtp P(x)| < mig » 


then after the Fourier transformation, we would obtain a space of the 
same type, with the sole difference that the constraints on the growth of 
the derivatives and the decrease of the fundamental functions at infinity 
would exchange roles (i.e., the sequence Mm, would be replaced by mx). 
But multiplication by x and differentiation do not actually enter symme- 


8 Let us recall that in this case the relationship F-"[®] = ¥ is true, together with each 
relationship F[®] = ¥ (F is the direct Fourier transform, ® and ¥ fundamental spaces), 
since each space of type S together with every function (x) contains the function ¢(— x). 
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trically in these inequalities: The differentiation operator operates first, 
and then multiplication by x, The order of these operations is changed 
in the Fourier transformation and we already obtain a space of formally 
different type. Hence, we show first that in reality the order of the oper- 
ations of multiplication by x and of differentiation is not essential in the 
definition of spaces of type S, in any case for a sufficiently rapid growth of 
the constants Myg . 

Afterwards, it will already be clear that the Fourier transformation will 
result in spaces of the same type; we need only verify that the constants 
Myg, taking part in the definition of the spaces S, , SP, S£, will satisfy 
the mentioned growth constraints. 


6.1. General Theorem 


In conformity with the above, we wish to clarify first for which m,, the 
inequalities 


| [x*p(x)]! | < C'AB my, (k, q = 0, 1,2,...) 
follow from the inequalities 
| xp (x)| < CA*BIm,, (kg = 0, 1, 2,...), (1) 


The answer to this question is given by the following lemma, in which 
connections are established between the constants A and B, on the one 
hand, and between A, and B; , on the other. 


Lemma 1. Jf an infinitely differentiable function q(x) satisfies the 
inequalities 


| xp (xe)| < CA*B%ty, (k, q = 0, 1, 2,...) 
where the numbers m,, are such that 
bg “EL Syk +g), <1, (2) 
then the function (x) also satisfies the inequalities 
| [xto] | < C'A ŽB: ma (k, q = 0,1, 2....), (3) 
where C’, A, , B, are new constants; for 0 = 1 


A, = Aexp(y/AB), B, = Bexp(y/AB), (4) 
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and for 0 < 1 and any e > 0, it may be considered that 
A= A(l +e), B= Bl +e). (5) 


Proof. Applying the Leibnitz formula we find 





| [xtA] | = | x(x) + kqxt-1p I(x) 
1 
+ age = 1) qla — 1) apaa) + | 


<C | A*Bom + RgA® BI my 9-1 





1 
G 1-2 k(k 1) (4 — 1) my_2,9-2 + =] 





1 m 1 1 m 
k k-1,¢-1 k-1,q-1 


Mka Mig 


x (k — Ig — 1) MEE 4 | 


™Mr—1,9-1 





1 1 1 
< CAB [I + gre +4) + paar PET OM + ~| 
kpa Y @ 


For 0 = 1, we obtain the estimate 


| [x¥o(x)]@ | < CAB, my , 
where 
A, = A exp(y/AB), B, = B exp(y/AB). 


For ð < 1 and any «e > 0, we have 
ape to < (k+) +e) 4+nc,; 
hence 
Xo 8 k+q@ 
exp [Fak +] < CL + 0, 


and therefore 


[rtg] l < CAB mig ’ 
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where 
A = A(l +e), Bl +e), 
q.e.d. 


Remark. In addition, we shall need the estimate 
| x®[x¥p(x)] | < CAPB Ym, e> (6) 


which is obtained by the same means as the préceding one; the constant 
C” equals C exp(2y/AB) for 6 = 1 and depends on e for 6 < 1; the 
constants B, and A, retain the values mentioned above. 

Henceforth, we shall assume that the numbers m,,, satisfy the following 
conditions: 


(a) For any k, q = 1, 2,..., 
My—1,q-1 
ka ——= < yk +4), 0<1 (7) 
Mkg 


(this condition constrains the growth of the sequence m,, from 
below); 


(b) For any k, q = 0, 1, 2,... and any « > 0, 


Tene < pdl + eh (8) 
kq 


(this condition constrains the growth of the sequence m,, from 
above). 


Let us now formulate our fundamental theorem. 
Theorem. If an infinitely differentiable function satisfies the inequalities 
| xo (x)| < CA*BUmyz, (k, q = 0, 1, 2,...) (9) 


and the numbers m,, are such that conditions (a)-(b) are satisfied, then the 
Fourier transform (o) of the function ox) satisfies the inequalities 


| oP'(a)| < CeA*Bo*myx , (10) 


where for any e >0, it may be considered that A, = A,(1 + 8), 
B, = B,(1 + e); the values of A, and B, were mentioned in the lemma. 


Therefore, under conditions (a)— (b), the class of functions g(x) satis- 
fying the inequality (9), will transform by Fourier transformation into 


6.2 Fourier Transformations 201 


an analogous class, but corresponding to the sequence m,; (with com- 
muted subscripts k and q). 


Proof. Applying the result of Lemma 1 and its Remark, we may 
estimate the expression [x*(x)] as follows: 


. , C” 
| [eple] ® | < min |C", FB tma , APB Im, 9 | 


. Aem 
= C”A,*By Mp min |i, LL e 
x Mg 





This inequality permits us to estimate the Fourier transform of the 
function [x*p(x)]@: 


| FLx%9(x)}} | = | 0% (0) | 
= | [i teeny em de | < f” bea] | ae 


< CAm [1 + Aime f° A 


Mig 1 x? 
< CAB Myg , 
where 


A, = A (1+6), B, = B (1 +e), o = C"(1+2,4,), 


which agrees with the required result (10), with the subscripts k and q 
interchanging places. 


6.2. Fourier Transformation in Spaces of Type S 


Let us turn now to spaces of type S, in which we are interested. In 
these spaces, the constants m,, have a special form; we must confirm that 
these constants do not grow too slowly on the one hand, such that con- 
ditions (7) of Section 6.1 are satisfied, and not too rapidly on the other 
hand, such that inequalities (8) of Section 6.1 are satisfied. 

Let us first establish one simple lemma. 


Lemma 2. If the numbers a, and b, satisfy the conditions 


fr > Ok (1) 
a = a ’ 
k-1 





ba > C>, (2) 
a 





Baa 
yASO, xtA=O<1, (3) 
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then the sequence m, = arb, (k, q = 0, 1, 2,...) satisfies inequalities (7) of 
Section 6.1 with the same values of 0 and y = 1/C,C, . 


Proof. In this case we have 





My—1,q—-1 arai baa 1 à 
eg ag ee 


Furthermore, let us use the inequality 
kxq’ < [max(k, g)}*+4 < (k + q), - 


which holds for all non-negative k and q because of (3); we then obtain 
the inequality (7) of Section 6.1, q.e.d. 


Let us turn to the proof that the constants m,,, entering in the 
definition of spaces of type S, satisfy the required conditions. 

Let us first consider the case of the spaces S, ,, « > 0. The function 
g(x) belonging to this space satisfies the inequalities 


| xtp P(x) < Cald + 8)” k (4) 


for any 6 > 0. This inequality coincides with the inequality (9) of Section 
6.1 if C there is replaced by 1, A by A + ô, B by 1, and m,, by Cysk*. 
Let us note that, together with the constants C,,, any greater constants 
satisfy the inequalities (4); hence by increasing the constants C,, if 
needed, it may be considered that they satisfy the inequalities 


a >g (q= 1,2,..), (5) 
q-1,5 
where the choice of the constant A will be refined below. 
Let us put a, = k*,b, = Cys, and let us apply Lemma 2. Condition 
(2) of this lemma is satisfied by virtue of the inequalities (5). Let us verify 
compliance with condition (1): 


a, phe k-11 an k E 
agı a (k oe prak (1 Pe (1/k))™ a (k 1) ae 22 > 22 z 








where y = | — a, if l — a > 0, and y = Oif 1 — « < 0. In particular, 
we have y < 1 by virtue of the assumption a > 0. Let us now choose 
A > 0 in (5) so that we would have 


x+A=0<1; 


whereby condition (3) will be satisfied. 
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All the demands of Lemma 2 are now satisfied; moreover, the results 
of Lemma | and the general theorem of Section 6.1 are valid. 

Let us now estimate the ratio My; g/Mpg , Which enters in the theorem. 
Since Myg = kC, then 


Mrs2.4 (k + 2)0 8 


Mig Riko 








Dy ka 
(1+ Z) + 2e < Ak + 2) 
For any ô > 0, this latter expression admits of the estimate 


Mkia <C;(1 + 8)*. 
Mrq 

Now applying the general theorem and taking account of the expression 
(5) of Section 6.1 for the coefficients A, and B,, we obtain that the 
Fourier transform (oc) of the function (x) satisfies for 6 > 0 the 
inequalities 


| oP'M(o)| < CA + 8)(B + 8) Crs < Cral A + 8) 9, 


where 
Cro = CAB + 8)* Cra: 


Hence, the function (e) belongs to the space S*. 
Thus, for « > 0, we have established the imbedding 


Sua C Su, (6) 


The Fourier operator transforming the space S, 4 into S*4 is bounded 
(and therefore is also continuous) in the topology of the space S, , , as is 
seen from the relationship between the constants. 

We consider the « = O case later. 

Let us turn to the space S*-?, 8 > 0. The functions ¢(«) € S? satisfy 
the inequalities 


| xtp (x)| < ChB + p) q (k, q = 9, 1, 2,...) 


for any p > 0. This inequality agrees with (9) of Section 6.1 if C there is 
replaced by 1, A by 1, B by B + p, and m,, by C,,q%. Exactly as above 
for the space S, 4, it may be shown that the constants m,, = Croq® 
with 8 > 0 satisfy the conditions of Lemma 2; hence, the fundamental 
theorem may be applied. The ratio m,,.,/myq in the fundamental 
theorem has the form 





Mgt, — Cris. — C! 
m C kp 
kq ka 
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where Ck, is some new constant. As a result, the inequality 
| of (o)| < CA + p)(B + p)" Clk? = CUB + p)" kM, 
where 


Co FOG 


is obtained for the function (0) = p(x) for any p > 0. 

Therefore, the Fourier transform of the function y(«) € S2 belongs to 
the space S, ,, and the corresponding operator is bounded and contin- 
uous. Thus for 8 > 0, 


SBC Sps- (7) 


Here replacing B by «, B by A, again applying the Fourier transfor- 
mation, and utilizing the imbedding (6), we find 





SAC S, q C SHA, (8) 
But the doubly applied Fourier transformation transforms each fun- 
damental function ¢(x) into ẹ(—x), and therefore, the space S*-4 trans- 


forms into itself. Hence, S«4 = S*4 and the imbedding (8) has the 
equality 


Sla = Su (9) 
as corollary. Analogously 
SPB Spn. (10) 


The Fourier operator is hence bounded and continuous in the topology of the 
corresponding spaces. 

Finally, let us consider the space S®-? . It consists of functions which 
satisfy the inequalities 


| xžp (x)| < Ca (A + 8B + p)? keq 


for any 6 and p. This inequality agrees with the inequality (9) of Section 
6.1, if C there is replaced by C;,, A by A + ô, B by B + p, and my 
by k*<q%. Let us verify compliance with the conditions of Lemma 2. As 
we have already seen earlier, for a, = k* and b, = q%, the inequalities 


a, 








> kx 
3 
akı bya 
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are satisfied, where y = max(1 — a, 0), à = max(1 — £, 0). Let us first 
consider the case « + 8 > la > 0,8 > 0. Then 


x +A = max(l —« + 1—8,1 —«,1 —B,0) =6 <1 








and the demands of the lemma are satisfied. Moreover, the results of 
Lemma | and the fundamental theorem are valid. Let us estimate the 
ratio M;.,2,q/Mzq , Which enters into the fundamental theorem. As above, 
we have 


Mezo __ (k + 2ye 
Ming ee Rho 





ka 
<(1+ >) (k + 2) <C,(1 + 8)*. 


Now applying the fundamental theorem, we obtain that the function 
p(o) = g(x) satisfies the inequalities 


| p(o) < C (4 + 8)? (B + 8)* gaxkte 


for any 6 > 0. 
Therefore, the function 4(c) belongs to the space S3'4 . 
Thus, the imbedding 


Ska C Sp 


A 
a B.B 


is valid. But in exactly the same manner, the imbedding 
Sea C Ski 


is also valid. Hence, for « > 0,8 > 0, « + 8 > | (exactly as above for 
the space S, 4), the equality 


SRE = Sos, (11) 


holds, hence the Fourier-transformation operator is, as before, bounded 
and continuous in the topology of the fundamental space S®4. 

Now let us turn to the cases a = 0, or 8 = 0, ora + 8 < 1, to which 
we have not yet paid any attention. We shall not consider the a + 8 < 1 
case here; we will see in Section 8 that in this case the space S,* consists 
of the single function g(x) = 0. In all the other cases (i.e., « = 0, or 
B = 0, or a + 8 = 1), Lemma 2 is satisfied with exponent 6 = | and 
with y = |. Taking into account the values of the constants A, and B}, 
which formula (4) of Section 6.1 yields in these cases, we arrive, by the 
same means as above, at the following results. 


Spa C S%41, A, = A exp(1/A), (12) 
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SOEC Son,» B, = B exp(1/B), (13) 
SPEC Sef, A, = Aexp(1/AB), B, = B exp(1/AB). (14) 


The result may be improved for the Sy , and S%? spaces?: namely, the 
formulas 


ae me 
So.4 = 594, SOE — Sog, 


hold, just as in the cases when a Æ 0, 8 # 0. 
For the proof, we find a number A, for given e < 0 such that 
exp(1/4o) < 1 + e. Then, according to what has been proved 


ed 
Soa C S0409, 


Let us transform from the functions ¢(x)€ Sọ, to the functions 
p(x) = p(àx), where A = A/A, . According to what has been proved in 
Section 4.4, we have 


PAX) = (Ax) E So, 40> 
from which 
P(X) E S0419, 


But it is easy to show by a direct calculation that if p(x) = (o), then 
p(Ax) = (1/A) #(0/A); in fact 





5) = J" evs) de = J" exp (75e) 9) = 5 (3) 


Hence, ¢(c/A) e S°40+9), Therefore we again have, because of the 
result of Section 4.4, 


f(a) e S40+9), 


Since the last imbedding is valid for any e > 0, then (oc) e S°4. Thus 


So a C SA, 


An analogous discussion performed in reverse order shows that the 
reverse imbedding 


SoB C Sog 


? Probably such an improvement can also be established for the space SBE with 
a+ p= 1. 
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is also valid. Hence 


SoA 7 SA, SOF So,B > 
q.e.d. 


In conclusion, let us note that in all cases it is possible to take the 
unions in the indices A and B; we therefore obtain: 


S = S, S = Sg- SP = Sp, 


where the Fourier operator in each of these formulas is continuous in the 
topology of the appropriate fundamental space. 

In particular, the space S°, as the dual of the space Sọ = K of infinitely 
differentiable functions of compact support coincides with the space Z 
(Vol. I, Chapter IT) of entire analytic functions %(e + îr), satisfying the 
inequalities 

| sho + ir)| < Creet, 


However, the equality S° = Z could also have been obtained directly 
from the definitions of these spaces without special difficulty. 


Remark. We mentioned in Section 4 that the spaces of type S are 
topological algebras relative to conventional multiplication. Since the 
family of spaces of type S transforms into itself in the Fourier transfor- 
mation, and the multiplication operation goes over into the convolution 
operation, we may then conclude that all spaces of type S are topological 
algebras relative to convolution also. 


7. Entire Analytic Functions as Elements or Multipliers in Spaces 
of Type S 


7.1. Summary of Results 


We saw in Section 2 that if the function g(x) belongs to the space S8, 
i.e., satisfies the inequalities 


| xp (x)| < CB (q = 0, 1,...), 


then for 8 < 1 it can be continued into the complex z = x + ty plane 
as an entire function of order of growth 1/(1 — 8). More accurately, this 
entire analytic function satisfies inequalities of the form 


| tos + | < C; exp (61143). (1) 
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Furthermore, we have seen that if g(x) belongs to the space S£, i.e. 
satisfies the inequalities 


| xtgl@(x)| < CA*Bekkagib (k, q = 0, 1,...), 


then for a > O and £ < 1 it can be continued into the complex plane as 
an entire analytic function satisfying the inequality 


| ox + iy)| < C exp(—a| x |14 + b | y 10-9). (2) 


Here a = a/e A'^, and b is any constant greater than ([1 — 8]/e)(Be)*/+-2. 

The inverse theorems will be obtained in this paragraph. 

As is seen from the above, the fact that the entire function belongs to 
the space S or S. is connected with specific conditions on the behavior 
of this function first in the plane, and secondly on the real axis; such 
conditions are expressed most simply by inequalities containing not | z |, 
but | x | and | y |. For an entire function to be a multiplier in the space 
SP or S£, it is sufficient that it satisfy some less stringent conditions of 
the same kind. We obtain below that if an entire function f (x) satisfies 
the inequality 


If + ty)| < C expla x bly) (h<y), (3) 


then it is a multiplier in the space S}7,"/” (for a > 0, and is even an 
element in this space for a < 0). Furthermore, if 


| fle + ey) SC + | x [rere (4) 


then the function f will be a multiplier in the space S1~@/”), We shall 
formulate still another result on multipliers somewhat later. 

The listed results are contained in the following chain of theorems 
which are of independent interest. 


Theorem 1. If an entire function f (z) satisfies the inequalities 


| f(z)| < C; exp | z |”), 
|f(x)| < Ca exp(a| x|”) (@40,0<h<p), 


then there exists a domain G, of the form 
JISKA +|) wel—(p—A) (5) 
(Fig. 2) in which the inequality 
|f(2)| < Cs exp(@ | x |*), Ca = max(C; , C2); (6) 


7.1 Entire Analytic Functions in Spaces of Type S 209 


ts satisfied; here a’ has the same sign as a, and may be selected as close as 
desired to a. 


p>0 


ESS SSN WGC Ld SS Sk ESS 
WHYS 


po 


Fic. 2. The function |y | < K,(1 + | x |)*. 


The estimate exp(a | x |”) in the conditions of the theorem may be 
replaced by (1 + | x |)*; then the inequality 


IF < CU + ix |) 
will be satisfied in the domain (5) with u = | — p. 
Theorem 2. If an entire function f (z) satisfies the inequality 
|f(z)| < Cı exp(® | z |?) 
for all z and the inequality 
| f(2)| < Ce exp(a | x |") 


in a domain of the form (1) wthO0 <p <1(A < p;evenh = pis allowed 
for a < 0), then the function f (z) also satisfies the inequality 


| f(2)| < Cy exp(a | x | +8 | y |?/#). (7) 


The function exp(a | x |") in the conditions and statement of the 
theorem may be replaced by (1 + | x |)”. 


Theorem 3. If an entire function f (z) satisfies the inequality 


| f(x + ty)| < Cexp(a|x|*+ bly|") A<y), (8) 
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then for any q = 0, 1, 2,..., 
|J P(x) < CBag0—G) exp(a, | x |"), 


wherein a, differs as slightly as desired from a. 


Instead of the inequality (8), it is possible to consider the inequality 
| «f(x + iy)| < Cy expl | y |); (9) 


then the inequalities 


| xf (x)| < < C Bq ad—(1/y}) 


will be satisfied for the function f (x) so that the function f (x) will be an 
element of the space S!~“/”); if the inequality (8) is replaced by the 
inequality 


| f(x + g) < CC + | |)" exp(b ly |”), 
then the function f(x) will be a multiplier in this space. 


Theorem 4. If an analytic function f (z) in the domain (5) with u <0 
satisfies the inequality 


[f(x + ty)| < C exp(a| x |”), 
then 
| f (P(x)| < C Bogle exp(a’ | x |*), (10) 


where a’ has the same sign as a. 


Therefore, for a < 0, the function f(x) turns out to be an element of 
the space Sj”; for a > 0, it will be a multiplier in this space. The 
function expla | x |”) may be replaced by (1 + | x |)* in the conditions; 
then in place of (10), the inequality 


| F(x) < CB + | x =) 


will hold. 
In all cases, the estimates given are obtained as constants. 


7.2. Phragmen-Lindel6f Theorem 


Now, let us turn to the proofs. The foundation for all the constructions 
in this paragraph will be the well-known Phragmen-Lindelof theorem 
with whose exposition we indeed begin. 
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The Phragmen-Lindeléf theorem is based on the classical property of 
the maximum of analytic functions (if the analytic function does not 
exceed a constant on the boundary of a bounded domain, then it will also 
not exceed the constant within this domain) and is a generalization of 
this property to domains extending to infinity. 


Phragmen-Lindeléf Theorem. Jf an analytic function f(z), defined 
within and on the sides of an angle G, with aperture 0 < 7/p, satisfies the 
inequality 

| f(2)| < C exp(b | 2 |”) (1) 


(i.e., has exponential growth with order < p and type < p within the 
angle G) and is bounded on the sides of this angle by some constant, say C, , 
then it is bounded by the same constant C, within the angle G also. 


Proof. Without limiting the generality, we may consider the angle G, 
to be bounded by the rays arg z = +0/2. Let us find a number p, 
satisfying the inequality 


pee = 
Ph Pp 


Let us consider that branch of the function 
F(z) = exp(—ez") (|arg z| < 6/2), 


which takes positive values on the real axis. 
Let us construct the function 


J2) = f(2) F L2). 


Let us show that within the limits of the angle G, , the function f,(z) is 
bounded. 
In fact, on the sides of the angle G, , 


| Fe(2)| = | f(r expl£1(8/2)))F.(r exp[+i(8/2)))| < C1 exp [—er™ cos p,(8/2)] < C, 


since by assumption p,(8/2) < 7/2, cos p,(6/2) > 0. Within the angle G, , 
we have on the arc of the circle z = ret”, | œw | < 0/2: 


| f(re™)| = | f(re*”) - F(re)| < C exp(br? — er? cos pyw) 
< C exp(br? — er”: cos p,(6/2)) — 0 
as r —> œ, since p, > p. Hence, for sufficiently large r, we also have 


| f(re)| < C. 
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Thus, on the contour formed from segments of the two rays w = -+6/2 
and the arc of the circle of radius r, the function f.(2) i is bounded by a 
constant C, . But then, by virtue of the classical maximum principle, the 
function f(z) is bounded by this same constant within the contour also. 

Therefore, the inequality 


IFI = | F(2) FE) < C, | exp(e2”)| 
is satisfied at every inner point of the angle G, . Since e > O is arbitrary, 
then 
FISC 
q.e.d. 
Remark. We shall also need later the following generalization of the 
Phragmen-Lindeléf theorem. 


If an analytic function f (z), defined within and on the sides of the angle G; 
with aperture 0 < n/p, satisfies the inequalities 


| f(z)| < Cexp(b|2 |) within the angle Go, (2) 
ADI < Ci + | 2 |" on the sides of the angle G,, (3) 

then 
If) <C1 +12) for zeG,. (4) 


For the proof, let us consider a polynomial P(z) of degree h, which has 
no roots within nor on the boundary of the angle G, ; the function 


F(z) = f(2)/P(2) 


satisfies all the conditions of the Phragmen- Lindelöf theorem, and there- 
fore, is bounded in the domain G, . Hence, in G, 


If(z)| = | F(z) P(e) < Ci +l 1"), 
q.e.d. 
Analogously, if the inequality 


| f(2)| < Cy exp(h, | 21"), A<p, (5) 


is satisfied instead of (3) on the sides of the angle, then by applying the 
same recipe, we obtain that the inequality 


I f(2)| < C; exp(6; | 2 |") (6) 


is satisfied in the whole domain G; . 


7.3 Entire Analytic Functions in Spaces of Type S 213 


7.3. Theorem on the Existence of the Domain G, 


Theorem 1. If an entire function f (z) has order of growth < p witha 
finite type, i.e., satisfies the inequality 


| f(z)| < C1 exp(6 | 2 |?) (1) 
for all z, and in addition, satisfies for real z = x, the inequality 
If) < Caexp(a | x |*) (a #0,0<h <p), (2) 
then there exists a domain G, , defined by the inequality 
IYI KKA +|x) »21—(p—A), (3) 
in which 
If( + ty)| < Cs exp(a' | x |"), Ca = max(C; , Co), (4) 
where the constant a’ differs as little as desired from a. 


Therefore, a function of finite order of growth, which has slower 
growth on the real axis than in the whole plane (or an exponential 
decrease), retains this slower growth (or decrease) in some domain of the 
form (3). 


Proof. In the right half-plane, let us construct the analytic function 
Fil@) = f(2) exp(—a2") 


with an arbitrarily fixed branch of the second factor. This function is 
bounded on the x > 0 half-axis (by the constant C,). In the right half- 
plane, it satisfies the inequality 


| A(2)l < Cy exp() | 2 |”), 


where it is possible to assume b, = b + lal. 
Furthermore, let us introduce the function 


fo(2) = fil) exp(tbz, 2”), ba = bi +e, 


which is analytic in the first quadrant; this function is also bounded on the 
x > Ohalf-axis (by the constant C,). Moreover, it is also bounded on the 
ray z = r exp[t7/2p], since on this ray 





fo (r exp (i xp) | < C, exp(byr? — bar”) < C. 
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Finally, on the limits of the angle 0 < arg z < 7/2p, the function f,(z) 
satisfies the inequality 


| fo(2)| < Cy ebs"”, bs = 2b, + e. 


Hence, by virtue of the Phragmen- Lindelöf theorem, the function /,(z) 
is also bounded within the mentioned angle. 

It hence follows that within the limits of this angle (z = re’, 
0 < w < 7/2p) the function f (z) satisfies the inequality 


| f(re"*)| = |f) = | Aa) exp(a2")| = | fo(2) exp(a2" — 2b,2”)| 
< C; exp(ar" cos hw + bor? sin pw). (5) 
If we consider only the points z = re?’ such that 
ar" cos hw + bar? sin pw < ar? cos" w (6) 

(a, > aand of the same sign), then the function f(z) will also satisfy the 
inequality 

| f(2)| < Cy exp(ayr* cos" w) = Cy exp(ayx"). (7) 
The inequality (6) may be written as 

ar? cos? w — ar® cos hw — bar? sin pw > 0, 


from which it follows that it is satisfied in a domain having the curve 


a, cos" w — a cos hw 


P= z 
by sin pw 





(8) 


for its boundary. 

If h = p, this curve is the ray a, cos* w — a cos hw = b, sin pw. 

If h < p, then the argument w tends to zero on this curve as r > œ, 
since the numerator on the right of (8) is bounded. It may hence be 
assumed that 


sin pw = p> E, , cos'w = E,, coshw = Ez, r= xE, 


where the E; are variables approaching one; substituting into (5), we 
obtain the equation 


xP-h — KE z (x= a“), 
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from which 
y = KEx eh; E(x)-—>1 for x—> œ. 


Evidently the curve (8) has not more than one point of intersection with 
each ray w = const. 

Approaching the origin, the curve (8) intersects the ray w = 7/2p at 
some point (possibly at the origin). Thus, for h < p, the inequality (7) 
will be satisfied in a domain bounded from above, possibly by the ray 
w = 7/2p through the origin, and then by the curve (8). 

Evidently the function f(z) satisfies inequality (7) in a domain defined 
by the inequalities 

j mT SS 
y < min (x tg ap? Kx ') (9) 
for some K, , depending only on a, a, , b . Let us note that the constant 
a, may be taken as close as desired to a. 

A similar construction may also be made in all the remaining quadrants 
of the z plane; the obtained inequalities will differ from the inequality (9) 
in that | x | and | y | will figure in them in place of x and y. 


From continuity considerations, it is clear that in the domain defined by 
the inequality (see Fig. 2) 


[y| S K0 + |x 5e, 


there will be valid an inequality analogous to the one proved, namely, that 
[f(x + iy)| < C exp(a’ | x |") 


will hold. As the constant C’, it is possible to take C, multiplied by 
exp(br? + | a’ |r”), where r is the radius of the least circle enclosing the 
adjoined part of the domain; this constant is expressed in terms of 
p, h, a, b. Theorem 1 is thereby proved completely. 


Remark. It is possible that the inequality 
“fle + y)| < C expla’ | x |") 


is also satisfied in a wider domain than that mentioned in the formulation 
of Theorem 1, namely in the domain 


lIy| SK(A + | |), 


where u > | — (p — A). But in every case, if h < p and p 1s the exact 
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order of growth of the function f(z) in the plane, or if h = p anda < 0, 
then the number u may not exceed unity. 

In fact, if we had u > 1, then the entire function f(z) would have a 
lesser order of growth on each ray through the origin (with the possible 
exception of the y axis) than its total order of growth in the plane. But 
then, by virtue of the Phragmen-Lindelöf theorem (see the remark 
after this theorem), the function f(z) would have an order of growth 
<h<p for h <p, in contradiction to the assumption. But for 
h = p,a < 0, by virtue of the same theorem, the function f(z) would 
turn out to be bounded, and therefore, identically zero. 

For a = 0, the function of exponential growth exp(a | x |*), in the 
inequality (2) is naturally replaced by a function of power growth 
(1 + |x|}. The formulation of the theorem changes as follows. 


Theorem 1’. If an entire function f (z) satisfies the inequalities 
If(@)| < Cexp(o|2|?), Iœ < C1 + | « |)", 
then there exists a domain G, , defined by the inequality 


Iyi KSK +|)“, wel—p, (10) 
in which 
| f(x + iy) < C1 + | x |). (11) 


The proof proceeds according to the scheme of the proof of Theorem 1. 
The function exp(— az") is replaced by (1 + 2)~’, and the inequality (5) 
by the inequality 


| f(re)| < Ca(1 + | 2 |)" exp(byr” sin pw). (12) 


The exponent b,” sin pw is bounded by the curve y < x!~?; hence, 
the inequality (11) is known to be satisfied in the domain (10). 

Exactly as in the preceding case, the domain (10) may be replaced by 
the domain 
ce 


|y | < min (x tan 


, Kx). (13) 


7.4. Behavior of an Entire Function in a Plane for p > 0 


Theorem 2. Let us consider the entire analytic function f(z) of order 
of growth < p and finite type, such that the inequality 


| f(2) < C exp(d | z |) (1) 
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is satisfied. Furthermore, let us assume that in some domain G, defined by 
the inequality l 


ly] SK(A +x)  (0<px< 1), (2) 
the function f (z) satisfies the inequality 


| F(@)| < C exp(a | x |") (3) 


(h < p; fora <0 h = pis also admissible). 
Then the function f (z) satisfies the inequality 


| fle + | < Ca exp(a | x P +8 Ly”, (4) 


for all z = x + iy, where the constant b only depends on a,b and 
K,, C = max(C, C). 


Proof. Let us put 
M(y) = sup | f(x + iy)| exp(—¢ | x |”). (5) 


The upper bound mentioned above exists since for y > 0, each horizon- 
tal line belongs almost entirely, except for some finite segment 4, , to 
the domain G defined by the inequality (2); the expression under the 
sup symbol is bounded by the constant C, in the domain G. 

One of two things is possible: Either the mentioned upper bound is 
reached on the segment 4, for any given y or it is not reached on this 
segment. 

Let us consider the first case. Let the upper bound in (4) be reached 
outside the domain G fora given y = J, i.e., at the point x + 77 satisfying 
the inequality 


IF| > Ki + |z|) > Kl |e 
Hence, by utilizing the inequality y < 1, we obtain!® 


[2| < Ka y PV, 
Zl = (E F PPP S (K? |F e F PP S Kal y [h" 


Hence, replacing —a|x|* with a<0 by a greater quantity, 
| a | K, | ¥ |*/4, or simply by zero for a > 0, we obtain 


M(¥) = | f(E + 19) exp(—a | # |") < Cexp(b | 3|? + | a| Kyl |"), 


1° Tt has here been assumed that | y | > 1. It may always be assumed that the domain G 
contains the strip | y | < 1; otherwise f (z) is replaced by f (az) with a suitable «. 
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and moreover 
M(5) < C exp(h | F |P + ba | F |) < C exp(b; | F |?/), 


since h < p. But then for any x, 


| f(~ + )| exp(—a | x |") < M) < C exp(6s | F |?/*), 


and therefore 
[f(x + )| < C exp(a | x |* + b; | F |?/#). 


There remains to consider the case when the upper bound in (5) is not 
reached in the segment 4, for given y = f. This means that 
a point *+ iğ exists in the domain G at which the quantity 
| f(x + zy)| exp(—a | x |") exceeds its maximum in the segment 4, . But, 
as follows from (3), the mentioned quantity is bounded everywhere in the 
domain G by the constant C} . Hence, for all x and given 7, 


| f(x + i7)| exp(—a | x |*) < C 
from which 
| f(x + i9)| < C, exp(a | x |") < C, exp(a | x |” + bg | y |27). 


Hence, as is seen from the proof b < 6, + b, < (| a | + b) K; , where 
K, depends only on K, . Theorem 2 is thereby proved completely. 

Exactly as in Theorem |’, for h = 0, it is natural to replace the expo- 
nential estimate (11) by a power estimate 


IFI < C1 + | « |"). 


In this case, the following theorem holds. 


Theorem 2’. If an entire function f (z) satisfies the inequality 


| f(z)| < Cexp(d | z |”) (6) 

for all z, and the inequality 
FS GU + |x l’), (7) 
is satisfied in the domain | y | S K,(1 + | x |) (0 < u < 1), then for all z 
IJ < Cod + |x |") exp(B’ | y |?/), (8) 


where b’ < bB, , in which B} depends only on b, and K, . 
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The proof proceeds according to the scheme of the proof of Theorem 2, 
with exp(a | x |") replaced everywhere by (1 + | x |”). 


7.5. Estimates of the Derivatives of an Entire Function on the Real Axis 
by Its Behavior in a Plane 
Theorem 3. If an entire analytic function f (z) satisfies the inequality 
[fe +) < Cexpa|x "+ bly|") (h<y), (1) 
then for any q = 0, 1, 2,... 
| FP (x)| < CBagi-O expla, | x |), (2) 


where a, differs as little as desired from a. 


Proof. The derivatives of the function f(z) may be evaluated by means 
of the Cauchy formula, 


foe) = Ff foe 3) 





where I’, is a circle of radius R with center at the point x. From (3) we 
obtain that 


|F(*)| < Re re exp(bRr + a | x, |"), (4) 


where x, is a point between the values x — R and x + R, at which the 
quantity a | x |’ attains its maximum." 

Let us select the radius R so that the ratio exp(bR’)/R% would attain its 
minimum. As may easily be verified by differentiation, this is realized for 


_{@ fy 
Path) 
so that (4) reduces to 
| F(x)| < CByiqig-@ exp(a | x |"), By = (bey)'/”. (5) 


The last factor may be estimated as follows. Let us replace x, by 
x + OR, where | 0| < 1; then 


exp(a | x, |") = exp(a| x + OR |") < exp(a, | x |") exp(a,R"), 


U One of three cases is possible: xı = x — R, x, = 0, or xı = x + R. 
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where the constant a, may be chosen so that it differs as little as desired 
from a. Furthermore 


BS 9” = Cg” < C, 


since by assumption A < y. Hence (5) is reduced to 
| f(«)| < C,Bagt*- exp(a | x |"), 


which agrees with the required inequality (2). 

Ifa <0 (ie, a, <0), this means that f (x) e SIR”. 

If a > 0 (i.e., a, > 0) and may be taken as small as desired, then by 
virtue of the results of Section 4.2, the function f (x) 1s a multiplier in the 
space Sip”. 

For example, let us consider the function 


f(z) = exp(—2?). 
Since 
| exp(—2*)| = exp(—x* + y?*), 


then the inequality (1) is satisfied with exponents h = y = 2anda < 0, 
hence, by virtue of Theorem 3, the function exp(— x°) belongs to the 
space Sj/5 and therefore satisfies the inequalities 


| a(exp(—x2))! | < CABRAQ, 


If it is only known about some function f(z) that it has an order of 
growth p in the z plane, and has an exponential decrease of order h on 
the x axis (i.e., inequality (1) is satisfied with a < 0), where this expo- 
nential decrease is retained in the domain |y| < K(1 + |x|), 
0 < u < 1 (which is known to hold in particular for u = p— h <1 
by virtue of Theorem 1), then by combining Theorems 2 and 3, we 
obtain that the function f(x) belongs to the space S£, where a = 1/h, 


B= l — phh. 
Remark. Let be given an entire function f(z) satisfying the in- 
equalities 


IA) < Cexp(b |z |P)  If@)| < Ciexp(—al xl”) (p> 1). (6) 


The authors first considered the set of such entire functions and denoted 
it by Z,,”. By virtue of Theorem | for the function f(z) € Z,”, the number 
u may be taken equal to 1. Moreover, the number y = p/u in Theorem 2 
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turns out to be equal to p. Hence, according to Theorem 3, the function 
J (2) belongs to the space Sip”. Thus, the imbedding 


ZpS 
holds. On the other hand, each function p(x) from the space Sip” will 


satisfy according to Section 2, the inequality 


| g(x + iy)| < Cexp(b|y |? — a | x |”), 


so that the inequalities (6) are known to be satisfied. Thus, the space Z,,” 


coincides with the space Sip”. 


A theorem analogous to Theorem 3 may be formulated also for the 
case when the function f(z) is subject to a slower law of decrease on the 
x axis than an exponential law. 


Theorem 3’. If an entire analytic function f (z) satisfies for any k the 
inequality 


| f(x + iy) S Cresp lyt) >l), (7) 


then for any q = 0, |, 2,... 
| xf (x)| < C Baqra- (8) 


where B = (1/e)(b'ey)'/, b’ is any constant greater than b. 


Proof. Let us put f(z) = z*f (z); the function f(z) satisfies the 
inequality 


| fe(@)| = | F) < ZE x E + | y I] Ie) 


< 
< 2'C;, exp(d | y |”) + 2*Cg | y |” exp(d | y |”) 
< C, exp(d’ |y |”), 


where 0’ is any constant greater than b. Let us apply Theorem 3 to the 
function /,(z) by putting h = 0. We hence obtain 


EALO ES <C eg ttm, (9) 
where B = (I/e)(b’ey)!/”. But on the other hand 
FH) = [FAP = fO) + Rg f(x) 4 


Let us prove the inequality (8) by induction over k. For k = Q, it 
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coincides with the proved inequality (9). In the general case, by putting 
8 = 1 — (1/y) for brevity, we find 


| xhf (D(x)| < | F{(x)| + kq | xt- (aD) | 


k(k — 1) gg —1 
1-2 





+ ) | ak=2f (a2) eve 
< Œ Be + kgC'_,Be(g — 1)-08 





R(k — 1 —1 
£ ( isa ) C _,B—?(q =, 2)\a-298 + one 





< C° B® (1 +q (q — 1)0=08 a 1 (q— 1)! 





qe 1-2 q q8 
Q= 
x (4 1) a 1) =) 


< C Brg (1 +a, Fra D a'a + e), 


where we have put 


(q — 1)'-»8 


a, = qi 


But for q > 2, we have 


22-02 Sfp q ne 
ay = QG- ry (! ) < < 2q ’ 





hence 
1 
l+a,+ i 5 fala- T oS] + 2g 
$+ papa + < expa). 


But since 8 < 1, for any 6 > 0 


exp(2q'*) < C;(1 + 8), 
from which 


| xf (x)| < CYB + 8)" q’, 
q.e.d. 


Theorem 3’ shows that the function f(x) satisfying the inequality (6) 
belongs to the space S*”, where 


l Eros 
= naai ae a $ 
a ee a ee 
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Let us recall that the converse statement was proved in Section 3: 
Every function g(x) in the space S*? (8 < 1), satisfies inequalities of the 
form (7). Therefore, the inequality (7) yields a complete characterization 
of the fundamental functions in the space S*-, 

The following supplement to Theorem 3’ may now be made. 


Theorem 3”. If an entire analytic function f(z) satisfies the inequality 
| f(x + ty)| < CI + | x |r exp(b | y |”), 


then it is a bounded multiplication operator in the space S*™ and transforms 
this space into S*-*’, where 


(Bey = bey, — (Bre) = (b, + b) ey. 
Proof. Let g(x) ¢ S®* ; then for any k = 0, 1, 2,... 
| "g(x + iy)| < Cr exp(d, | y |’), 


where 6, and B, are connected by the relation (eB,)y = biey, bi > b is 
arbitrary. Hence 


| "f(x + ty) p(x + iy)| < CC. + | x |)" exp((b + b) | ¥ |”) 
and therefore, for any k, 
| x*f(« + ty) P(x + ty) < Cy exp((b + b) | y |”). 


Therefore, by virtue of Theorem 3, the product fp belongs to the space 
S®-3", By virtue of the relation between the constants, the operation of 
multiplication by f is a bounded operator on S°, q.e.d. 


7.6. Estimates of the Derivatives on the Real Axis for p < 0 


Theorem 4. If an analytic function f(z) is defined in the domain G 


ly] SKA +I) (<0) (1) 
and satisfies the inequality 
| f(x + iy)| < C exp(a | x |") (2) 


in this domain, then its successive derivatives on the real axis satisfy the 
inequalities 
[f(x] < C' Bgt exp(a’ | x |"), (3) 


where the constant a' has the same sign as a. 
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Proof. Let us calculate the value of the derivatives of the function f (x) 
by means of the Cauchy formula by utilizing a circle lying entirely within 
the domain G. First of all, we assert that a circle with center at x and with 
radius R = K,(1 + | x |} lies, for sufficiently small K,, entirely within 
the domain G. In fact, this statement is evident for u = 0; for u < 0, 
the situation reduces to the proof of the inequality 


K1 + |x e <K (1 + |x| +R), 


by virtue of the monotone decrease of the function (1 + | x |)“. Since R 
is bounded (it may be assumed that R < 1), then this inequality is 
known to be satisfied for sufficiently small K, . 

Let us now apply the Cauchy formula 


f(x) Af ge dé 


IR é— xjeri f 








where Ik is the circle with center at the point x and with radius R. 
Substituting the estimate of f(€) in formula (2), we find 


[f%3)] < CglR-* exp(a | xy P), 
where x, is the point in the interval (x — R, x + R), at which the 
function exp(a | x |”) attains its maximum. Since R is a bounded function 
of x, it may be considered that 

exp(a | x, |") < C; exp(a, | x |"), 


where a, is a constant of the same sign as a. For | x | > 1, the inequality 


R= Kl + |x |) > Kg |x |# 
holds, so that 


IF) < Cag! | x [7 exp(a | x |"). (4) 
Furthermore, it is easy to show by differentiation that 
| x |4 expla, | « |) < Bege” exp(as | x |"), 


where a, is a constant of the same sign as a, (and a), B = 1/a, . Hence (4) 
is transformed to 


f(x) < C; B age ei) exp(as | x \*). (5) 


8. Question of Nontriviality 225 


For | x | < 1, it may be considered that R > p > 0, and hence 
| f'(x)| < Cep-*q! (6) 


The estimates (5) and (6) may be combined into one common estimate 
valid for all x; 


|J L(x) < CBot 0t exp(ay | x |"), 


which indeed proves our theorem. 


Inthe a < 0 case (i.e., ag < 0), the obtained inequality shows that the 
function f (x) belongs to the space Sip”. 

In the a > 0 case (i.e., ag > 0), ee if a may be taken arbitrarily small, 
by virtue of one of the theorems of Section 4.2 the function f(x) is a 
multiplier in the space Stjt/*. For a = 0, it is natural to replace the 
function exp(a | x |") by the power function 1 + | x |”. We hence obtain 
the following result. 


Theorem 4’. If an analytic function f (z) is defined in the domain 


IYI SGU +|) # <9, (7) 


and satisfies the inequality 
If(x + iy) < CA + |x”), (8) 


in this domain, then its successive derivatives on the real axis satisfy the 
inequalities 


| f'%(x)| < CB + | x 3>). (9) 


The proof is analogous to the proof of Theorem 4 (see inequalities (4) 
and (6)). 


8. The Question of the Nontriviality of Spaces of Type S 


We speak first about the following question: In a given space of type S, 
is there at least one function p(x) not identically zero? 

The answer is always affirmative for the space S, 4 : Every infinitely 
differentiable function of compact support is known to belong to such a 
space if a > 0; for a = 0, every infinitely differentiable function with 
support in the domain | x | < A belongs to the space S, 4 (=So,4): 
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Furthermore, every space of type S*? is the image by the Fourier 
transformation of the space S,, and this means that it also contains 
functions not identically zero. 

The question of the nontriviality of the spaces S2 offers the greatest 
difficulty. In Sections 8.1 and 2, we show that these spaces are nontrivial 


for 


(1) atB>l, a >0, B >0; 
(2) a=0, >l; 
(3) B=0, «>l, 


and are trivial in the remaining cases. 

To prove this we use some results obtained in Section 6 and 7, as well 
as the well-known Carleman-Ostrovski theorem on quasi-analyticity 
conditions. 


8.1. Case of the Spaces S,°, 59°. 


Let us first consider the case when one of the numbers a, f is zero. 


Theorem. The space Sẹ} is nontrivial (i.e., it contains the function 
p(x) Æ 0) if and only if B > 1. 


Proof. The functions (x) € S} are characterized by the inequalities 
| žo (x)| < CAF Big, (1) 


Dividing by | x |* and taking in the right side the lower bound of k, we 
obtain 


l1 for 


| P%(3)| < CBG jg 


|x| <A, 
|x| >A. (2) 
It is also evident that, conversely, every infinitely differentiable function 
p(x) satisfying the inequalities (2) will also satisfy the inequalities (1), i.e., 
belongs to the space S£. The question of the nontriviality of S} now 
reduces to the classical problem of quasi-analyticity: What conditions 
must be imposed on the numbers b, (=q®), so that there would exist 
an infinitely differentiable function g(x) = 0, of compact support and 
satisfying the inequalities 


| (x) < CB%, . 
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As is known, the answer is given by the following Carleman-Ostrovski 
theorem: For the desired function to exist, it is necessary and sufficient 
that the Ostrovski function 


yt 
T(r) = max a (3) 
possess the property that 
In I(r 
f ni) dr < œ. (4) 


1 


Let us find an estimate for the Ostrovski function, when b, = q%®, 

B > 0, such that 
re 
I(r) = max yE 

For 8 = 0, it is evident that I(r) = œ for r > | and the integral (4) 
will diverge. It is hence possible to limit oneself to the case 8 > 0. 

In this case, the function 1/I(r) agrees with the function ug(r), con- 
structed in Section 2.1. We can utilize the result of the calculation made 
there, which is given by the inequality 


B rie) < p,(r) < C exp (- En), 


E 
Applying this result, we find 
exp(br! P) < I(r) < C, exp(br'#), 


By virtue of this estimate, the convergence of the integral (3) evidently 
holds if and only if 8 > 1. The theorem is proved. 


Corollary. Since SË = Sg? (Section 6), we simultaneously obtain the 
triviality of SL for a <1 and the nontriviality of S,° for a > 1. 
8.2. Case of the Spaces S£, a > 0, B > 0 


Let us turn to the case when both the numbers «, 8 are positive. Here 
the following theorem holds. 


Theorem. The space SL with a > 0,8 > 0 is nontrivial (i.e., will 
contain the function p(x) = 0) if and only if a + B > 1. 
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Proof. Let us first consider the case a + 8 < 1, and let us show that 
in this case the space S,* contains the single function p(x) = 0. 

As has been shown in Section 2, in the case under consideration the 
functions ọ(x)e S£ can be continued analytically into the complex 
domain z = x + zy as entire functions, and the estimate 


| P(x + ty)| < Cexp[—a | x |= + b | y [O-P)] (1) 
holds. Evidently the estimate 
| pliz — y)| < Cexp[—a | y [1 + b | x |10] 


holds for the entire function (iz) = ọ(ix — y). For the product 
p(z) + (iz) we obtain 


| (2) ` ¢(22)| < C? exp[—a] x |= + b | x |€] exp[—a | y |¥* + b | y [1070]. 

(2) 
The inequality a + 8 < 1 shows that I/x > 1/1 — 8. Hence, both 
factors on the right side of the inequality (2) tend to zero as | x | > œ, 
|y|— œ. Hence, according to the Liouville theorem, the function 
p(z) ` pliz) is identically zero. But then (z) = 0, also, q.e.d. 

There remains for us to consider the case a + 8 > 1,« >0,8 > 0, 
and to show that the corresponding space S,? is nontrivial. Since it is 
evident that S£ C S® follows from the inequalities « < «', 8 < 8’, itis 
then sufficient to limit oneself to the case « + 8 = 1,a > 0,8 > 0. 

Initially let us consider the function 


we) = TT (1 ~ 5) 3) 


Evidently for p > 1, the product (3) converges everywhere. Let us show 
that it is an entire function of order of growth < 1/p; in other words, the 
inequality 

| # (2)| < Ce exp[| 2 |] (4) 
is satisfied for any e > 0. First of all we have 


a0 


<[] (1+ +12, 


n=1 


| #(2)| = 





In {yay < 5 m (1 + 121), 


Pp 
n=1 n 
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Let us utilize the two obvious estimates for the function In(1 + 4): 


ln(1 +4 <% for O0O<€<1 
Ind +%¢<C, for €>1 andany p >Q. 


In conformity with these estimates, we find 








|z| |z| |z|“ 
In (1 + —) < +C 
2 ( ne ee ne a oe al nee 
l A 1 
=|z| È gtl È =z (5) 
nP|>|2| mP< |z} 


Let us estimate the first sum on the right-hand side. Since 
l 2 | dx 
n? e: n-1 xe? 


1 ic. dx 1 


we have 


< C |z 10-1, 


wea S Jea e e Dije ae e S 


in which the constant C may be selected as fixed for all sufficiently large 
| z |. The last sum on the right-hand side of the relation (5) is bounded 
for any u > 1/p: 


— | 
Sm = Oo < o. 


nP 21 7% n=1 
As a result, we arrive at the estimate 


In | #(2)) < C | aie + C; l2 |e < C} | z | 
Since u may be taken in the form (1/p) + (¢/2), then the estimate 


2 
In | yz) < C, | a [Moree < C, + | z [pre 


is valid, from which the required inequality (4) also follows. 

Furthermore, we shall construct the growth index of the function ¢(z). 
Let us recall how the growth index of an entire function of order of 
growth p is defined. Let us fix a ray through the origin at an angle 0 to 
the x axis. If constants C and 6 exist such that the inequality 


| f(re**)| < C exp(br?) 
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is satisfied, then the value of the growth index A(@) is considered to be the 
lower bound of the numbers b, which satisfy this inequality. Therefore, 
for any « > 0, a constant C, may be found such that 


| f(re’*)| < Ce exp([A(9) + €]r?). 


If such constants C and b do not exist, then we put A(6) = œ. 
The following properties of the growth index of an entire function of 
order p are proved in function theory. 
(a) If h(@) takes on finite values for 0 = 0, and 0 = 60,, where 
| 0, — a| < m/p, then h(8) has an upper bound in the whole range 
0 <0 <b. 
(b) If h(0) is bounded in the range 0, <0 < 0, , then it is continuous in 
this range.” 


Let us show that the growth index of the function ẹ(z) is given by the 
equation 
7 0 — r 


W(8) = a cs — (0 <8 <2n). (6) 





A graph of the function A(@) is pictured in Fig. 3. 


n(@) 






Tr 


Fic. 3. The function A(0). 


Keeping in mind the properties (a)—(b) of the index, we limit ourselves 
to the case 0 Æ 0 in the proof. 

Furthermore, since | ¢(2)| = | ¢(2)|, the function A(@) is even; 
hence it is sufficient to consider the case 0 < 0 < vr. 

The function 


Ln (2) = In | $(z)| + 7 Arg | p(2)| 
with some fixed Arg| %(2)| may be represented as 


Ln y(r?) = 2 In (1 — =) = I, In (1 — +) dn(t), 


12 See, for example, A. I. Markushevich, ‘“Theory of Analytic Functions,” Chapter VII, 
Section 1.4, p. 508, Gostekhizdat, Moscow, 1950. 


8.3 Question of Nontriviality 231 


where the function n(t) has a jump + 1 at each point £ = n° (n = 1, 2,...) 
and is constant between these points. 
Integrating by parts, we find 








Pe elf UO ija 


le In (1 — =) ant) = nt) In (1 — 4) Eo 


(7) 


The function n(t) has the form shown in Fig. 4. Evidently it may be 
represented as 


n(t) = tue — w(t), 


where 0 < a(t) < 1. 


li 

l 

ti f 

— 

ti l | 

{| i i | 

eo I i 

oO P I i l l 
rO AE E C SE ee 
° 2 3 4? 5° t 


Fic. 4. The function n(ż). 


Let us first consider the expression outside the integrand in (7). For 
large ż, the factor In(1 — (2/t)) is of the order | z |/t, and hence, yields 
zero as a limit in the product with n(t) ~ t'/*, At the lower limit, the 
term outside the integrand is zero, together with x(t). Thus, the term 
outside the integral vanishes, and we have 





f y In (1 ~ =) dnt) = —2 R ate. A 
o tedi æ aft) dt 


—z| ——~iz2] =. 
1 Ut — 2) 1 t(t — 2) 
Let us convert both the obtained integrals by substituting ¢ = ur: 


uO /e)—1 © w(ur) du 


(me In (1 = +) dn(t) = —ri/e e? (aaa du + e? I. u(u — ef)" (8) 


The last member admits of the estimate 








ei ifs w(ur) du 


i/r U(u — e) 





1 du i du 
= ey ear acl gep ANAN: 
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Replacing the lower limit 1/r by zero in the first member on the right- 
hand side of (8) results in an error which tends to zero as r — œ and is 
hence insignificant. The obtained integral 


co yP- dy 
r= [| —— 


o u— e 


is evaluated completely by using residue theory. Let us consider the 
closed contour I’, pictured in Fig. 5. Since the integrand is single-valued 
within the contour I’ and has a single singularity u = e*, a first order 
pole, then 


= én), 





1 u1/®-1 dy 
Qn Í 


r u— e? 





Fic. 5. The closed contour T. 


On the other hand, integrals over the arcs of the circles P, and I’, , 
which make up the contour I’, vanish in the limit (as e > 0 and R —> œ); 
hence we obtain for 0 < 8 < 7, 











#0((1/0}-1) 1 F u/>-1 du 1 j ul- eril dy 
e Aa à ; - 
Rri Jo u — et Zari dio u — e” 
1 — ere Ñ u/e-l du a 1 sin(7/p) | I 
Rri o u—e® m eir 
from which 
0 raD y 
I = are tt /e = et et(8—7) jo, 





sin(m/p) sin(/p) 
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Therefore 
In | o(z)| = Re In f(z) = Re{—e*®fr'/} + O(n r) 





7 2—7 . Onn) 


= rile — cos 
sin(77/p) p 


The obtained expression shows that the growth index of the function ¢(z) 
isfor0 <0 <r, 

7 cos 2 
sin(7/p) pe’ 





h(6) = Tim re In | p(re®)| = 


q.e.d. 

As is seen from the expression for the index, the function ¢(z), having 
exponential growth of order 1/p in the z plane, has an exponential 
decrease of order 1/p on the half-axis x > 0 also. Let us now examine 
the function 


p(z) = 42°). (9) 


Evidently the function (z) has an exponential order of growth in the 
z plane which equals 2/p, and an exponential decrease of order 2/p on the 
whole real axis for 1 < p < 2. 

Hence, by virtue of Theorems 1-3 of Section 7, the function 9¢(z) 
belongs to the space S£, where « = 1/p = p/2,8 = 1 — a = 1 — (p/2). 
Since p is any number between | and 2, we thereby obtain that all spaces 
SL with 4<a< 1,8 = 1 — «are nontrivial. 


By virtue of the formula SP = S,*, all spaces S£ with 0 < a < 3, 
8 = 1 — ware also nontrivial. 

There remains only for us to consider the case « = 8 = 4. But the 
space S{/; is also nontrivial: As we saw Section 7.4, it contains a nonzero 
function y(z) = exp(—2*). Therefore, our theorem is proved completely. 


8.3. Case of the Space SE- 


To refine the previous results, let us consider the question of non- 
triviality of the spaces S®%, which we shall need in Volume III. The 
fundamental functions in the space S*% satisfy, as we remember, the 
inequalities 

| xp (x)| < Ce (A + 8)(B + p)? kq. 


Examining this inequality, we remark that fora < «', 8 S8’, A <A’, 
B < B’, the imbeddings 


2 


BC S82, SBA C SEP (1) 
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hold, where if a < «’, then A’ may be taken arbitrary (not necessarily 
greater than A) and analogously, any B may be taken for 8 < g’. 

Since the space S, is the union of spaces S*-¥ in all A and B, the non- 
triviality of the space S£ is then equivalent to the nontriviality of the 
space S£- with some A and B. The nontriviality of the space S,° was 
proved for the cases 


a=0,8 >l; «a>1,p=0; x >0,8 >0,a +8 Èl. 


Therefore, in all these cases there are indeed nontrivial spaces S*-% . 

By virtue of the reasoning presented above, we may assert that all 
spaces SEŽ with a > 0,8 >0,a+ 8 > 1 and any A and B are non- 
trivial. There remains to be considered the extreme cases when « = 0, 
or8 = 0, ora+8 = I. 

Let us reason as follows. Let us consider some nontrivial space S} and 
let us fix points in the A, B planes which correspond to the nontrivial 
spaces S*4 ; the corresponding pairs of numbers A, B and point (A, B) 
will be called “admissible.” Let us study the repartition of admissible 
points (A, B) on a plane with coordinates A, B. Since A and B are non- 
negative numbers, it is then sufficient to consider the first quadrant of 
this plane. First of all, according to what has been proved, all pairs 
(A, B), where A > A,, B > B, are also admissible together with every 
admissible pair (A, , Bo). 

Furthermore, let us transform the function g(x), in the nontrivial 
space S*7, to the function o(Ax) = ẹ(x). As we already know from 
Section 4.4, the function (x) belongs to the space S*®4%,, which is 
therefore also nontrivial. Hence, together with the pair (A,, B,), the 
pair (A,/A, AB,) is also admissible; both corresponding points lie on the 
hyperbola AB = A,B,. 

Hence, a complete domain of all admissible pairs is a domain bounded 
from below by the hyperbola 


AR> yy. (2) 


(where the hyperbola itself may belong to the domain of all admissible 
pairs or not). Evidently, for y = 0, all pairs (A, B) with A > 0, B > 0 
are admissible. 

Let us show that this is precisely the situation for the spaces S#? 
(8 > 1) and S% (a > 1). Let us limit ourselves to the analysis of the 
first case. Let be given the numbers 8 > 1, A > 0, and B > 0. If the 
number £, is such that 1 < 8, < £, then by virtue of the nontriviality 
of the space Sf, there is a nontrivial space Sit?! with some A, and B; . 
By virtue of the imbedding (1), the space S}-7, 1s nontrivial for any B as 
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small as desired. But then y = inf BA, (the lower bound over all 
admissible pairs) evidently equals zero, q.e.d. 

It can be shown that for « > 0,8 > 0,a + 8 = 1, the constant y is 
already not zero. It could even be evaluated as a function of a and 8, but 
we do not need this. 

Thus, we have established the nontriviality of the following spaces: 


(1) S,4, S® with any a, B, A, B; 
(2) S% , S®2 with any a > 1,8 > 1, A, B; 
(3) S83 with any a + 8 > 1, A, B; 


(4) SEF with a+ 8 = 1, AB >y (or > y), where y is some 
positive number. 


8.4. On the Supply of Functions in Spaces of Type S$ 


Closely connected with the questions of the nontriviality of the funda- 
mental spaces is the question of the sufficient abundance of the supply of 
Junctions in these spaces. We state that the fundamental space ® is suffi- 
ciently rich in functions if, for any locally integrable function f (x), there 
results f (x) = 0 almost everywhere from the convergence of the integral 


DEOLCOLS (1) 


for all p(x)e and the equality of this integral to zero for each ye ©. 

Spaces sufficiently rich in functions possess the following important 
property: Every space ®, which is sufficiently rich in functions, is dense in 
every normed space of functions E, containing ®, if the norm in E is given by 
a formula such as 


lgl = f” MG) |a) ds, (2) 


where M(x) is a fixed positive function, 

In fact, assuming the opposite, we could construct a continuous linear 
functional (f, p) #0 in the space E, by utilizing the Hahn—Banach 
process, which would vanish at each element pọ € ®. The general form of 
a continuous linear functional in the space Æ is well known; it is given by 
the formula 


Go) = | AE) M(x) os) de, (3) 


where f (x) is a bounded measurable function. Therefore, the integral (3) 
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vanishes for every function g(x) € ®. But since the space ® is sufficiently 
rich in functions, there would result from this fact that f(x) M(x) = 0, 
from which also f(x) = 0 almost everywhere, i.e., (f, p) = 0 for any 
pE E in contradiction to the assumption. 

It is possible to establish the following criterion for the sufficiency of 
richness in functions in the fundamental space ®. 


Lemma. If 

(a) At least one function p(x) = 0 exists in the space ®; 

(b) Together with every function g(x), all translations o(x — h), 
—0 < h < œ belong to the fundamental space P”; 

(c) Together with every function (x), all products (x) e* belong to the 
fundamental space ®, 


then the space © is sufficiently rich in functions. 


Proof. Let be given a locally integrable function f(x), for which the 
equality 


[-_ f) oe) de = 0 


holds for any function g(x) € ®. Let us show that f (x) equals zero almost 
everywhere. Let us consider the function 9,(x«) ¢ ®, which is not iden- 
tically zero; since all translations are admissible in the space ®, it may 
then be assumed that the function p(x) is not zero in the neighborhood 
of the given point x, . By assumption, for any øo, the product p(x) ee ©; 
hence for any ø, 


f AE ole) e dx = 0. 


But this equality means that the Fourier transform of the function 
f(x) po(x) is identically zero. The function f(x) p(x) equals zero almost 
everywhere by the theorem on the uniqueness of the Fourier transform.'* 
Since the function p(x) Æ O in the neighborhood of the point x, , the 
function f(x) equals zero almost everywhere in this neighborhood. By 
virtue of the arbitrariness of x,, the function f(x) equals zero almost 
everywhere on the line —00 < x < œ, q.e.d. 


Let us now elucidate the question of the sufficiency of the store of 
functions in spaces of type S. 

18 Assumption (b) could be replaced by the following: (b) There exists a function 
p(x) € ®, which is not zero in the neighborhood of any fixed point xy. 

14 See E, Titchmarsh: Introduction to the Theory of the Fourier Integral, New York, 
1949, 
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We have proved (in Section 4) for spaces S43 with a > 0, 8 > 0, that 
the operations of translation and multiplication by e’* are defined in 
these spaces. Applying the lemma, we obtain that each such space, if it is 
nontrivial, is sufficiently rich in functions. The spaces S, 4 (œ > 0), 
Se? (8 > 0) are always nontrivial, and the operations of translation and 
multiplication by e’* are also defined therein; therefore these spaces are 
also sufficiently rich in functions. 

If one of the numbers «, 8 equals zero in the nontrivial space ® = S®% 
(or Sya , SPP), then this space is not sufficiently rich in functions. In this 
case, for a = 0, all the functions g(x) € ® vanish outside a fixed compact 
domain, and for every function f(x) #0, which equals zero in this 
domain, the integral (1) is equal to zero for all p e ®. For 8 = O, all the 
g(x) ¢ ® are entire functions, the Fourier transforms of the preceding 
functions; if the function f(x) = 0, which takes part in the preceding 
construction, possesses the classical Fourier transform g(x), if the 
function f (x) is of compact support, for example, then if the function g(x) 
is substituted into the integral (1) instead of f (x), this integral will vanish 
for all pe Ø. But if the constants A or B are not fixed, and the unions 


HP = URE, Su — US 


are considered, then these spaces are sufficiently rich in functions, In fact, 
as has been shown in Section 4, both the translation operation and the 
operation of multiplication by e’*° for any o are defined in these spaces, 
and as we have seen, this is sufficient for the validity of our assertion. 
In exactly the same way, the unions S, = U4 S),,, S° = Upg S°? are 
also sufficiently rich in functions. 
Thus, the following spaces of type S are sufficiently rich in functions: 


the nontrivial spaces SEŽ, «> 0, B > 0; Saa, œ > 0; S82, B > 0; 
Sop > Shy ce l; So; S 


9. The Case of Several Independent Variables 


Let be given the non-negative numbers o , a ,..., On s Bis Boss Bn 3 
a denotes the set (a, , a ,..., %,) and £ the set (8, , Bo se Bn): 

The space S, = Suaa, consists of all infinitely differentiable 
functions g(x) = (%1 , %2,..., Xn), for which the inequalities 


: i Eut Hngp(x) 
k 21) ager le 
| xFD%p(x)| = | xfi oss xk Oxg1 ++ Gx9n 


3 


< CAM + AFnkkwa + itn (ky, hy yes k, = O, 1, 2,0.) 


1? 
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are satisfied. By definition, the sequence ¢,(x) € S, converges to zero, if 
this sequence converges uniformly to zero in each bounded domain 
together with the derivatives of any order, and if the constants 
A, ,..., A, , C in these inequalities, written for the functions 9,(x), can 
be selected the same for all v = 1, 2..... 

The set of functions g(x) ¢ S,, for which the constants A, = A, p.. 
A,, = A,, may be selected arbitrarily greater than a fixed 4,, Ag,..., An iS 
a countably normed space; we denote it by S,4 = Su., 

The norms in this space are given by the formulas 


lp llas = sup | apt ve xhn(Qert ng (x) ax +++ Oxhn)| 
P la — SP (A, + o (A, + 8, he Ra oo kënen 





where ô is the set (6, ,..., ôn) and q is the set (q, ,..., qn). 

The space S, 4 is a complete countably normed perfect space. The 
proofs of these facts are carried out exactly as in the case of one 
independent variable. 

Analogous changes are made in going over to n independent variables 
in the remaining definitions of spaces of type S. The space SP == Spr» --Pn 
consists of all infinitely differentiable functions (x), for which 


ant +9ng(x) 
k — | pk, wee yk 
| x D%p(x)| = | aki +++ an Ôx «++ Oxdn 


< CB + Bongarta wes qin, 


The space S,? = S®1:-:- consists of functions g(x), for which 


8+ +ap(x) 
| x€ Dip(x)| = XIU Ka xu ++ Ex%n 


3 





ky vee AlnBr ++ Banbkrey «++ pinan, ses Ganba 
<CAh AknBY Binks kk ques garhn, 


Just as the space S,, these spaces are represented as the union of 
countably normed spaces 


ssa, Sp USA, 
B A,B 


defined analogously to S, ,. 

After the definitions have been given, all the results of Sections 2-8 
referring to one variable, may be extended to the obtained spaces. In 
particular, the operations of multiplication by the independent variables 
(and by any polynomial in them) and of differentiation are defined and 
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continuous in these spaces. Every function f (x) = f(x, ,..., x,), Satisfying 
the inequalities 


| D%f(x)| < Cy exp[a | x1 |1 + + an | Xn |] 


defines, for sufficiently small ap, a multiplication operator in the 
space S,, by transforming it into S, ar, where the components 

= (Aj,...,.4,) are related to the corresponding components 
A = (A,,..., A,) by the same formulas as in Section 4. Every function 
f(x) = f(%,..., *,), satisfying the inequalities 


| Df(x)| < < CB1 Sar, BangtsP wale qin, 


defines a multiplication operator in the space S°? by transforming it 
into S*3+? where 


B + B = (B, + 8,,..., B, + B,). 
Every function f (x), satisfying the inequalities 
| Def(x)| < CBgi +++ Bangtsts +++ qana exp(d, | x, [M2 + + + a, | x, °), 
defines a multiplication operator in the space S*:7 for sufficiently small 
ad (a; < «,/eAl/**), by transforming this space into the space S*373, as 


in Section 4. 
If the entire function 


FE) = F(R sees By) = È am., m BEE BO 
has the order of growth < 1/8 and type < f/Be'/*e®, i.e., if the inequality 
< 


| F (21 s+++s Sn) 


is satisfied in which 


C exp(by | 21 [e1 + = + By | Zn [8a), 


B = 
< Bire? (k = 1, 2, , n), 
then the operator 
oO oO omit? stm, 
r( ox, 7” A È Gin ast Ox™1 +++ Oxa 


is defined in the space S*4 ; it transforms the space S?4 into the space 
SB" where Be? = (B,eh,..., Be”). 


240 SPACES OF TYPE S Ch. IV 


Reciprocity theorems completely analogous to the theorems established 
in Section 6 also hold: 


S = S S= Sp, SP= Ser 


_—_ 


Sla = Su4, SRB = Syp; 
SEE — Sag for a > 0 (i.e. all ay > 0), B > 0,a + 8 > 1; S&C Sog 
in the remaining cases; where A’ = (Ai s., An) with A; = A, 
exp(1/A,B,,) (k = 1, 2,..., n); the By are defined analogously. 
All the theorems of Section 7 are also carried over to the case of n 
independent variables without substantial changes. Let us only indicate 
the fundamental ideas here. 


Phragmen-Lindeléf Theorem for Functions of n Variables. Let 
be given an analytic function f (2) = f (2...) Zn), defined for values of the 
variables 2, ,..., Zn , each of which runs through the angle G, of aperture 
w; < m/p,in its plane, independently of the values of the remaining variables. 
The boundary of the angle G; is denoted by I’, . Furthermore, let the function 
f(z) satisfy the inequalities 


| Fl see Ba) SC exp(dy | z1 Pt + or + bal Bn Pa) (EG), 
| F(a ye) Zad KCL (2, EL es 3n E Ta) 
Then the inequality 
| F(% se Zn) K Cy (2, E€ Gy ,.., Zn E Gp) (1) 
is valid, 
Proof. Let us arbitrarily fix z, E Is e., Zn E Tn ; the function of z, 


obtained satisfies the inequality 
| F (21s Baye) Zn) KCL (8%, EG, , 2, EL y,.., Zn EL), 


by virtue of the Phragmen—Lindeléf theorem. Let us now fix z, E G, 
Z3 E€ D3 ,..., Zn E Tn ; we then obtain in the same way that 


(Fis Za) SCL (21E Gi, 22€ Gg, 23 E I3 0, Zn E Tn). 


Continuing in the same manner, we arrive at the desired inequality (1) 
after n steps. 


8. Case of Several Independent Variables 241 


Theorem. If an entire function f (2, ,..., %,) has an order of growth 
< p = (Piss Pn) With a finite type, i.e., for all z satisfies the inequality 


| F(2)] < Cy exp(d, | 21 | + > + bn | Zn |P») 
and moreover, for real values z; = x; satisfies the inequality 
|F(%1 sess %n)] < Cy explay | x1 P + + an | Xn |*] (az Æ 0,0 <A; < py), 
then there exists a domain G, defined by the inequalities 
Iy, SKII + læ, e (j= Lan), 
in which 
Ife + iy)| < C, expla’ |x, [+ H af | xp lM) (C, = max(C, , Cp). 


The proof proceeds entirely according to the scheme of the proof for 
one variable presented in Section 7. The functions 


A(z) =F (2) + exp(—a,2p — + azia) 
f2) = f(z) ` exp(tb,221 + +++ + ib, ze) 


are introduced; it is proved that the function f,(z) is bounded in the 
“skeleton” of the domain 


0 <w; <7/2p; (arg z; = w;), 


(i.e., when the equality w; = 0 or w; = 7/2p; holds for each j in place of 
these inequalities), and the Phragmen-Lindelöf theorem is applied in the 
form formulated above, we consequently obtain that within the limits of 
this domain 


[f(z r ikia Zn) 
h i SG h : 
< C exp(a ri cos hw, + br? sin pw, + + + ar? cos h w, + br? sin pwn) 


If z; = r; exp(iw,) and r; and w; are such that 
ajr} cos hw, + by? sin pw, < azr} cos hw, (2) 


(a; > a; and of the same sign), then the function f(z) will satisfy the 
inequality 


IAI <C exp(ai xta +- +a pin n) 
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(a; is of the same sign as a;). The inequality (2) separates in the z; plane 
a domain with the boundary 


a; COS hw; — a; cos hjw; 





Pj—ħ; — : 
GTN b; sin pjw; (3) 
just as in the one variable case, it may be given by the inequalities 
oes 1—(p yhy) 
|y; | < min | x, | tan iy » Ky | x; [0 i: (4) 


Let us now show that the obtained domain may be replaced by the 
simpler domain 


G ={ly,| < K1 + |x, J P (j= 1, 2, n). (5) 


If the passage to the new domain could be motivated by continuity 
considerations in the one-variable case, such considerations are now 
inadequate since the union of these points is not a compact manifold. 
We hence use another method. 

The preceding reasoning could be applied only to some variables z; 
rather than to all. For example, if it was applied to the variables 
Bq y+) Zn , then we would obtain the inequality 


| f(2)| < C exp[b; | a1 |?) exp[as | xa |"2 + vt -H an | £n |] (6) 


in the domain 


ly; | < min 5! x; | tan py K; | x; Bohs (j = 2,..., n). 
; ) 


Moreover, it has been proved that the inequality 
| f(%)| < C exp(a | x1 [Pt + ay | x "2 + ++ + an | Xp |) (7) 
is valid in the domain (4). It is now clear that the inequality 
|F(2)| < C exp(ay | xı |" + a | x |*2 + t + an | Xn |a) 
is satisfied in the domain 
Ly, | < KIL + | x iors 


|y; | < min ;| x; | tan K; | *; a (j = 2, n), 
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where, as in the one-variable case, the C is obtained from the previous 
constant C by multiplying it by a number which depends only on the 
constants a and b. 

Therefore, the inequality 


| f(2)| < C exp(q, | xı |") exp(de | za |P? + +++ + bn | 2n |x) 
is proved in the domain 


ly. |< KA + | x, [ar (8) 


Let us now fix the coordinate z, in this domain, and let us repeat the 
considerations presented above for the coordinate z, ; we hence obtain 
the inequality (7) in the domain 


ly |< KUL 41x, pert) (f= 1,2); 
mT 


|y; | < min pay) OND 


K; | x; [PA (7 = 3, n). 
Continuing further in the same manner, we arrive at the desired result 
after n steps. 

In all the remaining formulas and proofs of Section 7, it now remains 
to insert a change consisting of replacing the single coordinate by n 
coordinates. All these theorems rely on Theorem 1 of Section 7 and the 
Remark, whose validity in n space has now been established. Taking 
account of this circumstance, the proofs of the remaining theorems 
obviously go over into the n-dimensional case. 

The question of the nontriviality of spaces of type S is solved by 
utilizing the following remark: The space 

ea 
is nontrivial if and only if all the spaces S% ṣt (k = 1, 2,..., n) are non- 
trivial. 

Indeed, if the function p}(x,) belongs to Seit and is not identically 
zero, then g(x) = $,(%1) - Pnl%n) is also not identically zero and belongs 
to the space S4. Conversely, if some SZ is trivial, i.e., contains 
only the single function p(x) = 0, then Sê: is also trivial, since any 
function p(x) from S*:4 belongs to the space Serie for any fixed values 
Hy seer) Meas Xk+41009 Xn and, therefore, is identically zero. 

It is easy to see that the nontrivial spaces S84 (a > 0, 8 > 0) and the 
spaces S, 4 (a > 0), SF (8 > 0), S§7(8 > 1), S24 (a > 1), So, S° are 
sufficiently rich in functions, as in the one-variable case. 
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Generalization of Spaces of Type $ 


The class of spaces of type S may be generalized significantly if the 
sequences k** (k = 0, 1, 2,...,) and q% (q = 0, 1, 2,...) in the definitions 
of these spaces are replaced by arbitrary sequences a, and b, . We thus 
obtain the spaces S,,, S% , Sis, defined by the following systems of 
inequalities for (k, g = 0, 1, 2,...): 


Sap: | x®@p'@(x)| < C,A*a, , (1) 
Ses; | x*p'@(x)| < C,B%, , (2) 
She: | xtp (x)| < CA*B%a,b, . (3) 


The results of the theory of spaces of type S, developed in Sections 2-8, 
may be carried over to the case of the generalized spaces (1)-(3) only if 
the sequences a, and b, satisfy specific conditions which are presented 
below. 

The functions g(x) € S, may be characterized by their decrease at 
infinity in conformity with the formula 





| p(x) < Cal (=), where I(x) = inf ras 


(4) 
By definition, the growth of the derivatives of the functions (x) € S® 
is restricted. For a sufficiently slow growth of the 6,, the functions 
g(x) € S®™ are entire, and satisfy the estimate on their growth 





| w'e( +) <C,A(B,), where AQ) = X 22E, (5) 


Now the operations of multiplication by x and of differentiation are 
not always defined. Compliance with the inequality 


EL < Ch, (6) 
k 


where C and # are constants, is a sufficient condition for the possibility 
of multiplication by x in the space S, wherein differentiation is always 
possible. 
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Compliance with the inequality 


bar 
ba 





Cih! <4 <S Cohet (7) 
with certain constants C, , Cs, hi , Aa, is a sufficient condition for the 
possibility of multiplication by x and for differentiation in the space S%, 
Analogous conditions are sufficient for execution of the corresponding 
operations in the space S% also. 

The proofs of these propositions proceed along the same lines as for 
the spaces of type S. 

Some conditions for the possibility of differential operations of infinite 
order in Soe could also be formulated. The question of the complete 
determination of the topological ring of operators in S% 7 generated by the 
operators x and d/dx is probably of greatest interest; this question is still 
open. 

The reciprocity theorems are retained even in the generalized spaces in 
the form which is given in the general Theorem of Section 6, namely: If 
the function g(x) satisfies the inequalities 


| x*¥p'(x)| < CA*B%a;,b, , (8) 


where the numbers a, and b, are such that 





% > Ck, >C, pta<l, <A", (9) 
ak- bai ay 


then the Fourier transform ¢(c) of the function (x) satisfies the 
inequalities 


| oP'O(o)| < C'AB abr (10) 


and therefore, the formula 


Su = Si (11) 


holds. 

The problem of the nontriviality of the spaces S?s is considerably more 
complex than for the spaces S}. The classical problem of quasianalyticity 
is a particular case of this problem corresponding to the values a, = 1. 
A more natural condition on the order of decrease as | x | — œ is im- 
posed in our case in place of the condition that the function (x) vanish 
(together with all its derivatives) at the ends of a given segment in the 
classical problem of quasianalyticity. 
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K. I. Babenko proved the following general theorem. Let us put 


|æ |* 








L(x) = sup = (=1/i(s) in our notations), (12) 
M(y) = sup ut (13) 
Ax) = In f : Ta dt, (14) 

w(x) = In f j O dt, (15) 


Let us assume compliance with one of the two conditions for the 
correctness of the growth of the function L(x): 


om In In L(x) S 3 


2 In x 2 


LI 


(16) 


or 
lim In In L(x) ZF 
In x 


z>% 


(17) 


If condition (16) is satisfied, then it is sufficient for the nontriviality of the 
space S% that 














A(y) 
= pomeo 4 a 
0o Ë &+y? 
and it is necessary that 
Ts A(y) 
lim MELO on (19) 
J o E Epy 


If condition (17) is satisfied, then A( y) should be replaced by u(y) and 
M(E) by L(€) in inequalities (18) and (19). 


Appendix 2 


Spaces of Type W 


In this appendix, the theory of spaces of type W, which is contained 
in Chapter I of Volume 3 is expounded without proofs and rather con- 
cisely. These spaces are analogous to spaces of type S, corresponding to 
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values a < 1 and 8 < 1 of the indices; however, the spaces of type W 
are able more exactly to discern singularities in the growth or decrease of 
functions at infinity, because of the use of arbitrary convex, rather than 
power, functions. 

For simplicity, we shall limit ourselves herein to the case of one 
independent variable. 


A2.1. The Space Wy 


Let be given an increasing continuous function p(é)(0 < £ < œ) 
such that u(0) = 0 and (œ) = œ. Furthermore, let us define the 
function M(x) by the equality 


M(x) = [EdE M(x) = MG. (13) 


This is a convex function which increases more rapidly than any linear 
function as x + + œ or — ©. Then the space W,, is defined as the set 
of all infinitely differentiable functions y(«) (— 0 < x < œ), satisfying 
inequalities of the form 


| p(x)] < Cae (g = 0, 1,..), B 


where the positive constants C, and a depend on the function p(x). From 
these inequalities, it follows that p(x) decreases more rapidly than any 
exponential for any g. Linear operations are defined in W,, in a natural 
manner. The sequence of elements g, is called convergent to zero if (1) it 
converges correctly to zero (i.e., p!” (x) — 0 for any q uniformly in each 
bounded interval) and (2) ¢,(x) satisfies the inequalities 


| P(e) < C,exp(—M(ax)) (gv = 0, Iw) 6) 


with constants C, and a independent of v. A set is called bounded in the 
space W,, if it consists of functions satisfying the same inequality (2) 
with fixed C, and a. 

The space W,, is the union (in the sense of Section 8 of Chapter 1) of 
countably-normed spaces Wy ,. The space Wwa is defined as the set of 
functions (x), which for any 6 > 0 satisfy the inequalities 


| p(x)! < Cys exp(—M[(a — 8) x]) (4 = 9, 1...) (4) 


The space Wa belongs to the class of spaces K{M,}; the functions 
M,,(x) in this case are 


M,(x) = exp (M [a (1 — 3) «|} (P = 2 3). (5) 
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As in every space K{M,}, the topology in the space W,,_,, is defined by 
the norms 


| Pls = sup, M,(x)] 9°) (6) 


Furthermore, the space Wy a is complete; the condition (P) of Section 2 
in Chapter II is satisfied so that Wy a is perfect. Therefore, W,, , is the 
union of perfect spaces. 

The spaces S, with 0 < « < 1 are examples of the spaces W, . In 
this case M(x) == xt (x > 0); u(€) = (1/x) €4/-1 (E > 0). 

A space W,, , which differs from the spaces S, , is obtained if we take 


w(é) = (£+ 1) (€>0). 
The corresponding function M(x) is written awkwardly enough as 
M(x) = (x + 1) ln(x + 1) — x. 
But since the space W,, may be constructed formally by means of any 
non-negative continuous function which is not necessarily convex, the 
function written down above may be replaced by the following: 


M(x) = x In x, 


These two functions are equivalent in the following sense: There exist 
constants yı , y,, and y,, such that for sufficiently large x > 0, 


M(x) < Myx) < M(x). (7) 


Equivalent functions define coincident spaces (both in the store of 
elements and in convergence). 


A2.2. The Space W° 


The space W°? is constructed from entire analytic functions ¢(z). A 
function w(7), which possesses the same properties as the function p(€) 
of the preceding paragraph is given; the function Q(y) is constructed 
by means of it, exactly as M(x) was constructed by means of p(€): 


20) = [wm dn P>), A=) = A). (1) 
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The space W° is defined as the set of entire functions satisfying 
the inequalities 


| 2%p(2)| < Cr exp(2(by)), (2) 


with the customary linear operations. The constants C, and b are positive 
and depend on the functions. The sequence g, of elements of the space 
W2 is called convergent to zero if (1) ¢,(z) converges correctly to zero 
(i.e., p(z) > 0 uniformly in any bounded domain of the z plane), and (2) 
the estimates 


| z*p,(z)| < Cr exp(2(by)) 


are valid, where C, and b are independent of v. A set in the space 
W° is called bounded if elements of this set satisfy the same inequality 
(2) with fixed constants C, and b. 

The space W° is the union of countably-normed spaces W%>, The 
space Wet is defined by the inequalities 


| =¥9(2)| < Crp exp(O[ +p) yI) (p > O arbitrary), 3) 
Norms are given in this space by the formulas 


II p llko = sup | 2%p(z)| exp(—2[(6 + p) y)). (4) 


With these norms, W°»? is a complete, countably normed perfect space. 
For 


Qy) =y (BR <I), 


the space W° agrees with the space Sê. 
It is also possible to take w(ņ) = e” — 1; the corresponding function 


Ay) =e —y—1 


is equivalent to the function 2,(y) = e”. The equivalent functions define 
coincident spaces here also. 


A2.3. The Space Wy? 


The space W,,° is defined by giving two functions (£) and 
w(n) (0 < €, y < æ) which increase from 0 to œ; as before, they 
are used to construct functions M(x) and 2(y), which are convex 
and grow more rapidly than any linear function as | x|—> œ. The 
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space W,,° is defined as the set of entire analytic functions ¢(z), satisfying 
inequalities of the form 


| oe + iy)| < C exp(—M(ax) + 2(by)). (1) 


The linear operations are the customary ones, The sequence p, E€ W,,° 
converges to zero, by definition, if (1) it converges correctly to zero; (2) 
its elements satisfy the same inequality (1) with constants independent of 
v. A set in the space W,,° is called bounded if its elements satisfy the 
inequality (1) with fixed constants. 

The space W°? is the union of (complete, countably normed) perfect 
spaces Wy”, . The space Wiz", is defined by the inequalities 


ox + ty)| < Cexp(—M[(a — 8) x] + 2 + p) y]) (8 > 0,p > 0 — arbitrary), 
(2) 


in which the norms are given by the formulas 


ILP lso = sup | ¢(2) | exp(M[(a — 8) x] — 2[( + p) y)). (3) 


We may obtain examples of the spaces W° corresponding to the 
functions 


M(x) = xi, Mx) = xInx, 
Q) = yY, Qy) = æ”. 


In particular, Wiz coincides with S£ (0 < « < 1,8 < 1). 


A2.4. The Question of the Nontriviality of Spaces of Type W 


The space W,,® is trivial if 
lim [22(by) — M(ax)] = —oo (1) 


for any a and b. 

We know one class of nontrivial spaces W,,*: It is the space S£} for 
O<a<1,8 <1. 

Let us mention still another class of nontrivial spaces W,,%. 

Let us call the continuous function L(x) (x > 0) slow if for any « > 0 
and sufficiently large x, we have: 


Cx < U(x) < C xs. (2) 
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The space W,,° is nontrivial if 
M(x) = U(x) + x”, Q(x) > U(x) > x, 


where /(x) is a slow function. 

If the space Wy? is nontrivial, then pairs (a, b) are known to exist for 
which the space WẸ, is nontrivial. Let such pairs be called “admissible.” 
The domain of admissible pairs is an angle in the first quadrant of the 
(a,b) plane defined by an inequality of the form tan (b/a) > y (or 
tan(b/a) > y). 

All nontrivial spaces of type W are sufficiently rich in functions in the 
sense mentioned at the end of Section 8. 


A2.5. Bounded Operators 


The simplest bounded operators in the spaces of type W are the 
operators of differentiation and of multiplication by the independent 
variable. 

For the entire analytic function f(z) to be a multiplier in the space W®, 
it is sufficient that it satisfy an inequality of the form 


|f(2)| < C exp[2oy)](1 + | x |"). (1) 


Multiplication by such a function hence transforms W°-è into W°-b+bo, 
If as small a number as desired may be taken as b, (here C depends on 4,), 
then W°? is transformed into itself. 

An entire analytic function f(z) will define the bounded multiplication 


operation in the space W3}", , if it satisfies the inequality 


IF)! < C exp[M(agxr) + 2(boy)] . (2) 


Here Wz, is transformed into Wye. In order for the space Wy’, 


to be transformed into itself by multiplication by f(z), it is sufficient that 
the constants a, and b, in the inequality (2) may be taken as small as 
desired (here C = C,,,,). In this case f(z) will be a multiplier in the 
space W,,° also. 

In particular, the function f(z) = eî with any real o is a multiplier 
in each space W2> and Wy’, . 


A2.6. Fourier Transformation 


Just as spaces of type S, the spaces of type W are transformed into 
each other by Fourier transformations. In order to clarify the connection 


252 Spaces OF TYPE S 


existing here, let us present the Young definition of reciprocity. Let the 
functions M(x) and Q( y) be defined as in Sections A2.1—2. If the functions 
u(€) and w(x) in these definitions are mutually reversible so that 


ulom] =, of] = é, (1) 


then the functions M(x) and Q(x) are called reciprocal according to Young. 
In this case, the geometrically obvious Young inequality holds: 


xy <M() +20) (@ S0,y SO), (2) 


where for each x there exists a y = y(x), which together with the given x 
turns the inequality (1) into an equality. 
Examples of pairs of mutually reciprocal functions are: 


(1) M(x) = x?/p, Xy) = y*/q, where (1/p) + (1/4) = 1, 
(2) M(x) = (x +1) Ine + 1) —«, Ay) =e — y- l. 


It turns out that the following relationships hold: 


Wu = We, W = Wy, (3) 


if M(x) and Q(y) are functions reciprocal according to Young. These 
relations are refined as follows: 


Wu ,a ae W2-1/a, Woe = Wm. . (4) 
Furthermore, the relationship 
We = wy (5) 


is valid, where 2, is a function reciprocal to M according to Young, and 
M, is a function reciprocal to Q according to Young. More exactly, 
Q, b — ol 
Wua = Vien (6) 
In all these relations, the wavy line ~ may be interpreted as both the 
direct or the inverse Fourier transformation operator; the Fourier 


operators are bounded in all these cases. 
In particular, the relationships 
S,= s, SP= Se 
are contained in these relations for the cases when « and £ are strictly 
included between 0 and 1. 


NOTES AND REFERENCES 


Chapter | 


The theory of linear metric and normed spaces was developed by 
F. Riesz and the school of S. Banach, starting during the 1920's. See the 
fundamental book by Banach [26], as well as the work of Mazur and 
Orlicz [17]. 

The first work on general linear topological spaces (A. N. Kolmogorov 
[32], J. von Neumann [18] A. N. Tikhonov [37]) was performed during 
the middle thirties. Specific linear topological spaces formed from number 
sequences are first considered by Kéthe and Téplitz [13], and manifolds 
of linear continuous functionals in these spaces are first examined by 
them. Many authors were concerned with the construction of conjugate 
spaces in the general case and with the problem of reflexivity: V. L. 
Shmul’ian [39], Dieudonné [5], Mackey [15], Arens [1], Dieudonné and 
Schwartz [7]. In the last work in particular, spaces with compact bounded 
sets as well as the union (inductive limits) of metrizable spaces, were 
separated out and studied. The Bourbaki paper [3] was a continuation of 
this work, wherein the role of “T-spaces,” spaces in which the Lemma 
of Section 3.5 is satisfied, is isolated. Some of the problems posed in [7] 
have been solved by Grothendieck [11]. Sebastião e Silva [23] and D. A. 
Raikov [35] studied the inductive and projective limits of normed 
spaces with completely continuous mappings (as in the “conditions of 
perfection” in Section 6.2). Kéthe [14] and Grothendieck [10] first 
considered linear topological spaces of analytic functions. 

The most detailed exposition of the general theory of linear topological 
spaces exists in Bourbaki [2]. See also the very complete survey of 
Dieudonné [6], with its detailed bibliography. Spaces with a countable 
number (field) of norms were considered by many authors, particularly 
Mazur and Orlicz [17]; countably normed spaces with compatible 
norms have apparently been introduced first by the authors [30]. 


Chapter II 


Sections 1-2. S. L. Sobolev [36] first introduced generalized functions 
as continuous linear functionals in spaces of functions; he applied 
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generalized functions to the uniqueness problem of the solution of the 
Cauchy problem for a hyperbolic equation. L. Schwartz first used the 
spaces K(a), K, and S as fundamental spaces in his “Theory of Distri- 
butions” [21]. The authors proposed the first kinds of spaces with 
conditions of a strong decrease in the fundamental functions (and their 
derivatives) at infinity (00 exp(—.?)) in [28]. Of the later work, let us men- 
tion L. Schwartz [22], and A. IA. Lepin and A. D. Myshkis [33]. G. E. 
Shilov constructed the theory of countably normed spaces K{M,} in 
preparing the present edition. The union of spaces K{M,,} will also be 
considered in Volume 4. 


Section 3. The possibility of dividing unity into polynomials in the 
space Z’ was first established by Malgrange [16] and Ehrenpreis [8]. The 
proof with the ‘““Hérmander staircase” was mentioned by Tréve [24]; 
we present it with simplifications proposed by G. N. Zolotarev. 


Section 4. Schwartz [21] mentioned the general form of the contin- 
uous linear functional in the spaces K(a) and S; he obtained a theorem 
on the general form of a functional (‘‘distribution”) with bounded and 
single-point support. The scheme of determining continuous linear 
functionals in countably normed spaces was proposed by the authors [30]. 


Chapter III 


Sections 1-2, The definition of the Fourier transform for functionals 
in the space S was given by Schwartz [21]; he thereby defined the 
Fourier transform for functions (and generalized functions) having a 
growth no greater than a power. The general scheme (functional in one 
space, Fourier transform in dual space) was constructed by the 
authors [28]. 

The necessity of considering many kinds of fundamental spaces and 
their conjugates with the corresponding Fourier transforms in various 
problems of analysis was clearly formulated by the authors in [28] and 
[30]. In [28], the authors introduced the specific spaces K, , ZP, Z% 
corresponding to prescribed conditions of decrease at infinity for funda- 
mental functions or their Fourier transforms; it hence turned out to be 
possible to write the Fourier transform for functions (and generalized 
functions) of arbitrary growth or with a given order of growth at infinity. 

At approximately the same time Malgrange [16] and Ehrenpreis [8] 
constructed the Fourier transform for the particular case of a K space. 

The results of Section 2.4.1 (fundamental solutions) are due to 
Malgrange and Ehrenpreis, and the results of Section 2.4.2 (the solutions 
of quasi-elliptic equations) to Schwartz [21]. 
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Section 3. The definition of convolution utilized in our exposition is 
a modification of the Schwartz definition [21] (see Volume 1, Chapter I, 
Section 4, also), which could not be used in the original form with the 
degree of generality we needed. The theorem on harmonic functionals is 
due to Schwartz [21]. The theorem on the passage to the product after 
the convolution of the Fourier transform was proved by Schwartz [21] 
for functionals in S space; the proof in the general case was carried out 
by V. M. Borok [27]. Section 3.8 (Hilbert transform) is written according 
to an idea of N. Ya. Vilenkin. 


Section 4. See [19] for the classical Paley-Wiener theorem. Its 
generalization to the case of first-order entire functions with power 
growth on the axis was given by Schwartz [21]; in our exposition, this 
theorem is formulated in a more complete form. The general scheme of 
Fourier transforms of first-order entire functions without any growth 
constraints on the axis was constructed by the authors in [28] (for the 
case of one variable). The theorem of Section 4.2 is due to Ehrenpreis [9]; 
the proof in our exposition is presented with simplifications proposed by 
G. N. Zolotarev. 


Chapter IV 


As already stated, the authors introduced the spaces of fundamental 
functions K, , Zp , Zp? in [28] and applied them to the clarification of the 
question of classes of uniqueness of the solution of the Cauchy problem 
for systems of partial differential equations. Spaces of type S, later intro- 
duced and studied by G. E. Shilov [38], are a broader, and moreover, 
more natural class of spaces. The authors used them in [29] to construct 
an operator method in the problem of uniqueness of the solution of the 
Cauchy problem. The idea of considering the still broader class of 
generalized spaces of type S (with replacement of the sequences k* and 
q® by a, and 6,) is due to I. M. Gel’fand. A detailed exposition of the 
theory of spaces of type S is published here for the first time. 


Section 7. See [20] for the classical Phragmen—Lindeléf theorem. 
Theorem 1 was proved initially for entire functions of a special kind 
needed in the investigation of solutions of the Cauchy problem; the 
general proof presented here was indicated by B. IA. Levin. 


Section 8. The intial proof of the nontriviality of the spaces 
Zp? (= S1”) was given by the authors in [28] for a dense set of values 
p > 1. The subsequent proof of G. E. Shilov [38], giving necessary and 
sufficient conditions for the nontriviality of spaces S£ is based on the 
V. Bernstein theorem [4] on the existence of an entire function of 
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prescribed order of growth with a given index. The elementary proof on 
the nontriviality of the spaces S£ (Section 8.2) presented here, which is 
based on the construction and investigation of the special function (2), 
is due to B. IA. Levin. 

See Mandelbrojt [34] for the Carleman—Ostrovski theorem. 


Appendix 1, The idea of considering generalized spaces of type S 
issues from I. M. Gel’fand. See [25] for the K. I. Babenko theorem (on 
the nontriviality of generalized spaces). 


Appendix 2. B. L. Gurevich [31] constructed spaces of type W. 
Later, L. Hérmander proposed a rather more general scheme. 
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bounded, 33 
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